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Final  report  for  the  AFOSR  (2002-2005) 


Principal  Investigator:  Franco  Nori 
Summary  of  Research  Activities  in  our  group 

We  perform  theoretical  studies  of  complex  dynamics  in  materials.  We  use  physically-motivated  models 
to  make  predictions  which  can  be  tested  experimentally  and  are  useful  to  better  understand  the  observed 
phenomena.  We  are  currently  working  on  several  projects,  including:  quantum  computing  (superconducting 
Josephson-j unction  qubits,  scalable  quantum  circuitry,  improved  designs  for  the  control,  coherent  oscillations, 
and  readout),  vortex  dynamics  in  superconductors,  new  fluxtronics  devices,  complex  collective  phenomena, 
and  nano-magnetism.  We  are  also  working  on  biologically-inspired  solid-state  devices  that  can  control  the 
motion  of  quanta.  Collective  transport  of  interacting  particles  has  been  a  frequent  unifying  theme  on  many  of 
our  projects. 

Most  of  our  work  focuses  on  one  underlying  physical  phenomenon:  superconductivity.  This  work  is  done 
in  close  interaction  with  several  experimental  groups.  A  much  smaller  part  of  our  work  focuses  on 
magnetism.  We  provide  theoretical  support  to  several  experimental  groups. 


The  main  goal  of  most  of  our  research  is  to  explore  novel  ways  of  control  and  manipulation  at  small 
length  scales  (from  mm  to  nm).  A  fraction  of  our  work  focuses  on  motion-control  (e.g.,  controlling  the 
motion  of  small  particles  in  colloids,  or  flux  quanta  in  superconductors,  or  generating  THz  radiation  from 
moving  vortices),  while  most  of  our  research  focuses  mostly  on  (quantum  mechanical)  state-control  (e.g., 
controlling  the  quantum  state  of  a  qubit). 
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The  issue  of  “control”,  both  motion-control  and 
quantum-state-control ,  is  important  to  the  future  of 
nanoscience.  How  can  the  motion  of  tiny  particles  and  of 
quanta  be  best  controlled?  How  can  the  quantum  mechanical 
state  of  a  small  device,  acting  as  a  two-level  system,  be  best 
manipulated?  These  are  crucial  questions,  with  potentially 
applications  to  new  technologies.  We  have  pioneered  several 
areas  related  to  “control”  and  manipulation  at  the  microscopic 
scale.  For  instance,  in  the  area  of  quantum  computing,  the 
topics  we  have  worked  are  summarized  on  the  left.  The  (X,Y) 
numbers  in  parentheses  on  the  left  diagram  refer  to  X 
completed  projects  so  far  (either  published  or  submitted)  and  Y 
projects  to  be  completed  in  the  future.  All  of  these  are  projects 
related  to  this  grant.  The  number  (9)  refers  to  projects  prior  to 
this  grant,  not  counted  in  the  list  at  the  end. 
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Progress  Chart  -  Superconducting  Qubits  2002  to  2005  (P.l.  F.  Nori). 


In  Progress 


□  Completed  and  Published 

- 

Charge  Qubits 


Future  Projects 


Scalability  and  Connecting  arbitrary  pairs  of  qubits 
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Quantum  Computing 
on  a  scalable  circuit 
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Qubit  in  a  QED  cavity 
(*)  QC  operations  in  a  QED  cavity 
(*)  Generating  non-classical 


photons  using  a  QED  cavity 

Effective  readout 


Entangled  qubits.  Analysis  of  experimental  data  on  entanglement 
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Low  decoherence  circuits 
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Coupling  qubits  via 
a  current-biased  JJ 


Qubit  tomography: 

(1)  solid  state  devices;  (2)  charge  qubits 
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Flux  Qubits 


Two-qubit  coupling 
Fast  two-bit  operations 

Scalability  to  many  qubits 


Algorithms 
Implementing  algorithms 
with  JJ  qubits 

Errors  due  to: 

*)  non-identical  qubits 
*)  delays  between  operations 

Systematic  noise  and 
algorithmic  accuracy 


Summary: 

We  pioneered  the  area  of  particle-motion  control  with  interacting  particles,  and  we  still  hold  a  prominent 
position  in  this  field.  Our  work  in  this  area  has  been  featured,  e.g.,  in  Physics  Today  and  by  the  press  in 
several  continents.  For  instance,  we  contributed  to  the  Einstein  celebration  special  issues  on  Brownian 
motion  to:  the  German  Physical  Society  (the  centenary  issue  of  the  Annalen  der  Physik,  with  just  nine 
articles),  the  American  Physical  Society,  and  the  British  Institute  of  Physics.  In  the  past  few  years,  this  area 
we  pioneered  has  become  a  hot  topic,  attracting  top  experimental  groups  on  vortex  dynamics.  For  instance, 
the  opening  sessions  of  the  (Sept.  2005)  international  conference  on  vortex  physics  were  devoted  to  vortex 
motion  control,  and  our  work  was  prominent  in  all  those  presentations.  Our  other  work  on  the  general  area  of 
“collective  transport  of  interacting  particles”  (especially  vortices)  still  attracts  considerable  attention 
(including  plenary  talks  at  international  conferences).  Lately,  we  began  working  on  the  dynamics  of 
Josephson  vortices  exploring  new  ways  to  (1)  generate,  (2)  filter,  and  (3)  detect  THz  radiation.  Our  very 
recent  work  on  this  area  is  also  attracting  interest  from  several  groups. 

In  the  area  of  control  of  the  quantum-mechanical  state  of  two-level  systems  (i.e.,  qubits)  we  have  focused  on 
superconducting  (SC)  qubits  and  related  topics.  For  instance,  in  2001,  we  pioneered  the  idea  of  placing  a  charge 
qubit  inside  a  microcavity,  years  before  the  2004  Yale  experiments.  We  also  did  the  first  systematic  studies  of: 
(1)  solid  state  quantum  tomography,  (2)  Bell  inequalities  in  SC  qubits,  (3)  photon  generation  using  qubits  inside 
cavities,  (4)  quantum  electromechanics  of  buckling  nanotubes,  etc.  The  color  chart  above  summarizes  our  work 
in  the  area  of  quantum  computing. 
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Sub-theme:  Controlling  the  motion  of  small  particles  and  flux  quanta  (analytics  and  numerics) 
Researchers:  S.  Savel’ev,  F.  Marchesoni,  B.Y.  Zhu,  P.  Hanggi,  F.  Nori 

(1)  Summary  of  Research  Activities 

Initially  inspired  by  biological  motors,  new  types  of  nanodevices  have  recently  been  proposed  for 
particle  motion  control,  including  particle  separation,  smoothing  atomic  surfaces,  and  superconducting 
vortex  manipulation.  Some  of  these  devices  have  been  realized  experimentally  to  manipulate  vortices, 
particles  in  asymmetric  silicon  pores,  as  well  as  charged  particles  through  artificial  pores  and  arrays  of 
optical  tweezers.  The  manipulation  of  tiny  particles,  which  are  strongly  influenced  by  their  noisy 
environment,  has  required  novel  approaches  to  control  their  motion.  If  small  particles  are  driven  by  an  ac 
external  force  (or  by  a  fluctuating  force)  on  an  asymmetric  substrate,  their  ac  motion  can  be  rectified,  thus 
providing  useful  work. 

Using  analytical  and  numerical  approaches,  we  studied  the  collective  stochastic  rectification  of  ac-driven 
vortices  due  to  the  “ratchet  effect”  produced  by  asymmetric  pinning  sites  [1,2,3].  The  regular  structure 
studied  in  [1]  produces  a  dc  voltage  from  ac  driven  vortices  for  any  value  of  the  magnetic  field.  Moreover, 
using  two  interpenetrating  square  pinning  sublattices  [2]  allows  a  precise  control  of  the  collective  motion 
of  the  vortices,  including  stepmotors.  We  also  studied  [1]  the  transport  of  vortices  in  superconductors  with 
triangular  arrays  of  boomerang-  or  V-shaped  asymmetric  pinning  wells,  when  applying  an  alternating 
electrical  current.  We  numerically  obtained,  for  the  first  time,  magnetic  "lensing”  of  fluxons  (Left  fig.).  Our 
proposed  vortex  lens  provides  a  near  threefold  increase  of  the  vortex  density  at  its  '’focus”  regions.  These 
results  can  be  extended  to  other  systems  (e.g.,  colloidal  particles  or  electrons  in  nanodevices). 

Recent  experiments  on  transport  of  K  and  Rb  ions  in  an  ion  channel  and  particles  of  different  size  in 
asymmetric  silicon  pores  pose  the  question  of  how  directed  motion  of  two  or  more  species  affect  one  another. 
Other  experimentally  accessible  binary  systems  include  two-size  species  of  particles  moving  through  silicon 
nanopores  or  two  species  of  vortices  in  strongly  anisotropic  layered  superconductors. 

We  studied  (both  analytically  and  via  numerical  simulations)  the  motion  of  two  interacting  species  of 
small  particles,  coupled  differently  to  their  environment  [3,4].  We  find  three  ways  of  controlling  the  particle 
motion  of  one  (passive)  B  species  by  means  of  another  (active)  A  species:  (i)  dragging  the  target  particles  B 
by  driving  the  auxiliary  particles  A,  (ii)  rectifying  the  motion  of  the  B  species  on  the  asymmetric  potential 
created  by  the  A-B  interactions  (see  the  right  fig.),  and  (iii)  dynamically  modifying  (pulsating)  this  potential 
by  controlling  the  motion  of  the  A  particles.  This  allows  easy  control  of  the  magnitude  and  direction  of  the 
velocity  of  the  target  particles  by  changing  either  the  frequency,  phase  and/or  amplitude  of  the  applied  ac 
drive(s).  Our  findings  could  be  potentially  used  for  vortex  motion  control,  for  separating  tiny  particles  with 
different  masses,  charges,  interactions,  etc,  and  for  delivering  target  particles  or  small  molecules,  which 
weakly  interact  with  cell  membranes,  into  cells  (e.g.,  drug  delivery),  among  many  other  applications  in 
nano-scale  solid  state  devices. 

(2)  Future  Plan 

We  also  plan  to  obtain  the  crucial  figure  of  merit  characterizing  the  performance  of  different  experimentally 
realizable  devices.  This  area  of  research  (pioneered  by  our  group)  is  very  hot  now,  because  several  devices 
for  controlling  vortex  motion,  particle  motion  in  ion  channels,  optical  and  magnetic  tweezers,  and 
artificial  micro-pores  are  now  in  the  stage  of  experimental  realization.  Indeed,  some  of  our 
proposals  have  been  already  experimentally  realized. 
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(3)  Figures 
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Top  view  of  “magnetic  lenses”  for  vortices  (shown  in  red). 

Flux  density  profiles  for  a  sample  with  pins  shaped  as  >  and  <. 

(4)  Representative  publications 

[1]  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Controlling  the  Motion  of  Magnetic  Flux  Quanta”,  Phys.  Rev. 
Lett.  92,  180602  (2004);  “Biologically  inspired  devices  for  easily  controlling  the  motion  of  magnetic  flux 
quanta”,  Physica  E  18,318  (2003). 

[2]  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  step  motors  and  rectifiers  of 
magnetic  flux  quanta  using  periodic  arrays  of  asymmetric  pinning  defects”,  Phys.  Rev.  B  68,  014514  (2003); 
“Easily-controllable  collective  stepmotor  of  magnetic  flux  quanta”  Physica  C388-389,  665  (2003); 
“Controllable  stepmotors  and  rectifiers  of  magnetic  flux  quanta”,  Physica  C404,  260  (2004). 

[3]  S.  Savel'ev,  F.  Marchesoni,  and  F.  Nori,  “Controlling  Transport  in  Mixtures  of  Interacting  Particles  using 
Brownian  Motors”,  Phys.  Rev.  Lett.  91,  010601  (2003);  “Manipulating  Small  Particles  in  Mixtures  far  from 
Equilibrium”,  Phys.  Rev.  Lett.  92,  160602  (2004);  “Stochastic  transport  of  interacting  particles  in 
periodically  driven  ratchets”,  Phys.  Rev.  E  70,  061107  (2004);  “Interacting  particles  on  a  rocked  ratchet: 
Rectification  by  condensation”,  Phys.  Rev.  E  71,  011107  (2005). 

[4]  S.  Savel’ev,  F.  Marchesoni,  P.  Hanggi,  and  F.  Nori,  “Nonlinear  signal  mixing  in  a  ratchet  device  ”, 
Europhys.  Lett.  67,  179  (2004);  “Transport  via  nonlinear  signal  mixing  in  ratchet  devices”,  Phys.  Rev.  E  70, 
066109  (2004). 

[5]  Concluding  remarks 

We  have  pioneered  this  field  from  the  very  beginning  (1999),  and  we  are  the  most  prominent  theory  group 
working  in  this  area,  which  is  now  attracting  growing  interest.  Indeed,  there  is  a  race  involving  several  top 
experimental  groups  exploring  novel  ways  to  control  vortex  motion  inside  superconductors. 
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Sub-theme:  Vortex  motion  control  (collaborations  with  experimental  groups) 

Researchers:  S.  Savel'ev,  F.  Nori,  Y.  Togawa,  K.  Harada,  A.  Maeda,  A.  Tonomura 

(1)  Summary  of  Research  Activities 

We  studied  [1]  a  device  that  can  easily  control  the  motion  of  flux  quanta  in  a  Niobium  superconducting  film 
grown  on  an  array  of  nanoscale  triangular  pinning  potentials  (Fig.  1).  Even  though  the  input  ac  current  has  zero 
average,  the  resulting  net  motion  of  the  vortices  can  be  directed  along  either  one  direction,  the  opposite  direction, 
or  producing  zero  net  motion.  The  remarkable  reversal  in  the  direction  of  the  rectified  current  is  due  to  the 
interaction  between  the  vortices  trapped  on  the  magnetic  nanostructures  and  the  interstitial  vortices  (Fig.  1).  The 
applied  field  and  input  current  strength  can  tune  both  the  polarity  and  magnitude  of  the  rectified  current.  All  the 
observed  features  are  explained  and  modeled  theoretically  considering  the  interactions  between  particles  (Fig.  2). 
This  is  the  first  fabricated  ratchet  system  showing  strong  effects  due  to  the  correlated  motion  of  the  interacting 
particles,  responsible  for  its  current  inversion.  Also,  a  sawtooth  vortex  rectifier  we  proposed  in  1999  was 
experimentally  studied  in  [2].  This  is  the  first  experimental  imaging  of  vortex  motion  inside  rectifiers. 

All  previous  proposals  used  spatially-asymmetric  potential  energies  in  order  to  control  its  transport 
properties.  We  proposed  [3]  completely  new  types  of  ratchet-like  systems  that  do  not  require  spatially 
asymmetric  potentials  in  the  samples.  As  specific  examples  of  this  new  general  class  of  ratchets,  we  propose 
devices  that  control  the  motion  of  flux  quanta  in  superconductors  and  could  address  a  central  problem  in 
many  superconducting  devices,  including  qubits;  namely,  the  removal  of  trapped  magnetic  flux  that  produces 
noise.  In  extremely  anisotropic  layered  superconductors  placed  in  a  tilted  magnetic  field,  there  are  two 
interpenetrating  vortex  lattices  consisting  of  Josephson  vortices  (JVs),  aligned  parallel  to  the  Cu02  planes, 
and  pancake  vortices  (PVs),  oriented  perpendicularly  to  those  planes.  We  show  that,  due  to  the  JV-PV  mutual 
interaction  and  asymmetric  driving,  the  AC  motion  of  JVs  and/or  PVs  can  provide  a  net  DC  vortex  current. 
This  controllable  vortex  motion  can  be  used  for  vortex  pumps,  diodes  and  lenses  (Fig.  3).  These  proposed 
devices  sculpt  the  microscopic  magnetic  flux  profile  by  simply  modifying  the  time  dependence  of  the  AC 
drive,  without  the  need  of  samples  with  static  pinning.  Recently,  the  predicted  lensing  effect  [3]  has  been 
experimentally  observed  [4].  We  perform  simulations  [4]  describing  an  experimental  device  to  guide  flux 
quanta  in  layered  superconductors  using  a  drive  which  is  asymmetric  in  time  instead  of  being  asymmetric  in 
space  (i.e.,  the  first  experimental  ratchet  without  spatial  asymmetry).  Moreover,  considering  the  dragging  of 
out-of-plane  pancake  vortices  (PVs)  by  the  in-plane  JVs,  our  simulations  successfully  describe  several 
experimental  manipulations  of  the  entire  micromagnetic  profile  in  layered  superconductors. 

Again,  in  our  general  area  of  research  on  “Collective  transport  of  interacting  particles”,  we  found  many 
analogies  between  the  friction  force  felt  by  moving  vortices  in  superconductors  and  charge  density  waves. 
These  experiments  were  described  [5]  both  analytically  and  numerically.  Mechanical  analogs  were  also  used. 
Also,  mechanically  vibrated  granular  media  was  studied  [6]  in  order  to  extend  the  fluctuation  dissipation 
theorem  to  very  dissipative  non-equilibrium  systems. 

(2)  Future  Plan 

We  plan  to  continue  our  fruitful  collaborations  in  this  area.  The  field  of  vortex  ratchets  is  a  very  exciting  and  dynamic 
one  at  the  moment.  There  are  several  imaginative  applications  for  devices  based  on  the  control  of  superconducting 
vortices.  Probably  the  most  topical  are  those  which  exploit  the  control  of  flux  motion  in  flux  qubits.  There  is  also 
interest  in  finding  ways  to  remove  vortices  from  active  (e.g.,  SQUIDs)  and  passive  (e.g.  filters)  superconducting 
devices  since  they  lead  to  a  large  amount  of  unwanted  noise. 
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(3)  Figures 


Fig.  1.  Vortex  motion  schematics  in  a  Nb  film  on 
nano-magnetic  triangles. 

Fig.  2  Schematic  diagram  of  three  experimentally-realizable 
devices  designed  for  controlling  the  vortex  motion.  These 
use  extremely  anisotropic  superconductors,  like  Bi2212, 
placed  in  magnetic  fields  tilted  away  from  the  c-axis, 
where  there  are  two  vortex  subsystems  consisting  of  PV 
stacks,  indicated  by  red  circles,  and  JV's,  shown  in  blue. 
These  are  the  first  ratchets  “without  a  ratchet”  (i.e., 
without  anisotropic  pinning). 
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(4)  Representative  publications 

[1]  J.E.  Villegas,  S.  Savel'ev,  F.  Nori,  E.M.  Gonzalez,  J.V.  Anguita,  R.  Garcia,  and  J.  L.  Vicent,  A 
superconducting  reversible  rectifier  that  controls  the  motion  of  magnetic  flux  quanta.  Science  302,  1188 
(2003).  Also  a  Perspective. 

[2]  Y.  Togawa,  K.  Harada,  T.  Akashi,  H.  Kasai,  T.  Matsuda,  F.  Nori,  A.  Maeda,  A.  Tonomura,  “Direct 
Observation  of  Rectified  Motion  of  Vortices  in  a  Niobium  Superconductor”,  Phys.  Rev.  Lett.  95,  087002 
(2005) 

[3]  S.  Savel'ev,  F.  Nori,  Experimentally  realizable  devices  for  controlling  the  motion  of  magnetic  flux  quanta 
in  anisotropic  superconductors,  Nature  Materials  1 ,  1 79  (2002). 

[4]  D.  Cole,  S.J.  Bending,  S.  Savel’ev,  A.  Grigorenko,  T.  Tamegai,  F.  Nori,  Ratchet  without  spatial 
asymmetry:  Controlling  the  motion  of  magnetic  flux  quanta  using  time-asymmetric  drives,  preprint. 

[5]  A.  Maeda,  Y.  Inoue,  H.  Kitano,  S.  Savel’ev,  S.  Okayasu,  I.  Tsukada,  F.  Nori ,  Nanoscale  Friction:  Kinetic 
Friction  of  Magnetic  Flux  Quanta  and  Charge  Density  Waves,  Phys.  Rev.  Lett.  94,  077001  (2005) 

[6]  G  D’Anna,  P.  Mayor,  A.  Barrat,  V.  Loreto,  F.  Nori,  Observing  Brownian  motion  in  vibration-fluidized 
granular  matter,  Nature  424,  909  (2003).  Also  the  cover  of  that  issue,  and  a  News  and  Views. 

(5)  Concluding  remarks 

This  very  recent  work  is  attracting  considerable  attention  from  the  research  community,  has  motivated 
experiments  from  top  groups,  has  been  published  in  top  journals,  and  has  been  featured  by  the  press 
worldwide. 
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Sub-theme:  Using  layered  superconductors  to  generate,  fdter,  and  detect  THz  radiation 
Researchers:  S.  Savel’ev,  A.  Rakhmanov,  V.  Yampol’skii,  F.  Nori 

(1)  Summary  of  Research  Activities 

The  recent  growing  interest  in  terahertz  (THz)  science  and  technology  is  due  to  its  many  important 
applications  in  physics,  astronomy,  chemistry,  biology  and  medicine,  including  THz  imaging,  spectroscopy, 
tomography,  medical  diagnosis,  health  monitoring,  environmental  control,  as  well  as  chemical  and  biological 
identification.  A  grand  challenge  is  to  generate  and  control  electromagnetic  waves  in  B^S^CaC^Og+d  and 
other  layered  superconducting  compounds  because  of  its  Terahertz  frequency  range.  Considering  recent 
advantages  in  sample  fabrication,  we  propose  several  experimentally  realizable  devices  for  generating  [1] 
continuous  and  pulsed  THz  radiation  in  a  tunable  frequency  range  as  well  as  for  filtering  [2]  and  detecting 
[3]  THz  radiation. 

For  electromagnetic  waves  in  any  conducting  media,  the  electric  field  E  is  very  weak  with  respect  to  the 
magnetic  field  H:  E  «  H.  Also,  for  in-plane  radiation:  E  «  H.  Thus,  only  a  small  fraction  (about  E/H)  of 
the  radiation  can  leave  the  sample.  This  is  the  so-called  “impedance  mismatch”  problem  [1]  that  has  severely 
limited  progress  in  this  field  for  years.  Now,  we  are  also  considering  c-axis  short-wavelength  out-of-plane 
radiation  [1].  This  radiation  has  a  strong  enough  in-plane  electric  field  E  to  overcome  the 
superconducting-vacuum  interface.  Indeed,  E  and  the  magnetic  field  both  are  of  the  same  order  of 
magnitude,  similar  to  the  one  for  waves  propagating  in  the  vacuum.  This  solves  the  important  impedance 
mismatch  problem  [1].  The  out-of-plane  radiation  can  be  emitted,  for  instance,  by  a  fast  moving  Josephson 
vortex  moving  in  a  periodically  modulated  Bi221  samples.  So  we  propose  [1]  to  use  modulated  Bi22 1 2 
samples  to  generate  out-of-plane  THz  radiation  which  can  leave  the  sample  without  a  severe  impedance 
mismatch  problem. 

Another  proposal  [2]  is  potentially  useful  for  controllable  THz  filters.  The  Josephson  vortex  (JV)  lattice 
is  a  periodic  array  that  scatters  electromagnetic  waves  in  the  THz  frequency  range.  We  show  [2]  that  JV 
lattices  can  produce  a  photonic  band  gap  structure  ( tunable  THz  photonic  crystal)  with  easily  tunable 
forbidden  zones  controlled  by  the  in-plane  magnetic  field.  The  scattering  of  electromagnetic  waves  by  JVs 
results  in  a  strong  magnetic-field  dependence  of  the  reflection  and  transparency.  Fully  transparent  or  fully 
reflected  frequency  windows  can  be  conveniently  tuned  by  the  in-plane  magnetic  field.  [2] 

Our  suggested  design  for  THz  detectors  [3]  employs  the  predicted  (in  [3])  surface  Josephson  (J.)  plasma 
wave,  which  can  propagate  along  the  superconductor-vacuum  surface  when  the  wave  frequency  is  below  the 
J.  plasma  frequency.  We  derive  [3]  that  the  incident  THz  wave  can  resonantly  excite  the  surface  wave  at 
certain  angles  between  the  incident  wave  and  the  sample  surface.  This  results  in  a  strong  increase  of 
absorption  of  THz  wave  in  the  sample  and  resonant  peak  of  the  sample  resistance.  The  position  of  the  peak 
allows  the  determination  of  both  the  frequency  and  direction  of  the  incident  THz  wave  [3]. 

(2)  Future  Plan 

We  plan  to  considerably  extend  our  very  recent,  and  still  preliminary,  work  in  this  area.  This  also  nicely 
matches  FRS  future  plans  to  expand  activities  studying  THz  science.  We  also  plan  to  study  different  types  of 
radiation,  including  the  very  promising  “transition  radiation”,  generated  by  relatively  slow  Josephson 
vortices  moving  through  a  modulated  sample. 
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(3)  Figures 


Top:  a  Josephson  vortex  (JV)  producing  radiation. 


Left  panel:  The  array  of  green  cylinders 
(Josephson  vortices)  inside  the  sample, 
forming  a  so-called  photonic  crystal, 
span  the  width  of  the  sample.  These 
vortices  scatter  the  incident 
electromagnetic  waves,  shown  in  red. 
Only  red  waves  with  certain  frequencies 
can  propagate  through  the  crystal, 
resulting  in  the  outgoing  transmitted 
wave  shown  in  green.  The  rest  bounce 
back,  shown  as  the  reflected  blue  waves. 

(4)  Representative  publications 

[1]  S.  Savel’ev,  V.  YampoPskii,  A.  Rakhmanov,  F.  Nori,  Generation  of  tunable  terahertz  out-of-plane 
radiation  using  Josephson  vortices  in  modulated  layered  superconductors,  Phys.  Rev.  B  72,  1 445 1 5  (2005). 
cond-mat/05087 1 5 

[2]  S.  Savel'ev,  A.L.  Rakhmanov,  F.  Nori,  Using  Josephson  Vortex  Lattices  to  Control  Terahertz  Radiation: 
Tunable  Transparency  and  Terahertz  Photonic  Crystals,  Phys.  Rev.  Lett.  94,  157004  (2005) 

[3]  S.  Savel’ev,  V.  YampoPskii,  F.  Nori,  Surface  Josephson  plasma  waves  in  layered  superconductors, 
published  in  cond-mat/05087 16.  Phys.  Rev.  Lett.  95,  187002  (2005) 

[4]  S.  Savel’ev,  V.  YampoPskii,  A.  Rakhmanov,  F.  Nori,  Nonlinear  optical  effects  with  JJ  vortices.  Nature 
Physics,  in  press,  August  2006. 

[5]  Concluding  remarks 

This  work  is  very  recent.  In  spite  of  this:  (1)  it  has  received  good  evaluations  from  referees  used  by  top 
journals;  (2)  it  has  been  featured  in  the  press;  (3)  it  has  received  several  invited  and  plenary  talks;  more 
importantly,  (4)  several  experimental  groups  are  now  beginning  work  in  order  to  implement  our  proposals 
(as  always,  experimental  results  will  take  time). 
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Sub-theme:  Controlling  Physical  Properties  of  Superconducting  and  Magnetic  Systems: 
increasing  critical  currents,  nonlinear  instabilities  in  superconductors,  manipulating  magnetic 
nano-disks,  and  magnetic-domain  motion  control 
Researchers:  S.  Savel’ev,  A.  Rakhmanov,  V.  Misko,  F.  Nori 

(1)  Summary  of  Research  Activities 

Recent  achievements  in  nano-technology  now  allow  the  fabrication  of  different  arrays  of  small  magnetic 
dots  of  various  shapes  and  different  interdot  spacings.  Such  dot  arrays  are  potentially  useful  for  memory 
elements,  magnetic  field  sensors,  and  logic  devices,  among  other  applications. 

Using  the  rigid  magnetic  vortex  model,  we  develop  [1]  a  substantially  modified  Landau  theory  approach 
for  analytically  studying  phase  transitions  between  different  spin  arrangements  in  circular  submicron 
magnetic  dots  subject  to  an  in-plane  externally-applied  magnetic  field.  We  introduce  a  novel  order 
parameter:  the  inverse  distance  between  the  center  of  the  circular  dot  and  the  vortex  core.  This  order 
parameter  is  suitable  for  describing  closed  spin  configurations  such  as  curved  or  bent-spin  structures  and 
magnetic  vortices.  Depending  on  the  radius  and  thickness  of  the  dot  as  well  as  the  exchange  coupling,  there 
are  five  different  regimes  for  the  magnetization  reversal  process  when  decreasing  the  in-plane  magnetic  field. 
The  magnetization-reversal  regimes  obtained  here  cover  practically  all  possible  magnetization  reversal 
processes.  Moreover,  we  have  derived  the  change  of  the  dynamical  response  of  the  spins  near  the  phase 
transitions  and  obtained  a  "critical  slowing  down"  at  the  second  order  phase  transition  from  the  high-field 
parallel-spin  state  to  the  curved  (C-shaped)  spin  phase.  We  predict  a  transition  between  the  vortex  and  the 
parallel-spin  state  by  quickly  changing  the  magnetic  field — providing  the  possibility  to  control  the  magnetic 
state  of  dots  by  changing  either  the  value  of  the  external  magnetic  field  and/or  its  sweep  rate.  We  study  an 
illuminating  mechanical  analog  (buckling  instability)  of  the  transition  between  the  parallel-spin  state  and  the 
curved  spin  state  (i.e.,  a  magnetic  buckling  transition).  In  analogy  to  the  magnetic-disk  case,  we  also  develop 
a  modified  Landau  theory  for  studying  mechanical  buckling  instabilities  of  a  compressed  elastic  rod 
embedded  in  an  elastic  medium.  We  show  that  the  transition  to  a  buckled  state  can  be  either  first  or  second 
order  depending  on  the  ratio  of  the  elasticity  of  the  rod  and  the  elasticity  of  the  external  medium.  We  derive 
the  critical  slowing  down  for  the  second-order  mechanical  buckling  transition. 

Magnetic  domain  walls  (MDWs)  can  move  when  driven  by  an  applied  magnetic  field.  This  motion  is 
important  for  numerous  devices,  including  magnetic  recording  read/write  heads,  transformers  and  magnetic 
sensors.  A  magnetic  film,  with  a  sawtooth  profile,  localizes  MDWs  in  discrete  positions  at  the  narrowest 
parts  of  the  film.  We  propose  [2]  a  controllable  way  to  move  these  domain  walls  between  these  discrete 
locations  by  applying  magnetic  field  pulses.  In  our  proposal,  each  applied  magnetic  pulse  can  produce  an 
increment  or  step-motion  for  an  MDW.  This  could  be  used  as  a  shift  register.  A  similarly  patterned  magnetic 
film  attached  to  a  large  magnetic  element  at  one  end  of  the  film  operates  as  an  XOR  logic  gate.  The 
asymmetric  sawtooth  profile  can  be  used  as  a  ratchet  resulting  in  either  oscillating  or  running  MDW  motion, 
when  driven  by  an  ac  magnetic  field.  Near  a  threshold  drive  (bistable  point)  separating  these  two  dynamical 
regimes  (oscillating  and  running  MDW),  a  weak  signal  encoded  in  very  weak  oscillations  of  the  external 
magnetic  field  drastically  changes  the  velocity  spectrum,  greatly  amplifying  the  mixing  harmonics  [3].  This 
effect  can  be  used  either  to  amplify  or  shift  the  frequency  of  a  weak  signal  [3]. 

We  study  [4]  the  critical  depinning  current  Jc  versus  the  applied  magnetic  flux  O,  for  quasiperiodic  (QP) 
one-dimensional  (ID)  chains  and  2D  arrays  of  pinning  centers  placed  on  the  nodes  of  a  five-fold  Penrose 
lattice.  In  2D  QP  pinning  arrays,  we  predict  analytically  and  numerically  the  main  features  of  Jc(0), 
and  demonstrate  that  the  Penrose  lattice  of  pinning  sites  provides  an  enormous  enhancement  of 
Jc(0),  even  compared  to  triangular  and  random  pinning  site  arrays  [4].  This  huge  increase  in  Jc 
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could  be  useful  for  applications. 

We  consider  [5]  magnetic  flux  moving  in  superconductors  with  periodic  pinning  arrays.  We  show  that 
sample  heating  by  moving  vortices  produces  negative  differential  resistivity  (NDR)  of  both  N-  and  S-type  in 
the  voltage-current  characteristic  (Vl-curve).  The  uniform  flux  flow  state  is  unstable  in  the  NDR  region  of 
the  Vl-curve  [5].  Domain  structures  appear  during  the  NDR  part  of  the  Vl-curve  of  an  N-type,  while  a 
filamentary  instability  is  observed  for  the  NDR  of  an  S-type.  The  simultaneous  existence  of  the  NDR  of  both 
types  gives  rise  to  the  appearance  of  self-organized  two-dimensional  dynamical  structures. 

(2)  Future  Plan 

We  are  considering  the  control  of  chirality  on  magnetic  nanodisks.  We  are  planning  to  simulate  critical 
slowing  down  in  magnetic  disks.  Also  operation  of  several  linked  magnetic  logical  devices  will  be 
considered.  We  plan  to  help  experimentalists  to  achieve  an  important  goal:  to  strongly  increase  the  critical 
current  Jc(O).  by  using  samples  with  quasiperiodic  arrays  of  defects. 


(3)  Figures 
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(4)  Representative  publications 

[1]  S.  Savel’ev,  F.  Nori,  “Magnetic  and  mechanical  buckling:  Modified  Landau  theory  approach  to  study 
phase  transitions  in  micromagnetic  disks  and  compressed  rods”,  Phys.  Rev.  B  70,  214415  (2004). 

[2]  S.  Savel’ev,  A.  Rakhmanov,  F.  Nori,  “Experimentally  realizable  devices  for  domain  wall  motion  control”, 
New  Journal  of  Physics  7,  82  (2005). 

[3]  S.  Savel’ev,  A.  Rakhmanov,  F.  Nori,  “Nonlinear  amplifier  and  frequency  shifter  using  a  tunable  periodic 
drive”,  Phys.  Rev  E  72,  056136  (2005). 

[4]  V.  Misko,  S.  Savel’ev,  F.  Nori,  “Critical  currents  in  quasiperiodic  pinning  arrays:  One-dimensional  chains 
and  Penrose  lattices”,  Phys.  Rev.  Lett.  95,  177007  (2005).  Also  published  in  cond-mat/0502480,  and  its  long 
version  published  in  PRB  (2006).. 

[5]  V.  Misko,  S.  Savel’ev,  F.  Nori,  “Non-uniform  self-organized  dynamical  states  in  superconductors  with 
periodic  pinning”,  Phys.  Rev.  Lett.  96,  127004  (2006). 


(5)  Concluding  remarks 

These  results  are  very  recent.  In  spite  of  this,  several  experimental  groups  have  expressed  interest  in  testing 
these  proposals.  Two  have  already  started  experiments  based  on  these  proposals. 
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Sub-theme:  Superconducting  qubits  in  microcavities 
Researchers:  J.Q  You,  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori 

(1)  Summary  of  Research  Activities 

In  [1]  we  investigate  the  quantum  dynamics  of  a  Cooper-pair  box  with  a  superconducting  loop  in  the 
presence  of  a  nonclassical  microwave  field.  We  demonstrate  the  existence  of  Rabi  oscillations  for  both 
single-  and  multiphoton  processes  and,  moreover,  we  propose  a  new  quantum  computing  scheme  (including 
one-bit  and  conditional  two-bit  gates)  based  on  Josephson  qubits  coupled  through  microwaves. 

Based  on  the  interaction  between  the  radiation  field  and  a  superconductor,  we  propose  [2]  a  way  to  engineer 
quantum  states  using  a  SQUID  charge  qubit  inside  a  microcavity.  This  device  can  act  as  a  deterministic 
single-photon  source  as  well  as  generate  any  Fock  states  and  an  arbitrary  superposition  of  Fock  states  for  the 
cavity  field.  The  controllable  interaction  between  the  cavity  field  and  the  qubit  can  be  realized  by  the  tunable 
gate  voltage  and  classical  magnetic  field  applied  to  the  SQUID. 

In  [3]  we  propose  how  to  generate  macroscopic  quantum  superposition  states  using  a  microwave  cavity 
containing  a  superconducting  charge  qubit.  Based  on  the  measurement  of  charge  states,  we  show  that  the 
superpositions  of  two  macroscopically  distinguishable  coherent  states  of  a  single-mode  cavity  field  can  be 
generated  by  a  controllable  interaction  between  a  cavity  field  and  a  charge  qubit.  After  such  superpositions  of  the 
cavity  field  are  created,  the  interaction  can  be  switched  off  by  the  classical  magnetic  field,  and  there  is  no 
information  transfer  between  the  cavity  field  and  the  charge  qubit.  We  also  discuss  the  generation  of  the 
superpositions  of  two  squeezed  coherent  states. 

In  [4]  we  propose  a  method  to  create  superpositions  of  two  macroscopic  quantum  states  of  a  single-mode 
microwave  cavity  field  interacting  with  a  superconducting  charge  qubit.  The  decoherence  of  such 
superpositions  can  be  determined  by  measuring  either  the  Wigner  function  of  the  cavity  field  or  the  charge 
qubit  states.  Then  the  quality  factor  Q  of  the  cavity  can  be  inferred  from  the  decoherence  of  the  superposed 
states.  The  proposed  method  is  experimentally  realizable  within  current  technology  even  when  the  Q  value  is 
relatively  low,  and  the  interaction  between  the  qubit  and  the  cavity  field  is  weak. 

In  [5]  we  analyze  the  optical  selection  rules  of  the  microwave-assisted  transitions  in  a  flux  qubit 
superconducting  quantum  circuit  (SQC).  We  show  that  the  parities  of  the  states  relevant  to  the 
superconducting  phase  in  the  SQC  are  well  defined  when  the  reduced  external  magnetic  flux  f=f/2;  then  the 
selection  rules  are  the  same  as  the  ones  for  the  electric-dipole  transitions  in  usual  atoms.  When  f  is  shifted 
away  from  0.5,  the  symmetry  of  the  potential  of  the  artificial  "atom"  is  broken,  and  a  so-called  A -type 
"cyclic"  three-level  atom  is  formed,  where  one-  and  two-photon  processes  can  coexist.  We  study  how  the 
population  of  these  three  states  can  be  selectively  transferred  by  adiabatically  controlling  the  electromagnetic 
field  pulses.  Different  from  A -type  atoms,  the  adiabatic  population  transfer  in  our  three-level  A  atom  can  be 
controlled  not  only  by  the  amplitudes  but  also  by  the  phases  of  the  pulses. 

In  [6]  we  began  studying  biological  circuitry,  instead  of  only  quantum  circuitry.  The  goal  there  was  to 
help  find  correlations  within  a  very  large  network  or  circuit. 

(2)  Future  Plan 

This  is  a  very  exciting  area  of  research  that  we  pioneered  early  on  in  2001,  and  the  Yale  experiments  have 
confirmed  (in  2004)  that  this  was  a  very  fruitful  direction.  This  approach  is  now  attracting  considerable 
attention. 


-  12- 


(3)  Figure 


<De  <ty(t) 


Cavity  quantum  electrodynamics  (QED)  for  a  Cooper-pair 
box  with  a  SQUID  loop,  where  the  (yellow)  charge  box  is 
coupled  to  a  segment  of  a  superconducting  ring  via  two 
identical  Josephson  junctions,  shown  in  green  above,  and  a 
voltage  Vg  is  applied  to  the  charge  box  through  a  gate 
capacitor  Cg.  In  addition  to  a  static  magnetic  flux  <t>e,  as 
denoted  by  the  solid  (red)  lines  with  arrows,  applied 
through  the  SQUID  loop  to  control  the  effective  Josephson 
coupling  energy,  a  time-dependent  microwave  field  Of  (t) 
in  a  quantum  cavity,  schematically  shown  above  by  the 
dashed  (blue)  lines  with  arrows,  also  threads  through  the 
SQUID  loop. 


(4)  Representative  publications 

[1]  J.Q.  You  and  F.  Nori,  Quantum  information  processing  with  superconducting  qubits  in  a  microwave  field, 
Phys.  Rev.  B  68,  064509  (2003) 

[2]  Y.-X.  Liu,  L.F.  Wei,  and  F.  Nori,  Generation  of  nonclassical  photon  states  using  a  superconducting  qubit 
in  a  microcavity,  Europhys.  Lett.  67 , 941  (2004) 

[3]  Y.-X.  Liu,  L.F.  Wei,  and  F.  Nori,  Preparation  of  macroscopic  quantum  superposition  states  of  a  cavity 
field  via  coupling  to  a  superconducting  charge  qubit,  Phys.  Rev.  A  71,  063820  (2005) 

[4]  Y.-X.  Liu,  L.F.  Wei,  and  F.  Nori,  Measuring  the  quality  factor  of  a  microwave  cavity  using 
superconduting  qubit  devices,  Phys.  Rev.  A  71,  063820  (2005) 

[5]  Y.-X.  Liu,  J.  Q.  You,  L.F.  Wei,  C.  P.  Sun,  and  F.  Nori,  Optical  Selection  Rules  and  Phase-Dependent 
Adiabatic  State  Control  in  a  Superconducting  Quantum  Circuit,  Phys.  Rev.  Lett.  95,  087001  (2005) 

[6]  P.  Caminci  et  al.  The  transcriptional  landscape  of  the  mammalian  genome,  Science  309,  1559  (2005). 

(5)  Concluding  remarks 

In  the  summer  of  2001,  we  submitted  to  PRL  one  of  the  earliest,  if  not  the  first,  proposal  on  QC  using  qubits 
inside  a  cavity.  The  PRL  referees  admitted  that  our  work  was  very  original,  but  they  felt  that  it  would  never 
be  implemented.  Eventually,  our  manuscript  was  published  in  PRB,  in  2003.  Over  a  year  later,  in  the  Fall  of 
2004,  the  Yale  group  published  experiments  proving  that  SC  qubits  inside  cavities  could  have  Rabi 
oscillations.  These  results,  which  we  anticipated  in  2001  and  sent  in  our  preprint  to  Yale  in  2002,  are  now 
attracting  considerable  attention.  Since  then,  we  have  been  studying  ways  to  generate  several  types  of 
non-classical  photon  states  using  a  SC  qubit  in  a  microcavity,  and  other  related  proposals.  The  latter  are  very 
recent  proposals  (2005)  that  will  be  relevant  to  future  experimental  studies. 
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Sub-theme:  Superconducting  charge  qubits:  coupling,  scalability,  control,  entanglement  generation. 
Researchers:  J.Q  You,  Y.X.  Liu,  L.F.  Wei,  J.S.  Tsai,  and  F.  Nori 

(1)  Summary  of  Research  Activities 

A  goal  of  quantum  information  technology  is  to  control  the  quantum  state  of  a  system,  including  its 
preparation,  manipulation,  and  measurement.  However,  scalability  to  many  qubits  and  controlled 
connectivity  between  any  selected  qubits  are  two  of  the  major  stumbling  blocks  to  achieve  quantum 
computing  (QC).  In  [1]  we  propose  an  experimental  methodising  Josephson  charge  qubits,  to  efficiently 
solve  these  two  central  problems.  The  proposed  QC  architecture  is  scalable  since  any  two  charge  qubits  can 
be  effectively  coupled  by  an  experimentally  accessible  inductance.  More  importantly,  we  formulate  an 
efficient  and  realizable  QC  scheme  that  requires  only  one  (instead  of  two  or  more)  two-bit  operation  to 
implement  conditional  gates. 

In  [2]  we  present  an  experimentally  implementable  method  to  couple  Josephson  charge  qubits  and  to 
generate  and  detect  macroscopic  entangled  states.  A  large-junction  superconducting  quantum  interference 
device  is  used  in  the  qubit  circuit  for  both  coupling  qubits  and  to  implement  the  readout.  Also,  we  explicitly 
show  how  to  achieve  a  microwave-assisted  macroscopic  entanglement  in  the  coupled-qubit  system. 

Josephson  qubits  (JQs)  without  direct  interaction  can  be  effectively  coupled  by  sequentially  connecting 
them  to  an  information  bus:  a  current-biased  large  Josephson  junction  treated  as  an  oscillator  with  adjustable 
frequency  [3].  The  coupling  between  any  qubit  and  the  bus  can  be  controlled  by  modulating  the  magnetic 
flux  applied  to  that  qubit.  This  tunable  and  selective  coupling  provides  two-qubit  entangled  states  for 
implementing  elementary  quantum  logic  operations,  and  for  experimentally  testing  Bell's  inequality. 

In  [4]  we  propose  an  effective  scheme  for  manipulating  quantum  information  stored  in  a  superconducting 
nanocircuit.  The  Josephson  qubits  are  coupled  via  their  separate  interactions  with  an  information  bus,  a  large 
current-biased  Josephson  junction  treated  as  an  oscillator  with  adjustable  frequency.  The  bus  is  sequentially  coupled 
to  only  one  qubit  at  a  time.  Distant  Josephson  qubits  without  any  direct  interaction  can  be  indirectly  coupled  with 
each  other  by  independently  interacting  with  the  bus  sequentially,  via  exciting/deexciting  vibrational  quanta  in  the 
bus.  This  is  a  superconducting  analog  of  the  successful  ion  trap  experiments  on  quantum  computing.  Our  approach 
differs  from  previous  schemes  that  simultaneously  coupled  two  qubits  to  the  bus,  as  opposed  to  their  sequential 
coupling  considered  here.  The  significant  quantum  logic  gates  can  be  realized  by  using  these  tunable  and  selective 
couplings.  The  decoherence  properties  of  the  proposed  quantum  system  are  analyzed  within  the  Bloch-Redfield 
formalism.  Numerical  estimations  of  certain  important  experimental  parameters  are  provided. 

In  superconducting  circuits  with  interbit  untenable  (e.g.,  capacitive)  couplings,  ideal  local  quantum 
operations  cannot  be  exactly  performed  on  individual  Josephson  qubits.  In  [5]  we  propose  an  effective 
dynamical  decoupling  approach  to  overcome  the  “fixed-interaction"  difficulty  for  effectively  implementing 
elemental  logical  gates  for  quantum  computation.  The  proposed  single-qubit  operations  and  local 
measurements  should  allow  testing  Bell's  inequality  with  a  pair  of  capacitively-coupled  Josephson  qubits.  This 
provides  a  powerful  approach,  besides  spectral-analysis  [Nature  421,  823  (2003);  Science  300,  1548  (2003)],  to 
verify  the  existence  of  macroscopic  quantum  entanglement  between  two  fixed-coupling  Josephson  qubits. 

(2)  Future  Plan 

We  plan  to  extend  these  studies  to  flux  and  phase  qubits,  as  well  as  to  SC  qubits  inside  cavities. 
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(3)  Figure 


Schematic  diagram  of  the  proposed  scalable  and  switchable  quantum  computer.  Here  we  explicitly  show 
how  two  charge  qubits  (not  necessarily  neighbors)  can  be  coupled  by  the  inductance  L,  where  the  cyan 
SQUIDs  are  switched  on  by  setting  the  fluxes  through  the  cyan  SQUID  loops  zero,  and  the  green  SQUIDs 
are  turned  off  by  choosing  the  fluxes  through  the  green  SQUID  loops  as  <Do/2.  This  applies  to  the  case  when 
any  selected  charge  qubits  are  coupled  by  the  common  inductance. 

(4)  Representative  publications 

[1]  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  Scalable  Quantum  Computing  with  Josephson  Charge  Qubits,  Phys.  Rev. 
Lett.  89,  197902  (2002) 

[2]  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  Controllable  manipulation  and  entanglement  of  macroscopic  quantum 
states  in  coupled  charge  qubits,  Phys.  Rev.  B  68,  024510  (2003) 

[3]  L.F.  Wei,  Y.-X  Liu,  F.  Nori,  Coupling  Josephson  qubits  via  a  current-biased  information  bus,  Europhys. 
Lett.  67,  1004  (2004) 

[4]  L.F.  Wei,  Y.-X.  Liu,  and  F.  Nori,  Quantum  computation  with  Josephson  qubits  using  a  current-biased 
information  bus,  Phys.  Rev.  B  71,  134506  (2005) 

[5]  L.F.  Wei,  Y.-X.  Liu,  and  F.  Nori,  Testing  Bell's  inequality  in  a  constantly  coupled  Josephson  circuit  by 
effective  single-qubit  operations,  Phys.  Rev.  B  72,  104516  (2005).  Also  published  in  quant-ph/0408089. 

(5)  Concluding  remarks 

These  are  very  novel  proposals  on  the  issues  of  coupling,  scalability,  operations,  etc.  in  quantum  circuits. 
Most  of  these  are  quite  recent  (2004  and  2005). 
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Sub-theme:  Superconducting  qubits:  flux  qubits,  decoherence  reduction,  quantum  tomography. 
Researchers:  J.Q  You,  Y.X.  Liu,  L.F.  Wei,  Y.  Nakamura,  and  F.  Nori 


(1)  Summary  of  Research  Activities 

A  central  problem  for  implementing  efficient  quantum  computing  is  how  to  realize  fast  operations  (both 
one-  and  two-bit  ones).  However,  this  is  difficult  to  achieve  for  a  collection  of  qubits,  especially  for  those 
separated  far  away,  because  the  interbit  coupling  is  usually  much  weaker  than  the  intrabit  coupling.  In  [1]  we 
present  an  experimentally  feasible  method  to  effectively  couple  two  flux  qubits  via  a  common  inductance  and 
treat  both  single  and  coupled  flux  qubits  with  more  realistic  models,  which  include  the  loop  inductance.  The 
main  advantage  of  our  proposal  is  that  a  strong  interbit  coupling  can  be  achieved  using  a  small  inductance,  so 
that  two-bit  as  fast  as  one-bit  operations  can  be  easily  realized.  We  also  show  the  flux  dependence  of  the 
transitions  between  states  for  the  coupled  flux  qubits. 

Charge  fluctuations  from  gate  bias  and  background  traps  severely  limit  the  performance  of  a  charge  qubit 
realized  in  a  Cooper-pair  box  (CPB).  In  [2]  we  present  an  experimentally  realizable  method  to  control  the 
dephasing  effects  of  these  charge  fluctuations  using  two  strongly  capacitively  coupled  CPBs.  This 
coupled-box  system  has  a  low-decoherence  subspace  of  two  states  and  we  calculate  the  dephasing  of  these 
states  using  a  master  equation  approach.  Our  results  show  that  the  inter-box  Coulomb  correlation  can 
significantly  suppress  decoherence  of  this  two-level  system,  making  it  a  promising  candidate  as  a  logical 
qubit,  encoded  using  two  CPBs. 

In  [3]  we  propose  a  method  for  the  tomographic  reconstruction  of  qubit  states  for  a  general  class  of 
solid-state  systems  in  which  the  Hamiltonians  are  represented  by  spin  operators,  e.g.,  with  Heisenberg-, 
XXZ-,  or  XY-type  exchange  interactions.  We  analyze  the  implementation  of  the  projective  operator 
measurements,  or  spin  measurements,  on  qubit  states.  All  the  qubit  states  for  the  spin  Hamiltonians  can  be 
reconstructed  by  using  experimental  data. 

In  [4]  we  propose  an  approach  to  reconstruct  any  superconducting  charge  qubit  state  by  using  quantum 
state  tomography.  This  procedure  requires  a  series  of  measurements  on  a  large  enough  number  of  identically 
prepared  copies  of  the  quantum  system.  The  experimental  feasibility  of  this  procedure  is  explained  and  the 
time  scales  for  different  quantum  operations  are  estimated  according  to  experimentally  accessible  parameters. 
Based  on  the  state  tomography,  we  also  investigate  the  possibility  of  the  process  tomography. 


(2)  Future  Plan 

We  plan  to  expand  on  the  projects  listed  above.  Most  of  our  previous  work  has  been  in  charge  qubits.  We 
plan  to  continue  work  for  other  types  of  qubits,  including  flux-charge,  flux,  and  phase  qubits. 
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(3)  Figure 


cm 


Strongly  coupled  Cooper-pair  boxes  used  for  reducing  decoherence.  A  bias  voltage  V,  is  applied  to  the  ith 
charge  box  through  a  gate  capacitance  Ct,  and  a  symmetric  dc-SQUID  is  coupled  to  the  box.  Also,  each 
box  is  connected  to  a  detector  via  a  probe  junction  (or  a  less  invasive  point  contact).  The  two  boxes  are 
closely-spaced  long  superconducting  islands  with  sufficiently  large  mutual  capacitance  Cm,  and  the  barrier 
between  them  is  strong  enough  to  prohibit  the  inter-box  Cooper-pair  tunneling. 

(4)  Representative  publications 

[1]  J.Q.  You,  Y.  Nakamura,  and  F.  Nori,  Fast  two-bit  operations  in  inductively  coupled  flux  qubits,  Phys.  Rev. 
B  71,  024532 (2005) 

[2]  J.Q.  You,  X.  Hu,  and  F.  Nori,  Correlation-induced  suppression  of  decoherence  in  capacitively  coupled 
Cooper-pair  boxes,  Phys.  Rev.  B  72,  144529  (2005).  Also  published  in  cond-mat/0407423 

[3]  Y.-X.  Liu,  L.F.  Wei,  and  F.  Nori,  Qubit  tomography  for  solid-state  systems,  Europhys.  Lett.  67,  874-880 
(2004). 

[4]  Y.-X.  Liu,  L.  F.  Wei,  and  F.  Nori,  Tomographic  measurements  on  superconducting  qubit  states  ,  Phys.  Rev. 
B  72, 014547  (2005) 

[5]  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  Hybridized  solid-state  qubit  in  the  charge-flux  regime,  Phys.  Rev.  B  72, 
in  press  (2005) 

(5)  Concluding  remarks 

First  proposal  on  solid-state  quantum  tomography,  an  area  which  we  are  pioneering.  Very  novel  proposals  on 
coupling,  scalability,  operations,  etc.  These  are  very  recent  results  (mostly  published  during  2005)  and 
experiments  on  these  will  be  done  in  the  future  (some  groups  already  started). 
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Sub-theme:  Quantum  electromechanics,  quantum  transducers,  EPR  states,  quantum 
algorithms,  controllable  couplings  among  qubits. 

Researchers:  L.F.  Wei,  Y.X.  Liu,  S.  Savel’ev,  J.S.  Tsai,  and  F.  Nori 

(1)  Summary  of  Research  Activities 

Analyzing  recent  experimental  results,  we  find  [1]  similar  behaviors  and  a  deep  analogy  between 
three-junction  superconducting  qubits  and  suspended  carbon  nanotubes.  When  these  different  systems  are 
ac-driven  near  their  resonances,  the  resonance  single-peak,  observed  at  weak  driving,  splits  into  two 
sub-peaks  when  the  driving  increases.  This  unusual  behavior  can  be  explained  by  considering  quantum 
tunneling  in  a  double  well  potential  for  both  systems.  Inspired  by  these  experiments,  we  propose  a 
mechanical  qubit  based  on  buckling  nanobars— a  NEMS  so  small  as  to  be  quantum  coherent.  To  establish 
buckling  nanobars  as  legitimate  candidates  for  qubits,  we  calculate  the  effective  buckling  potential  that 
produces  the  two-level  system  and  identify  the  tunnel  coupling  between  the  two  local  states.  We  propose 
different  designs  of  nanomechanical  qubits  (fig.  1)  and  describe  how  they  can  be  manipulated.  Also,  we 
outline  possible  decoherence  channels  and  detection  schemes.  A  comparison  between  nanobars  and  well 
studied  superconducting  qubits  suggests  several  future  experiments  on  quantum  electromechanics. 

In  [2]  we  propose  an  experimentally  realizable  method  to  control  the  coupling  between  flux  qubits,  so  far 
an  important  open  problem.  In  our  proposal,  the  bias  fluxes  are  always  fixed  for  the  two  inductively-coupled 
qubits.  The  detuning  of  these  two  qubits  can  be  initially  chosen  to  be  sufficiently  large  that  their  coupling  is 
almost  negligible,  and  then  each  qubit  can  be  treated  independently.  When  an  external  field  is  applied  to  one 
of  the  qubits,  a  well-chosen  frequency  of  the  external  field  can  be  used  to  compensate  the  detuning  and 
couple  the  qubits.  This  proposed  method  avoids  fast  changes  of  the  transition  frequencies  of  the  qubits  or 
bias  magnetic  flux  through  the  qubit  loops,  and  also  offers  a  remarkable  way  to  implement  any  logic  gate  as 
well  as  tomographically  measure  flux  qubit  states. 

In  [3]  we  propose  an  efficient  approach  to  prepare  Einstein-Podolsky-Rosen  (EPR)  pairs  in 
currently-existing  Josephson  nanocircuits  with  capacitive-couplings.  In  these  fixed-coupling  circuits, 
two-qubit  logic  gates  could  be  easily  implemented  while,  strictly  speaking,  single-qubit  gates  cannot  be 
easily  realized.  For  a  known  two-qubit  state,  conditional  single-qubit  operations  could  still  be  designed  to 
evolve  only  the  selected  qubit  and  keep  the  other  qubit  unchanged;  the  rotations  of  the  selected  qubit  depend 
on  the  state  of  the  other  qubit.  These  conditional  single-qubit  operations  allow  to  deterministically  generate 
the  well-known  Einstein-Podolsky-Rosen  pairs,  represented  by  EPR-Bell  (or  Bell)  states,  at  a  macroscopic 
level.  Quantum-state  tomography  is  further  proposed  to  experimentally  confirm  the  generation  of  these 
states. 

During  the  unavoidable  delays  between  operations  in  a  quantum  algorithm,  coherent  errors  will 
accumulate  from  the  dynamical  phases  of  the  superposed  wave  functions.  In  [4]  we  explore  the  sensitivity  of 
Shor's  quantum  factoring  algorithm  to  such  errors.  Our  results  clearly  show  a  severe  sensitivity  of  Shor's 
factorization  algorithm  to  the  presence  of  delay  times  between  successive  unitary  transformations.  A 
particularly  simple  phase-matching  approach  is  proposed  in  this  paper  to  avoid  or  suppress  these  coherent 
errors  when  using  Shor's  algorithm  to  factorize  integers.  The  robustness  of  this  phase-matching  condition  is 
evaluated  analytically  and  numerically. 

(2)  Future  Plan 

We  plan  to  expand  on  the  most  promising  projects  listed  above.  These  are  very  recent,  and  we  are  still 
exploring  options  about  what  topics  to  expand  on,  within  the  group  of  papers  listed  below. 
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(3)  Figures 


Comparison  of  Josephson-junction  superconducting  (JJ  SC)  charge,  JJ  SC  flux  and  nano-bar  qubits. 


(4)  Representative  publications 

[1]  S.  Savel’ev.  X.  Hu,  A.  Kasumov,  F.  Nori,  Quantum  electromechanics:  Quantum  tunneling  near  resonance 
and  qubits  from  buckling  nanobars,  published  in  cond-mat/04 12521.  Featured  in  Scientific  Am.,  page  28, 
April  2005. 

[2]  Y-X.  Liu,  L.  F.  Wei,  J.  S.  Tsai,  F.  Nori,  Controllable  coupling  between  flux  qubits,  published  in 
cond-mat/0507496 

[3]  C.P.  Sun,  L.F.  Wei,  Y.X  Liu,  F.  Nori,  Quantum  transducers:  Integrating  Transmission  Lines  and 
Nanomechanical  Resonators  via  Charge  Qubits,  published  in  quant-ph/0504056 

[4]  L.F.  Wei,  Y.-X.  Liu,  M.J.  Storcz,  F.  Nori,  Macroscopic  Einstein-Podolsky-Rosen  pairs  in  superconducting 
circuits.  Published  in  quant-ph/0508027. 

[5]  L.F.  Wei,  X.  Li,  X.  Hu,  and  F.  Nori,  Effects  of  dynamical  phases  in  Shor's  factoring  algorithm  with 
operational  delays,  Phys.  Rev.  A  71,  022317  (2005) 


(5)  Concluding  remarks 

First  proposal  on  quantum  electromechanics  (quantum  tunneling  near  resonance  and  qubits  from  buckling 
nanobars).  This  work  has  been  featured,  e.g.,  by  the  United  Press  International,  Scientific  American  (in  about 
eight  translations).  First  proposal  on  (1)  quantum  transducers,  (2)  macroscopic  EPR  pairs  in  SC  circuits,  and 
(3)  the  effects  of  dynamical  phases  in  Shor's  factoring  algorithm  with  operational  delays. 
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Research  Achievements 
A.  Publications 
[Original  Papers] 


1.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori  “Scalable  quantum  computing  with  Josephson  charge  qubits”, 
Phys.  Rev.  Lett.  89,  197902  (2002) 

2.  F.  Nori  and  Y.L.  Lin,  “Quantum  interference  in  superconducting  wire  networks  and  Josephson 
junction  arrays:  An  analytical  approach  based  on  multiple-loop  Aharonov-Bohm  Feynman 
path-integrals”,  Phys.  Rev.  B  65,  214504  (2002) 

3.  S  Savel’ev,  J.  Mirkovic,  and  K.  Kadowaki,  “Elasticity  of  combined  pancake  and  Josephson 
vortex  lattice”,  Physica  C  378/381,  580-583  (2002) 

4.  S.  Savel’ev  and  F.  Nori,  “Experimentally  realizable  devices  for  controlling  the  motion  of 
magnetic  flux  quanta  in  anisotropic  superconductors”,  Nat.  Mater.  1,  179-184  (2002) 

5.  J.  Mirkovic,  S.  Savel’ev,  E.  Sugahara,  K.  Kadowaki,  “Anisotropy  of  vortex-liquid  and 
vortex-solid  phases  in  single  crystals  of  BhSrcCaCuaOs+d:  Violation  of  the  scaling  law”,  Phys. 
Rev.  B  66,  132505  (2002) 

6.  S.  Savel’ev,  J.  Mirkovic,  and  K.  Kadowaki,  “Influence  of  force-free  current  on  vortex  lattice 
melting  transition”,  Physica  C  378/381, 495-498  (2002) 

7.  J.  Mirkovic,  S.  Savel’ev,  E.  Sugahara,  K.  Kadowaki,  “Melting  transition  in  single  crystals  of 
Bi2  Bi2Sr2CaCu208+d  studied  by  the  c-axis  and  in-plane  resistivity  measurements  in  parallel 
magnetic  fields”,  Physica  C  378/381, 428-432  (2002) 

8.  J.  Mirkovic,  S.  Savel’ev,  E.  Sugahara,  K.  Kadowaki,  “Dimensionality  of  vortex  solid  and  liquid 
phases  in  single  crystals  of  BhSr2CaCu208+d  studied  by  the  resistivity  measurements”,  Physica 
C  378/381,  491-494  (2002) 

9.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Controlling  the  collective  motion  of  interacting 
particles:  analytical  study  via  the  nonlinear  Fokker-Planck  equation”,  Physica  C  388/389, 
661-662  (2003) 

10.  S.  Savel’ev,  C.  Cattuto,  F.  Nori,  “Force-free  current-induced  reentrant  melting  of  the  vortex 
lattice  in  superconductors”,  Phys.  Rev.  B  67,  180509  (2003) 

11.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Experimentally  realizable  scalable  quantum  computing  using 
superconducting  qubits”,  Physica  E  18,  35-36  (2003) 

12.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  step  motors  and 
rectifiers  of  magnetic  flux  quanta  using  periodic  arrays  of  asymmetric  pinning  defects”,  Phys. 
Rev.  B  68,  064509  (2003) 

13.  J.W.  Wambaugh,  F.  Marchesoni,  F.  Nori,  “Shear  and  loading  in  channels:  Oscillatory  shearing 
and  edge  currents  of  superconducting  vortices”,  Phys.  Rev.  B  67,  144515  (2003) 

14.  S.  Savel’ev,  F.  Marchesoni,  F.  Nori,  “Controlling  transport  in  mixtures  of  interacting  particles 
using  Brownian  motors”,  Phys.  Rev.  Lett.  91, 010601  (2003) 

15.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Biologically  inspired  devices  for  easily  controlling  the 
motion  of  magnetic  flux  quanta”,  Physica  E  18,  318-319  (2003) 

16.  B.Y.  Zhu,  L.  Van  Look,  V.V.  Moshchalkov,  F.  Marchesoni,  F.  Nori,  “Vortex  dynamics  in 
superconductors  with  an  array  of  triangular  blind  antidots”,  Physica  E  1 8,  322-324  (2003) 

1 7.  J.Q.  You  and  F.  Nori,  “Cooper-pair-box  qubits  in  a  quantum  electrodynamic  cavity”,  Physica  E 


-20- 


18,  33-34  (2003) 

1 8.  F.  Marchesoni,  B.Y.  Zhu,  F.  Nori,  “Anomalous  interstitial  dynamics,  Stokes'  drift,  and  current 
inversion  in  AC-driven  vortex  lattices  in  superconductors  with  arrays  of  asymmetric 
double-well  traps”,  Physica  A  325,  78-91  (2003) 

19.  J.Q.  You  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits  in  a 
microwave  field”,  Phys.  Rev.  B  68,  064509  (2003) 

20.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Controllable  manipulation  and  entanglement  of  macroscopic 
quantum  states  in  coupled  charge  qubits”,  Phys.  Rev.  B  68,  024510  (2003) 

21.  L.F.  Wei  and  F.  Nori,  “An  efficient  single-step  scheme  for  manipulating  quantum  information  of 
two  trapped  ions  beyond  the  Lamb-Dicke  limit”,  Phys.  Lett.  A  320,  131-139  (2003) 

22.  Y.  Pashkin,  T.  Tilma,  D.V.  Averin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  F.  Nori  and  J.S.  Tsai, 
“Entanglement  of  two  coupled  charge  qubits”,  Int.  J.  of  Quantum  Info.  1, 421-426  (2003) 

23.  J.E.  Villegas,  S.  Savel’ev,  F.  Nori,  E.M.  Gonzalez,  J.V.  Anquita,  R.  Garcia,  and  J.L.  Vicent,  “A 
superconducting  reversible  rectifier  that  controls  the  motion  of  magnetic  flux  quanta”,  Science 
302, 1188-1191  (2003) 

24.  G  D’Anna,  P.  Mayor,  A.  Barrat,  V.  Loreto,  and  F.  Nori,  “Observing  Brownian  motion  in 
vibration-fluidized  granular  matter”,  Nature  424,  909-912  (2003) 

25.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Quantum  computing  with  many  superconducting  qubits”,  New 
Directions  in  Mesoscopic  Physics,  edited  by  R.  Fazio,  V.F.  Gantmakher,  and  Y.  Imry,  Kluwer 
Academic,  Dordrecht,  pp.  351-360  (2003) 

26.  S.  Savel’ev,  J.  Mirkovic,  and  F.  Nori,  “Fluctuations  in  the  Josephson-Pancake  combined  vortex 
lattice”,  Physica  C  388,  653-654  (2003) 

27.  S.  Savel’ev,  J.  Mirkovic,  K.  Kadowaki,  and  F.  Nori,  “Vortex  lattice  melting  in  very  anisotropic 
superconductors  influenced  by  the  force-free  current”,  Physica  C  388,  685-686  (2003) 

28.  J.  Mirkovic,  S.  Savel’ev,  and  K.  Kadowaki,  “Suppression  of  surface  barriers  in  single  crystals  of 
BkSrcCaCiuOs+d  near  ab-plane  studied  by  c-axis  and  in-plane  resistivity  measurements”, 
Physica  C  388,  757-758  (2003) 

29.  J.  Mirkovic,  S.  Savel’ev,  S.  Hayama,  E.  Sugahara,  and  K.  Kadowaki,  “Vortex  Phases  in  Single 
Crystals  of  BkSnCaCmOs+d  near  ab-plane  studies  by  c-axis  and  in-plane  resistivity 
measurements”,  Physica  C  388,  757-758  (2003) 

30.  Y.X.  Liu,  L.F.  Wei  and  F.  Nori,  “Quantum  tomography  for  solid-state  qubits”,  Europhysics  Lett. 
67,  874-880  (2004) 

31.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Coupling  Josephson  qubits  via  a  current-biased  information 
bus”,  Europhysics  Lett.  67,  1004-1010  (2004) 

32.  Y.X.  Liu,  L.F.  Wei  and  F.  Nori,  “Generation  of  nonclassical  photon  states  using  a 
superconducting  qubit  in  a  microcavity”,  Europhysics  Lett.  67,  941-947  (2004) 

33.  Y.X.  Liu,  S.  Ozdemir,  A.  Miranowicz,  and  N.  Imoto,  “Kraus  representation  of  a  damped 
harmonic  oscillator  and  its  application”,  Phys.  Rev.  A  70,  063801  (2004) 

34.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Manipulating  small  particles  in  mixtures  far  from 
equilibrium”,  Phys.  Rev.  Lett.  92,  1 60602  (2004) 

35.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Controlling  the  motion  of  magnetic  flux  quanta”,  Phys. 
Rev.  Lett.  92,  180602  (2004) 

36.  R.  Wordenweber,  P.  Dymashevski,  and  V.  Misko,  “Guidance  of  vortices  and  the  vortex  ratchet 
effect  in  high-Tc  superconducting  thin  films  obtained  by  arrangement  of  antidots”,  Phys.  Rev.  B 
69, 184504 (2004) 


-21  - 


37.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Easily-controllable  collective 
stepmotor  of  magnetic  flux  quanta”,  Physica  C  388/389,  260-265  (2004) 

38.  S.  Savel’ev,  F.  Marchesoni,  P.  Hanggi,  and  F.  Nori,  “Nonlinear  signal  mixing  in  a  ratchet 
device”,  Europhys.  Lett.  67,  179-185  (2004) 

39.  S.  Savel’ev,  F.  Marchesoni,  P.  Hanggi,  and  F.  Nori,  “Transport  via  nonlinear  signal  mixing  in 
ratchet  devices”  Phys.  Rev.  E  70,  066109  (2004) 

40.  S.  Savel’ev,  and  F.  Nori,  “Magnetic  and  mechanical  buckling:  Modified  Landau  theory 
approach  to  study  phase  transitions  in  micromagnetic  disks  and  compressed  rods”,  Phys.  Rev.  B 
70,214415  1-19(2004) 

41.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Stochastic  transport  of  interacting  particles  in 
periodically  driven  ratchets”,  Phys.  Rev.  E  70,  161007  (2004) 

42.  L.F.  Wei,  and  F.  Nori,  “Quantum  phase  estimation  algorithms  with  delays:  Effects  of  dynamical 
phases”,  J.  Phys.  A  37,  4607-46 1 7  (2004) 

43.  S.  Savel’ev,  F.  Marchesoni,  P.  Hanggi,  and  F.  Nori,  “Signal  mixing  in  a  ratchet  device: 
commensurability  and  current  control”,  The  European  Physical  Journal  B  40,  00208, 403-408  (2004) 

44.  C.  Cattuto  and  U.  Marini  Bettolo  Marconi,  “Ordering  phenomena  in  cooling  granular  mixtures”, 
Phys.  Rev.  Lett.  92,  174502  (2004) 

45.  L.F.  Wei,  and  F.  Nori,  “Coherently  manipulating  two-qubit  quantum  information  using  a  pair  of 
simultaneous  laser  pulses”,  Europhys.  Lett.  65,  (2004) 

46.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Engineering  quantum  pure  states  of  a  trapped  cold  ion  beyond 
the  Lamb-Dicke  limit”,  Phys.  Rev.  A  70,  063801  (2004) 

47.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Controllable  stepmotors  and  rectifiers  of  magnetic  flux 
quanta”,  Physica  C  404,  260-265  (2004) 

48.  N.  Mitarai  and  H.  Nakanishi,  “Bagnold  scaling,  density  plateau,  and  kinetic  theory  analysis  of 
dense  granular  flow”,  Phys.  Rev.  Lett.  94,  128001  (2005) 

49.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “  Interacting  particles  on  a  rocked  ratchet:  rectification 
by  condensation”,  Phys.  Rev.  E  71,  01 1 107  (2005) 

50.  J.Q.  You,  Y.  Nakamura,  and  F.  Nori  “Fast  two-bit  operations  in  inductively  coupled  flux  qubits”, 
Phys.  Rev.  B  71,  024532  (2005) 

5 1 .  L.F.  Wei,  Y.X.  Liu,  X.  Hu,  and  F.  Nori,  “Effects  of  dynamical  phases  in  Shor's  factoring 
algorithm  with  operational  delays”,  Phys.  Rev.  A  7 1 ,  0223 1 7  (2005) 

52.  A.  Maeda,  Y.  Inoue,  H.  Kitano,  S.  Savel’ev,  S.  Okayasu,  I.  Tsukada,  and  F.  Nori,  “Nanoscale 
friction:  kinetic  friction  of  magnetic  flux  quanta  and  charge  density  waves”,  Phys.  Rev.  Lett.  94, 
128001  (2005) 

53.  S.  Savel’ev,  A.  Rakhmanov,  F.  Nori,  “Experimentally  realizable  devices  for  domain  wall  motion 
control”,  New  J.  of  Phys.  7,  Art.  No.  82  (2005) 

54.  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  “Tomographic  measurements  of  superconducting  qubit  states”, 
Phys.  Rev.  B  72,  014547  (2005) 

55.  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  “Preparation  of  macroscopic  quantum  superposition  states  of  a 
cavity  field  via  coupling  to  a  superconducting  charge  qubit”,  Phys.  Rev.  A  71, 063820  (2005) 

56.  S.  Savel’ev,  V.  Misko,  F.  Marchesoni,  and  F.  Nori  “Separating  particles  according  to  their 
physical  properties:  Transverse  drift  of  underdamped  and  overdamped  interacting  particles 
diffusing  through  two-dimensional  ratchets”,  Phys.  Rev.  B  71,  214303  (2005) 

57.  Y.X.  Liu,  J.Q.  You,  L.F.  Wei,  C.P.  Sun,  and  F.  Nori,  “Optical  Selection  Rules  and 
Phase-Dependent  Adiabatic  State  Control  in  a  Superconducting  Quantum  Circuit”,  Phys.  Rev. 


-22- 


Lett.  95,087001  (2005) 

58.  S.  Savel’ev,  A.  Rakhmanov,  and  F.  Nori,  “Using  Josephson  Vortex  Lattices  to  Control  Terahertz 
Radiation:  Tunable  Transparency  and  Terahertz  Photonic  Crystals”,  Phys.  Rev.  Lett.  94,  157004 
(2005) 

59.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Quantum  computation  with  Josephson  qubits  using  a 
current-biased  information  bus”,  Phys.  Rev.  B  71,  134506  (2005) 

60.  Y.  Togawa,  K.  Harada,  T.  Akashi,  H.  Kasai,  T.  Matsuda,  F.  Nori,  A.  Maeda,  A.  Tonomura, 
“Direct  observation  of  rectified  motion  of  vortices  in  a  Niobium  Superconductor”,  Phys.  Rev. 
Lett.  95,  087002  (2005) 

61.  Y.  Pashkin,  T.  Yamamoto,  O.  Astafiev,  Y.  Nakamura,  D.V.  Averin,  T.  Tilma,  F.  Nori,  J.S.  Tsai, 
“Coherent  manipulation  of  couples  Josephson  charge  qubits”,  Physica  C  426-431  (2005) 
1552-1560 

62.  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  “Measuring  the  quality  factor  of  a  microwave  cavity  using 
superconducting  qubit  devices”,  Phys.  Rev.  A  72,  033818  (2005) 

63.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Testing  Bell’s  inequality  in  a  constantly  coupled  Josephson 
circuit  by  effective  single-qubit  operations”,  Phys.  Rev.  B  72,  1 045 1 6  (2005) 

64.  P.  Caminci,  et  al.,  “The  transcriptional  landscape  of  the  mammalian  genome”,  Science  309, 
Issue  5740,  1559-1563  (2005) 

65.  V.  Misko,  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Separating  particles  according  to  their 
physical  properties:  Transverse  drift  of  over-damped  interacting  particles  through 
two-dimensional  ratchets”,  Physica  C  426/431,  147-152  (2005) 

66.  J.Q.  You,  X.  Hu,  and  F.  Nori,  “Correlation-induced  suppression  of  decoherence  in  capacitively 
coupled  Cooper-pair  boxes”,  Phys.  Rev.  B,  in  press  (2005) 

67.  S.  Savel’ev,  V.  Yampol’skii,  A.  Rakhmanov,  and  F.  Nori,  “Generation  of  tunable  terahertz 
out-of-plane  radiation  using  Josephson  vortices  in  modulated  layered  superconductors”,  Phys. 
Rev.  B,  in  press  (2005) 

68.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Hybridized  solid-state  qubit  in  the  charge-flux  regime”,  Phys. 
Rev.  B,  in  press  (2005) 

69.  S.  Savel’ev,  V.  Yampol’skii,  and  F.  Nori,  “Surface  Josephson  plasma  waves  in  layered 
superconductors”,  Phys.  Rev.  Lett.,  in  press  (2005) 

70.  V.  Misko,  S.  Savel’ev,  and  F.  Nori,  “Critical  currents  in  quasiperiodic  pinning  arrays: 
One-dimensional  chains  and  Penrose  lattices”,  Phys.  Rev.  Lett.  95,  in  press  (2005) 

[Review] 

1.  P.  Hanggi,  F.  Marchesoni,  and  F.  Nori,  “Brownian  motors”,  Annalen  der  Physik  (Leipzig)  14, 
51-70  (2005) 

2.  S.  Savel’ev,  and  F.  Nori,  “Controlling  the  motion  of  ineracting  particles:  homogeneous  systems 
and  binary  mixtures”,  Chaos  15,  026112  (2005) 

3.  F.  Nori  and  S.  Savel’ev,  “Controlling  vortex  motion  and  vortex  kinetic  friction”,  Physica  C,  in 
press  (2005) 


-23- 


B.  Oral  Presentations 

[International  Conferences] 

1.  F.  Nori,  ‘‘Biologically-inspired  devices  for  controlling  the  motion  of  flux-quanta”.  Research 
Workshop  on  Statostoca;  Mechanics  of  Plastic  Deformation,  Trieste,  Italy  (2002) 

2.  J.Q.  You,  F.  Nori,  and  J.S.  Tsai,  “Macroscopic  quantum-mechanical  machines:  Superconducting 
quantum  bits  and  logic  gates”,  CAS  Symp.  on  Advanced  Materials,  (The  Chinese  Academy  of 
Sciences),  Sheng  Yang,  China  (2002) 

3.  J.Q.  You,  “Coherent  dynamics  and  quantum  information  processing  in  Josephson  charge 
devices”.  Nano  Science  and  Technology-Novel  Structures  and  Phenomena,  (Croucher  Advanced 
Studay  Institute),  Hong  Kong,  China  (2002) 

4.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Biologically-inspired  devices  for  easily  controlling  the 
motion  of  magnetic  flux  quanta”  15th  Int.  Symp.  on  Superconductivity  (ISS  2002), 
(International  Superconductivity  Technology  Center  (ISTEC)),  Yokohama  (2002) 

5.  C.  Cattuto,  S.  Savel’ev,  and  F.  Nori,  “Reentrant  vortex  melting  induced  by  force-free  current”, 
15th  Int.  Symp.  on  Superconductivity  (ISS  2002),  ISTEC,  Yokohama  (2002) 

6.  S.  Savel’ev  and  F.  Nori,  “Crossing  lattice  vortex  pump”  15th  Int.  Symp.  on  Superconductivity 
(ISS  2002),  (ISTEC),  Yokohama  (2002) 

7.  J.Q.  You,  F.  Nori,  and  J.S.  Tsai,  “Scalable  quantum  computation  with  superconducting  charge 
qubits”,  The  10th  JST  International  Symposium  on  Quantum  Computing:  Nano-Science  & 
Technology  for  Implementation  of  Quantum  Computers,  Tokyo  (2002) 

8.  F.  Nori,  “Biologically-inspired  devices  for  controlling  the  motion  of  flux-quanta”,  Annual  APS 
March  Meeting  2002,  Indianapolis,  USA  (2002) 

9.  F.  Nori,  “Vortex  dynamics  in  superconductors”,  Applied  Physics  Seminar,  (Stanford  University), 
Stanford,  USA  (2002) 

10.  F.  Nori,  and  J.Q.  You,  “Superconducting  qubits  inside  a  QED  cavity”,  Quantum  Computing 
Program  Review  (QCPR),  Nashville,  USA  (2002) 

11.  F.  Nori,  and  J.Q.  You,  “Scalable  quantum  computing  with  superconducting  charge  qubits”, 
Quantum  Computing  Program  Review  (QCPR),  Nashville,  USA  (2002) 

12.  F.  Nori,  “Scalability  in  superconducting  circuitry”.  Quantum  Computing  Program  Review, 
Nashville,  USA  (2002) 

13.  F.  Nori,  “Scalable  superconducting  qubits”,  Quantum  Computing  Program  Review,  Nashville, 
USA  (2002) 

14.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Resonances  in  a  SQUID  ratchet  driven  by  two 
frequencies”,  Stochastic  Systems:  From  Randomness  to  Complexity,  NATO-Advanced 
Research  Workshop,  EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

15.  F.  Nori,  “Quantum  computing  with  superconducting  qubits”,  New  Directions  in  Mesoscopic 
Physics  (Towards  Nanoscience),  (NATO- Advanced  Study  Institute),  Erice,  Italy  (2002) 

16.  F.  Nori,  “Biologically-inspired  devices  for  controlling  the  motion  of  flux-quanta”,  Stochastic 
Systems:  From  Randomness  to  Complexity,  NATO-Advanced  Research  Workshop, 
EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

17.  S.  Savel’ev,  and  F.  Nori,  “Experimentally  realizable  devices  for  controlling  the  motion  of 
magnetic  flux  quanta  in  anisotropic  superconductors”.  Stochastic  Systems:  From  Randomness 
to  Complexity,  NATO-Advanced  Research  Workshop,  EPS/PESC-Exploratory  Workshop,  Erice, 


-24- 


Italy  (2002) 

18.  B.Y.  Zhu,  L.  Van  Look,  V.V.  Moshchalkov,  F.  Marchesoni,  and  F.  Nori,  “Vortex  dynamics  in 
superconductors  with  an  array  of  triangular  blind  antidots”,  Stochastic  Systems:  From 
Randomness  to  Complexity,  NATO-Advanced  Research  Workshop,  EPS/PESC-Exploratory 
Workshop,  Erice,  Italy  (2002) 

19.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Biologically  inspired  devices  for  easily  controlling  the 
motion  of  magnetic  flux  quanta”,  Stochastic  Systems:  From  Randomness  to  Complexity, 
NATO-Advanced  Research  Workshop,  EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

20.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Scalable  quantum  computing  with  Josephson  charge  qubits”, 
Stochastic  Systems:  From  Randomness  to  Complexity,  NATO-Advanced  Research  Workshop, 
EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

21.  J.Q.  You,  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits  in  a 
microwave  field”,  Stochastic  Systems:  From  Randomness  to  Complexity,  NATO-Advanced 
Research  Workshop,  EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

22.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  step  motors  and 
rectifiers  of  magnetic  flux  quanta  using  periodic  arrays  of  asymmetric  pinning  defects”. 
Stochastic  Systems:  From  Randomness  to  Complexity,  NATO-Advanced  Research  Workshop, 
EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

23.  S.  Savel’ev,  C.  Cattuto,  and  F.  Nori,  “Force-free  current-induced  reentrant  melting  of  the  vortex 
lattice  in  superconductors”,  Stochastic  Systems:  From  Randomness  to  Complexity, 
NATO-Advanced  Research  Workshop,  EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

24.  F.  Nori,  “Biologically-inspired  devices  for  controlling  the  motion  of  flux-quanta”,  Stochastic 
Systems:  From  Randomness  to  Complexity,  NATO-Advanced  Research  Workshop, 
EPS/PESC-Exploratory  Workshop,  Erice,  Italy  (2002) 

25.  F.  Nori,  “Quantum  computing  with  superconducting  qubits”,  New  Directions  in  Mesoscopic 
Physics  (Towards  Nanoscience),  (NATO-  Advanced  Study  Institute),  Erice,  Italy  (2002) 

26.  F.  Nori,  “Using  vortex  pumps  to  control  the  motion  of  flux-quanta  in  superconductors”,  23rd 
International  Conference  on  Low  Temperature  Physics  (LT23),  Hiroshima  (2002) 

27.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Controlling  the  motion  of  interacting  particles: 
Analytical  study  via  the  nonlinear  Fokker-Planck  equation”,  23rd  International  Conference  on 
Low  Temperature  Physics  (LT23),  Hiroshima  (2002) 

28.  S.  Savel’ev,  J.  Mirkovic,  and  F.  Nori,  “Vortex  fluctuations  in  the  crossing  lattice  structure”,  23rd 
International  Conference  on  Low  Temperature  Physics  (LT23),  Hiroshima  (2002) 

29.  S.  Savel’ev,  J.  Mirkovic,  K.  Kadowaki,  “Vortex  lattice  melting  transition  under  the  influence  of 
the  c-axis  current”,  23rd  International  Conference  on  Low  Temperature  Physics  (LT23), 
Hiroshima  (2002) 

30.  B.Y.  Zhu,  “Driven  vortex  dynamics  in  superconductors  with  asymmetric  pinning  sites”,  23rd 
International  Conference  on  Low  Temperature  Physics  (LT23),  Hiroshima  (2002) 

31.  J.Q.  You,  and  F.  Nori,  “Quantum  information  processing  with  Cooper-pair-box  qubits  in  a 
microwave  field”,  23rd  International  Conference  on  Low  Temperature  Physics  (LT23), 
Hiroshima  (2002) 

32.  J.Q.  You,  “Scalable  quantum  computation  with  superconducting  charge-flux  qubits”,  23rd 
International  Conference  on  Low  Temperature  Physics  (LT23),  Hiroshima  (2002) 

33.  F.  Nori,  “Biologically-inspired  devices  for  controlling  the  motion  of  flux-quanta”,  23rd 
International  Conference  on  Low  Temperature  Physics  (LT23),  Hiroshima  (2002) 


-25- 


34.  F.  Nori,  “Vortex  pumps  to  control  the  motion  of  flux  quanta”.  The  7th  International  Conference 
on  Materials  and  Mechanism  of  Superconductity  and  High  Temperature  Superconductors 
(M2S-HTSC-VII),  Rio  de  Janeiro,  Brazil  (2003) 

35.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Scalable  quantum  computing  with  Josephson  charge  qubits”, 
The  16th  International  Symposium  on  Superconductivity  (ISS  2003),  Tsukuba  (2003) 

36.  S.  Savel’ev,  and  F.  Nori,  “Dynamical  phase  transition  in  driven  crossing  vortex  lattices  in  highly 
anisotropic  superconductors  ’’The  16th  International  Symposium  on  Superconductivity  (ISS 
2003),  Tsukuba  (2003) 

37.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Controllable  manipulation  and  entanglement  of  macroscopic 
quantum  states  in  coupled  charge  qubits”.  The  16th  International  Symposium  on 
Superconductivity  (ISS  2003),  Tsukuba  (2003) 

38.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Resonances  in  a  SQUID  ratchet  driven  by  two 
frequencies”,  The  16th  International  Symposium  on  Superconductivity  (ISS  2003),  Tsukuba 
(2003) 

39.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits 
in  a  microwave  field”.  The  16th  International  Symposium  on  Superconductivity  (ISS  2003) 
Tsukuba  (2003) 

40.  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori  “Tomographic  measurements  on  charge  qubit  states”,  The  16th 
International  Symposium  on  Superconductivity  (ISS  2003)  Tsukuba  (2003) 

41. B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Transporting  flux  quanta  in 
triangular  pinning  arrays”.  The  16th  International  Symposium  on  Superconductivity  (ISS  2003), 
Tsukuba (2003) 

42.  C.  Cattuto,  S.  Savel’ev,  and  F.  Nori,  “Melting  phase  diagram  for  Bi2Sr2CaCu208+d  derived 
from  the  thermal  fluctuations  of  the  Josephson  and  pancake  vortex  lattices”,  The  16th 
International  Symposium  on  Superconductivity  (ISS  2003),  Tsukuba  (2003) 

43.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori  “Coherently  manipulating  Josephson  qubits  coupled  by  an  information 
bus”,  The  16th  International  Symposium  on  Superconductivity  (ISS  2003)  Tsukuba  (2003) 

44.  J.Q.  You,  “Scalable  quantum  computing  with  superconducting  qubits”,  8th  International 
Symposium  on  Advanced  Physical  Fields  (APF8):  Advanced  Materials  for  Quantum  Computing, 
(National  Institute  for  Materials  Science  (NIMS)),  Tsukuba  (2003) 

45.  S.  Savel’ev,  “Devices  for  controlling  the  motion  of  magnetic  flux  quanta  in  layered 
superconductors”,  The  11th  International  Workshop  on  Critical  Currents  in  Superconductors 
(IWCC  2003),  Nihon  University,  Tokyo  (2003) 

46.  C.  Cattuto,  “Controlling  the  vortex  lattice  melting  via  force-free  current”,  The  1 1th  International 
Workshop  on  Critical  Currents  in  Superconductors  (IWCC  2003),  Nihon  University,  Tokyo 
(2003) 

47.  B.Y.  Zhu,  “Controlling  the  motion  of  magnetic  flux  quanta  by  asymmetric  V-shaped  pinning 
lattices”,  The  11th  International  Workshop  on  Critical  Currents  in  Superconductors  (IWCC 
2003),  Nihon  University,  Tokyo  (2003) 

48.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Resonances  in  a  SQUID  ratchet  driven  by  two 
frequencies”,  3rd  European  Conference  on  Vortex  Matter  in  Superconductors,  (European 
Science  Foundation),  Crete,  Greece  (2003) 

49.  S.  Savel’ev,  and  F.  Nori,  “Experimentally  realizable  devices  for  controlling  the  motion  of 
magnetic  flux  quanta  in  anisotropic  superconductors”,  3rd  European  Conference  on  Vortex 
Matter  in  Superconductors,  (ESF)  Crete,  Greece  (2003) 


-26- 


50.  B.Y.  Zhu,  L.  Van  Look,  V.V.  Moshchalkov,  F.  Marchesoni,  and  F.  Nori,  “Vortex  dynamics  in 
superconductors  with  an  array  of  triangular  blind  antidots”,  3rd  European  Conference  on  Vortex 
Matter  in  Superconductors,  (ESF),  Crete,  Greece  (2003) 

51.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Biologically  inspired  devices  for  easily  controlling  the 
motion  of  magnetic  flux  quanta”,  3rd  European  Conference  on  Vortex  Matter  in 
Superconductors,  (ESF),  Crete,  Greece  (2003) 

52.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  step  motors  and 
rectifiers  of  magnetic  flux  quanta  using  periodic  arrays  of  asymmetric  pinning  defects”,  3rd 
European  Conference  on  Vortex  Matter  in  Superconductors,  (ESF),  Crete,  Greece  (2003) 

53.  S.  Savel’ev,  C.  Cattuto,  and  F.  Nori,  “Force-free  current-induced  reentrant  melting  of  the  vortex 
lattice  in  superconductors”,  3rd  European  Conference  on  Vortex  Matter  in  Superconductors, 
(ESF),  Crete,  Greece  (2003) 

54.  J.Q.  You,  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits  in  a 
microwave  field  “,  3rd  European  Conference  on  Vortex  Matter  in  Superconductors,  (ESF),  Crete, 
Greece  (2003) 

55.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Scalable  quantum  computing  with  Josephson  charge  qubits“, 
3rd  European  Conference  on  Vortex  Matter  in  Superconductors,  (ESF),  Crete,  Greece  (2003) 

56.  F.  Nori,  “Controlling  the  motion  of  magnetic  flux  quanta  in  superconductors”,  3rd  European 
Conference  on  Vortex  Matter  in  Superconductors,  (ESF),  Crete,  Greece  (2003) 

57.  S.  Savel’ev,  and  F.  Nori,  “Experimentally  realizable  devices  for  controlling  the  motion  of 
magnetic  flux  quanta  in  anisotropic  superconductors”,  The  Joint  9th  International  Workshop  on 
Vortex  Dynamics  and  Vortex  Matter  (ESF),  Oleron  Island,  France  (2003) 

58.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  stepmotors  and 
rectifiers  of  magnetic  flux  quanta”,  The  Joint  9th  International  Workshop  on  Vortex  Dynamics 
and  Vortex  Matter  (ESF),  Oleron  Island,  France  (2003) 

59.  S.  Savel’ev,  J.  Mirkovic,  K.  Kadowaki,  and  F.  Nori,  “Fluctuations  in  the  Josephson-Pancake 
combined  vortex  lattice  ”,  The  Joint  9th  International  Workshop  on  Vortex  Dynamics  and  Vortex 
Matter  (ESF),  Oleron  Island,  France  (2003) 

60.  S.  Savel’ev,  “Vortex  pumps  for  crossing  lattices  in  very  anisotropic  superconductors”,  The  Joint 
9th  International  Workshop  on  Vortex  Dynamics  and  Vortex  Matter  (ESF),  Oleron  Island, 
France (2003) 

61.  B.Y.  Zhu,  L.  Van  Look,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Vortex  dynamics  in 
superconductors  with  a  triangular  array  of  triangular  blind  antidots”,  The  Joint  9th  International 
Workshop  on  Vortex  Dynamics  and  Vortex  Matter  (ESF),  Oleron  Island,  France  (2003) 

62.  S.  Savel’ev,  F.  Nori,  and  C.  Cattuto,  “Vortex  lattice  melting  in  very  anisotropic  superconductors 
influenced  by  the  force-free  current”,  The  Joint  9th  International  Workshop  on  Vortex  Dynamics 
and  Vortex  Matter  (ESF),  Oleron  Island,  France  (2003) 

63.  F.  Nori,  B.Y.  Zhu,  V.V.  Moshchalkov,  and  F.  Marchesoni,  “Vortex  pumps  and  lenses  to  control 
the  motion  of  flux  quanta”,  The  Joint  9th  International  Workshop  on  Vortex  Dynamics  and 
Vortex  Matter  (ESF),  Oleron  Island,  France  (2003) 

64.  F.  Nori,  “Controlling  the  motion  of  magnetic  flux  quanta  in  superconductors”,  The  Joint  9th 
International  Workshop  on  Vortex  Dynamics  and  Vortex  Matter  (ESF),  Oleron  Island,  France 
(2003) 

65.  Y.  Pashkin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  D.V.  Averin,  T.  Tilma,  F.  Nori  and  J.S.  Tsai, 
“Solid-state  Josephson  charge  qubits”,  Joint  Workshop  on  Superconductivity,  Osaka  (2004) 


-27- 


66.  Y.  Pashkin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  D.V.  Averin,  T.  Tilma,  F.  Nori  and  J.S.  Tsai, 
“Coherent  dynamics  of  two  coupled  superconducting  charge  qubits”,  International  Symposium 
“Quantum  Informatics  -  2004”,  Moscow,  Russia  (2004) 

67.  Y.  Pashkin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  D.V.  Averin,  T.  Tilma,  F.  Nori  and  J.S.  Tsai, 
“Quantum  coherence  and  entanglement  of  two  coupled  superconducting  charge  qubits”,  4th 
International  Workshop  on  Macroscopic  Quantum  Coherence  and  Computing,  Napoli,  Italy 
(2004) 

68.  J.Q.  You,  Y,  Nakamura,  and  F.  Nori,  “Fast  two-bit  operations  in  inductively  coupled  flux  qubits”, 
ERATO  Conference  on  Quantum  Information  Science  2004  (EQIS'04),  Tokyo  (2004) 

69.  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  “Generation  of  nonclassical  photon  states  using  a 
superconducting  qubit  in  a  microcavity”,  ERATO  Conference  on  Quantum  Information  Science 
2004  (EQIS’04),  Tokyo  (2004) 

70.  J.Q.  You,  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits  in  a 
microwave  field”,  ERATO  Conference  on  Quantum  Information  Science  2004  (EQIS'04), 
Tokyo  (2004) 

71.  T.  Tilma,  Y.  Pashkin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  J.S.  Tsai,  and  F.  Nori, 
“Entanglement  dynamics  in  two  coupled  charge  qubits”,  ERATO  Conference  on  Quantum 
Information  Science  2004  (EQIS'04),  Tokyo  (2004) 

72.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Testing  of  Bell's  inequality  with  coupled  Josephson  qubits”, 
ERATO  Conference  on  Quantum  Information  Science  2004  (EQIS'04),  Tokyo  (2004) 

73.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Coupling  Josephson  qubits  via  a  current-biased  information 
bus”,  ERATO  Conference  on  Quantum  Information  Science  2004  (EQIS'04),  Tokyo  (2004) 

74.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Scalable  quantum  computing  with  Josephson  charge  qubits”, 
ERATO  Conference  on  Quantum  Information  Science  2004  (EQIS'04),  Tokyo  (2004) 

75.  Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  “Tomographic  measurements  on  charge  qubits”,  ERATO 
Conference  on  Quantum  Information  Science  2004  (EQIS'04),  Tokyo  (2004) 

76.  F.  Nori,  “Controlling  the  motion  of  magnetic  flux  quanta  in  superconductors”,  Physics  and 
Astronomy  Colloq.  Series:  2004  Spring,  (Michigan  State  University),  East  Lansing,  USA  (2004) 

77.  F.  Nori,  “Controlling  the  motion  of  particles  in  mixtures  and  the  motion  of  magnetic  flux  quanta 
in  superconductors”,  34th  Winter  Colloquium  on  the  Physics  of  Quantum  Electrics,  Snowbird, 
USA  (2004) 

78.  V.  Misko,  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Transverse  rectification  of  vortices  in 
superconductors  with  arrays  of  triangular  pins”,  17th  International  Symposium  on 
Superconductivity  (ISS  2004),  Niigata  (2004) 

79.  Y.  Pashkin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  D.V.  Averin,  T.E.  Tilma,  F.  Nori  and  J.S. 
Tsai,  “Coherent  manipulation  of  coupled  Josephson  qubits”,  17th  International  Symposium  on 
Superconductivity  (ISS  2004),  (ISTEC),  Niigata,  (2004) 

80.  F.  Nori,  J.  Villegas,  S.  Savel’ev,  E.  Gonzalez,  J.  Anguita,  R.  Garcia,  and  J.  Vicent,  “A 
superconducting  reversible  vortex  diode  for  controlling  the  motion  of  magnetic  flux  quanta”, 
17th  International  Symposium  on  Superconductivity  (ISS  2004),  Niigata  (2004) 

81.  S.  Savel’ev,  and  F.  Nori,  “Magnetic  bucking:  Modified  landau  theory  approach  to  study  phase 
transitions  in  micromagnetic  disks”,  17th  International  Symposium  on  Superconductivity  (ISS 
2004),  Niigata  (2004) 

82.  T.  Bersano-Begey,  “Reverse  engineering/inference  of  gene  networks  from  Fantom  data”, 
FANTOM  International  Consortium  on  Deciphering  the  Logic  of  the  Transcriptome  (FANTOM 


-28- 


3),  (RIKEN),  Yokohama  (2004) 

83.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  step  motors  and 
rectifiers  of  magnetic  flux  quanta  using  periodic  arrays  of  asymmetric  pinning  defects”, 
International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In  the  Light  of 
Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

84.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Macroscopic  quantum  entanglement  in  coupled  charge  qubits”, 
International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In  the  Light  of 
Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

85.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Resonances  in  a  SQUID  ratchet  driven  by  two 
frequencies”,  International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In 
the  Light  of  Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

86.  S.  Savel’ev,  C.  Cattuto,  and  F.  Nori,  “Force-free  current-induced  reentrant  melting  of  the  vortex 
lattice  in  superconductors”,  International  Symposium  on  Mesoscopic  Superconductivity  and 
Spintronics:  In  the  Light  of  Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

87.  S.  Savel’ev,  “Experimentally  realizable  devices  for  controlling  the  motion  of  magnetic  flux 
quanta  in  anisotropic  superconductors”,  International  Symposium  on  Mesoscopic 
Superconductivity  and  Spintronics:  In  the  Light  of  Quantum  Computation  (MS+S2004),  Atsugi 
(2004) 

88.  V.  Misko,  “Stability  of  vortex-antuvortex  molecules  in  mesoscopic  superconducting  triangles”, 
International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In  the  Light  of 
Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

89.  F.  Nori,  “A  superconducting  reversible  vortex  diode  that  controls  the  motion  of  magnetic  flux 
quanta”,  International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In  the 
Light  of  Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

90.  V.  Misko,  “Guidance  of  vortices  and  vortex  ratchet  effect  in  high-Tc  superconducting  thin  films 
with  special  arrangements  of  antidots”,  International  Symposium  on  Mesoscopic 
Superconductivity  and  Spintronics:  In  the  Light  of  Quantum  Computation  (MS+S2004),  Atsugi 
(2004) 

91. Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  “Generation  of  nonclassical  photon  states  using  a 
superconducting  qubit  in  a  microcavity”.  International  Symposium  on  Mesoscopic 
Superconductivity  and  Spintronics:  In  the  Light  of  Quantum  Computation  (MS+S2004),  Atsugi 
(2004) 

92.  L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  “Testing  bell's  inequality  with  a  superconducting  nanocircuit”, 
International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In  the  Light  of 
Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

93.  J.Q.  You,  Y.  Nakamura,  and  F.  Nori,  “Long-range  inductive  coupling  between  flux  qubits”, 
International  Symposium  on  Mesoscopic  Superconductivity  and  Spintronics:  In  the  Light  of 
Quantum  Computation  (MS+S2004),  Atsugi  (2004) 

94.  F.  Nori,  “Circuitry  with  superconducting  qubits”.  Quantum  Computing  Program  Review, 
Florida,  USA  (2004) 

95.  F.  Nori,  “Terahertz  generation  and  vortex  motion  control  in  superconductors”,  2005  APS  March 
Meeting,  Los  Angeles,  USA  (2005) 

96.  X.  Hu,  J.Q.  You,  and  F.  Nori,  “Correlation-induced  suppression  of  decoherence  in  capacitively 
coupled  Cooper-pair  boxes”,  2005  APS  March  Meeting,  Los  Angeles,  USA  (2005) 

97.  S.  Savel’ev,  and  F.  Nori,  “Magnetic  and  mechanical  buckling:  Modified  Landau  theory 


k 


-29- 


approach  to  studay  phase  transitions  in  micromagnetic  disks  and  compressed  rods”,  10th 
International  Vortex  State  Studies  Workshop  (IVW-10),  Mumbai,  India,  (2005) 

98.  V.  Misko,  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Separating  particles  according  to  their 
physical  properties:  Transverse  drift  of  over-damped  interacting  particles  through 
two-dimensional  ratchets”,  10th  International  Vortex  State  Studies  Workshop  (IVW-10), 
Mumbai,  India  (2005) 

99.  A.  Maeda,  Y.  Inoue,  H.  Kitano,  S.  Savel’ev,  S.  Okayasu,  I.  Tsukada,  and  F.  Nori,  “Nano-scale 
friction  :  kinetic  friction  of  magnetic  flux  quanta  and  charge-density  waves”,  1 0th  International 
Vortex  State  Studies  Workshop  (IVW-10),  Mumbai,  India  (2005) 

100.  R.  Wordenweber,  P.  Dymashevski,  and  V.  Misko,  “Guidance  of  vortices  and  vortex  ratchet 
effect  high-Tc  superconducting  thin  films  with  special  arrangements  of  antidots”,  10th 
International  Vortex  State  Studies  Workshop  (IVW-10),  Mumbai,  India  (2005) 

101.  J.  Villegas,  E.  Gonzalez,  M.  Gonzalez,  J.  Anguita,  S.  Savel’ev,  F.  Nori,  and  J.  Vicent,  “Vortex 
lattice  dynamics  on  ratchet  potentials”,  10th  International  Vortex  State  Studies  Workshop 
(IVW-10),  Mumbai,  India  (2005) 

102.  S.  Savel’ev,  and  F.  Nori,  “Controlling  vortex  motion  in  superconductors”,  The  3rd 
International  Symposium  on  Nanotechnology  (JAPAN  NANO  2005),  MEXT,  Tokyo  (2005) 

103.  J.E.  Villegas,  S.  Savel’ev,  F.  Nori,  E.  Gonzalez,  J.  Anguita,  R.  Garcia,  and  J.  Vicent 
“Controlling  vortex  motion  in  superconductors”,  International  Nanotechnology  Exhibition  & 
Conference  (Nano  tech  2005),  Tokyo  (2005) 

104.  Y.X.  Liu,  J.Q.  You,  L.F.  Wei,  C.P.  Sun,  and  F.  Nori,  “Selection  rules  of  superconducting  flux 
qubits”,  International  Conference  on  Nanoelectronics,  Nanostructures  and  Carrier  Interactions 
(NNCI2005)  (NTT  Basic  Research  Laboratories  and  Solution  Oriented  Research  for  Science 
and  Technology  (SPRST)),  Atsugi,  Japan  (2005) 

105.  Y.X.  Liu,  S.  Ozdemir,  A.  Miranovicz,  and  N.  Imoto,  “A  study  on  the  effects  of  damping  on 
qubits  using  Kraus  Representation”,  International  Conference  on  Nanoelectronics, 
Nanostructures  and  Carrier  Interactions  (NNCI2005)  (NTT  and  SPRST),  Atsugi,  Japan  (2005) 

106.  S.  Savel’ev,  X.  Hu,  and  F.  Nori,  “Quantum  electromechanics:  Qubits  from  buckling  nanobars”, 
International  Conference  on  Nanoelectronics,  Nanostructures  and  Carrier  Interactions 
(NNCI2005),  Atsugi,  Japan  (2005) 

107.  F.  Nori,  “(1)  Controlling  vortex  motion,  (2)  Vortex  kinetic  friction,  and  (3)  Critical  currents  in 
quasiperiodic  pinning  arrays”,  IV  International  Conference  on  Vortex  Matter  in  Nanostructured 
Superconductors  (VORTEX  IV),  (JSPS,  ESF),  Crete,  Greece  (2005) 

108.  S.  Savel’ev,  A.  Rakhmanov,  and  F.  Nori,  “Using  Josephson  vortex  lattices  to  control  THz 
radiation:  tunable  THz  photonic  crystals”,  IV  International  Conference  on  Vortex  Matter  in 
Nanostructured  Superconductors  (VORTEX  IV),  (JSPS,  ESF),  Crete,  Greece  (2005) 

109.  V.  Misko,  S.  Savel'ev,  and  F.  Nori,  “Critical  currents  in  quasiperiodic  pinning  arrays: 
One-dimensional  chains  and  Penrose  lattices”,  IV  International  Conference  on  Vortex  Matter 
in  Nanostructured  Superconductors  (VORTEX  IV),  (JSPS,  ESF),  Crete,  Greece  (2005) 

110.  S.J.  Bending,  D.  Cole,  S.  Savel'ev,  F.  Nori,  T.  Tamegai,  “Vortex  ratchets  in  hightly  anisotropic 
superconductors”,  IV  International  Conference  on  Vortex  Matter  in  Nanostructured 
Superconductors  (VORTEX  IV),  (JSPS,  ESF),  Crete,  Greece  (2005) 

111.  R.  Wordenweber,  E.  Hollmann,  B.  Rosewig,  V.  Yurchenko,  T.J.  Johansen,  V.R.  Misko, 
O.Plyushchay,  “Vortex  manipulation  in  microstructured  high-Tc  films  up  to  high  frequencies”, 
IV  International  Conference  on  Vortex  Matter  in  Nanostructured  Superconductors  (VORTEX 
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IV),  (JSPS,  ESF),  Crete,  Greece  (2005) 

112.  Y.X.  Liu,  J.Q.  You,  L.F.  Wei,  C.P.  Sun,  and  F.  Nori,  “Pulse  phase-depenent  adiabatic  state 
control  in  flux  qubit  circuit”,  The  8th  International  Symposium  on  Foundations  of  Quantum 
Mechanics  in  the  Light  of  New  Technology  (ISQM-Tokyo’05),  Hatoyama,  Japan  (2005) 

113.  S.  Savel’ev,  X.  Hu,  and  F.  Nori,  “Quantum  electromechanics:  qubits  from  buckling  nanobars”, 
The  8th  International  Symposium  on  Foundations  of  Quantum  Mechanics  in  the  Light  of  New 
Technology  (ISQM-Tokyo’05),  Hatoyama,  Japan  (2005) 

114.  V.  Misko,  S.  Savel’ev,  and  F.  Nori,  “Controlling  the  motion  of  flux  quanta  using  quasiperiodic 
pinning  arrays:  Enhancement  of  the  critical  currents  in  one-dimensional  chains  and  Penrose 
lattices”,  The  8th  International  Symposium  on  Foundations  of  Quantum  Mechanics  in  the  Light 
of  New  Technology  (ISQM-Tokyo’05),  Hatoyama,  Japan  (2005) 

115.  S.  Savel’ev,  A.  Rakhmanov,  and  F.  Nori,  “Using  Josephson  vortex  lattices  to  control  THz 
radiation:  tunable  THz  photonic  crystals”.  The  8th  International  Symposium  on  Foundations  of 
Quantum  Mechanics  in  the  Light  of  New  Technology  (ISQM-Tokyo’05),  Hatoyama,  Japan 
(2005) 

116  F.  Nori,  “Superconducting  Qubits”,  International  Conference  on  recent  challenges  in  novel 
quantum  systems  (NQS2005),  Camerino,  Italy  (2005) 

117.  J.Q.  You,  Y.  Nakamura,  and  F.  Nori,  “Fast  two-bit  operations  in  inductively  coupled  flux 
qubits”,  International  Conference  on  recent  challenges  in  novel  quantum  systems  (NQS2005), 
Camerino,  Italy  (2005) 

118.  J.  Villegas,  S.  Savel’ev,  F.  Nori,  E.  Gonzalez,  J.  Anguita,  R.  Garcia,  and  J.  Vicent  “A 
superconducting  reversible  rectifier  that  controls  the  motion  of  magnetic  flux  quanta”, 
International  Conference  on  recent  challenges  in  novel  quantum  systems  (NQS2005), 
Camerino,  Italy  (2005) 

119.  J.Q.  You,  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits  in  a 
microwave  field”.  International  Conference  on  recent  challenges  in  novel  quantum  systems 
(NQS2005),  Camerino,  Italy  (2005) 

120.  F.  Nori,  “Superconducting  qubits”,  The  Frontiers  of  Science  within  Nanoscience,  workshop  at 
Boston  University,  Boston,  USA  (2005) 

121.  F.  Nori,  “Superconducting  qubits”,  Quantum  Computing  Program  Review,  Tampa,  USA  (2005) 

[  Presentations  at  conferences  in  Japan  ] 

1.  F.  Nori,  “Theoretical  studies  of  magnetic  flux  bundle  dynamics  in  superconductors”, 

(2002) 

2.  B.Y.  Zhu,  “Biologically-inspired  devices  to  control  the  motion  of  flux  quanta”, 

rmfcmmz&vzM&ttmvtom-.m-ttmMiztiiiitxi ,  (oj^.  (2002) 

3.  F.  Nori,  “Vortex  dynamics  in  Kagome  lattice”,  Seminar  at  Advanced  Research  Laboratory, 
Hitachi,  Ltd.,  Hatoyama  (2002) 

4.  F.  Nori,  “Localized  melting  in  vortex  structures”,  Seminar  at  Advanced  Research  Laboratory, 
Hitachi,  Ltd.,  Hatoyama  (2002) 

5.  J.Q.  You,  “Controllable  manipulation  of  macroscopic  quantum  states  in  coupled  charge  qubits”. 
Seminar  at  NEC  Fundamental  Research  Laboratories,  Tsukuba  (2002) 

6.  F.  Nori,  “Controlling  the  motion  of  magnetic  flux  quanta  in  superconductors”,  CREST  First 
NANOFAB  Workshop:  Theoretical  developments  of  Nanosuperconductors  and  its  applications. 
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Kyoto  (2003) 

7.  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  “Scalable  quantum  computing  with  Josephson  charge  qubits”, 
CREST  First  NANOFAB  Workshop:  Theoretical  developments  of  Nanosuperconductors  and  its 
applications,  Kyoto  (2003) 

8.  T.  Tilma,  Y.  Pashkin,  D.  Averin,  Y.  Nakamura,  J.S.  Tsai,  and  F.  Nori,  “Entanglement  in 
multi-qubit  superconducting  circuits”,  CREST  First  NANOFAB  Workshop:  Theoretical 
developments  of  Nanosuperconductors  and  its  applications,  Kyoto  (2003) 

9.  S.  Savel’ev,  “Vortex  pumps  for  crossing  lattices  in  very  anisotropic  superconductors”,  CREST 
First  NANOFAB  Workshop:  Theoretical  developments  of  Nanosuperconductors  and  its 
applications,  Kyoto  (2003) 

10.  S.  Savel’ev,  C.  Cattuto,  and  F.  Nori,  “Force-free  current-induced  reentrant  melting  of  the  vortex 
lattice  in  superconductors”,  CREST  First  NANOFAB  Workshop:  Theoretical  developments  of 
Nanosuperconductors  and  its  applications,  Kyoto  (2003) 

11.  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  “Resonances  in  a  SQUID  ratchet  driven  by  two 
frequencies”,  CREST  First  NANOFAB  Workshop:  Theoretical  developments  of 
Nanosuperconductors  and  its  applications,  Kyoto  (2003) 

12.  B.Y.  Zhu,  L.  Van  Look,  V.V.  Moshchalkov,  F.  Marchesoni,  and  F.  Nori,  “Vortex  dynamics  in 
superconductors  with  an  array  of  triangular  blind  antidots”,  CREST  First  NANOFAB 
Workshop:  Theoretical  developments  of  Nanosuperconductors  and  its  applications,  Kyoto 
(2003) 

13.  B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  “Biologically  inspired  devices  for  easily  controlling  the 
motion  of  magnetic  flux  quanta”,  CREST  First  NANOFAB  Workshop:  Theoretical 
developments  of  Nanosuperconductors  and  its  applications,  Kyoto  (2003) 

14.  B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori,  “Controllable  step  motors  and 
rectifiers  of  magnetic  flux  quanta  using  periodic  arrays  of  asymmetric  pinning  defects”,  CREST 
First  NANOFAB  Workshop:  Theoretical  developments  of  Nanosuperconductors  and  its 
applications,  Kyoto  (2003) 

15.  J.Q.  You,  and  F.  Nori,  “Quantum  information  processing  with  superconducting  qubits  in  a 
microwave  field”,  CREST  First  NANOFAB  Workshop:  Theoretical  developments  of 
Nanosuperconductors  and  its  applications,  Kyoto  (2003) 

16.  Y.  Pashkin,  T.  Tilma,  D.V.  Averin,  O.  Astafiev,  T.  Yamamoto,  Y.  Nakamura,  F.  Nori  and  J.S.  Tsai, 
“Time  evolution  of  entanglement  in  coupled  Josephson  junction  qubits”,  CREST  First 
NANOFAB  Workshop:  Theoretical  developments  of  Nanosuperconductors  and  its  applications, 
Kyoto  (2003) 

17.  S.  Savel’ev,  and  F.  Nori,  “Experimentally  realizable  devices  for  controlling  the  motion  of 
magnetic  flux  quanta  in  anisotropic  superconductors”.  CREST  First  NANOFAB  Workshop: 
Theoretical  developments  of  Nanosuperconductors  and  its  applications,  Kyoto  (2003) 

18.  F.  Nori,  “Controlling  the  motion  of  vortices  in  superconductors  and  quantum  computing  using 

superconducting  qubits”,  %  17  A,  Tokyo  (2004) 

19.  N.  Mitarai,  H.  Nakanishi,  77^/U  ,  B 2004  ¥ 

(#&,  rH*0)(2004) 

20.  F.  Nori,  and  S.  Savel’ev,  “(I)  Controlling  vortex  motion  in  superconductors  and  (II)  Kinetic 
friction  of  magnetic  flux  quanta  and  charge  density  waves”,  Joint  Workshop  on 
Superconductivity  (NFS2004/VPJ12),  (JST),  Osaka  (2004) 

21.  S.  Savel’ev,  and  F.  Nori,  “(I)  Magnetic  and  mechanical  buckiling:  Modified  Landau  theory 
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approach  to  studay  phase  transitions  in  micro-magnetic  disks  and  compressed  rods,  and  (II) 
Quantum  electromechanics:  Qubits  from  buckling  nanobars”,  Joint  Workshop  on 
Superconductivity  (NFS2004/VPJ12),  (JST),  Osaka  (2004) 

22. N.  Mitarai,  H.  Nakanishi,  ,  JSCf 

mums,  (2004) 


C.  Awards  received  during  2002-2005 

1.  Franco  Nori,  "Fellow  of  APS  (American  Physical  Society)",  American  Physical  Society,  March 
2003 

2.  Franco  Nori,  "Fellow  of  the  Institute  of  Physics",  Institute  of  Physics  (IOP),  U.K.,  July  2003 

3.  Sergey  Savel’ev,  "Best  Presentation  Award",  Tata  Institute  of  Fundamental  Research,  Jan.  2005 

4.  Misko  Vyacheslav,  "Best  Presentation  Award",  Tata  Institute  of  Fundamental  Research,  Jan. 
2005 

D.  Press  Releases 
2002:  Our  publication: 

“Scalable  Quantum  Computing  with  Josephson  junction  Qubits",  J.Q. 

You,  J.S.  Tsai,  and  F.  Nori,  in  “Physical  Review  Letters”  89,  179  (November  2002)  (available  on 
line  from  http://link.aps.org/abstract/PRL/v89/el97902)  has  been  featured  in  several  places, 
including: 

The  December  11  to  18,  2002,  issue  of  the  “Technology  Review  News”,  Page  1.  Available  at 
http://www.tmmag.com/.  It  features  our  results,  and  also  four  other  stories  for  that  week. 

The  article,  titled  “Design  links  quantum  bits”,  is  in 

http://www.tmmag.eom/Stories/2002/l  2 1 1 02/Design_links_quantum_bits_l  2 1 1 02.html 
and  it  is  relatively  long  (for  a  news  piece). 

November  22,  2002:  United  Business  Media's  “Electrical  Engineering  Times”,  described  as  “The 
Industry  Source  for  Engineers  and  Technical  Managers  Worldwide”,  has  an  article  describing  our 
results  (titled:  “Superconducting  junctions  eyed  for  quantum  computing”  and  available  at 
http://www.eetimes.com/story/OEG20021122S0013). 

“Electronics  Weekly”,  November  06,  2002,  News;  Pg.  5,  on  our  results  on  “Quantum  qubits”. 

October  23,  2002.  “Paper  Discusses  Circuitry  for  Quantum  Computing”,  in  “Supercomputing 
online”.  Available  at  http://www.supercomputingonline.com/article.php?sid=2756 

Our  work  motivated  the  long  article  “Thoughtful  about  uploading".  Bill  Tammeus,  Kansas  City  Star, 
November  2,  2002. 

October  2002:  Featured  in  “Innovations  Report”,  “Forum  fur  Wissenschaft,  Industrie  und  Wirtschaft, 
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a  technical  news  site  in  Germany. 

http://www.innovations-report.com/berichte/ansicht_ctypl  .php3?id=l  39 1 0 
October  23,  2002,  featured  in  “Ascribe  -  The  Public  Interest  Newswire”. 

October  24,  2002,  featured  in  “NewsWise”,  that  covers  new  science  and  technology  developments. 

The  December  2002  issue  of  “Science  and  Technology  Trends”  (number  21,  Dec.  2002)  has  a 
one-page  article  featuring  our  November  2002  PRL  results.  This  is  a  publication  of  the  “Science 
and  Technology  Foresight  Center"  of  the  National  Institute  of  Science  and  Technology  Policy 
(NISTEP).  The  latter  is  part  of  the  Ministry  of  Education,  Culture,  Science  and  Technology. 
Japan. 

It  is  available  on-line  in  English  at 

http://www-personal.engin.umich.edu/¥~nori/scalable/Science  Trends  Japan-b.pdf 

and  in  Japanese  in 

http://www.nistep.go.jp/achiev/ftx/jpn/stfc/stt02 1  j/02 1 2_02_topics/2002 1 2_topics.html#tp_info_0 1 
in  http://www.nistep.go.jp/index-j.html 

The  summary  is  in 

http://www.nistep.go.jp/achiev/ftx/jpn/stfc/stt02  lj/02 1 2  0  loutline/2002 1 2_outline.html 
Press  coverage  also  appeared  in 

http://www.umich.edu/~newsinfo/Releases/2002/Qct02/rl02302a.html 

news-wire  web  page  in  the  USA 

http://www.ascribe.org/cgi-bin/d?asid=2002 1023.083538 

another  news  wire  info 

http://www.newswise.eom/articles/2002/l  Q/SCALABLE.UMI.html?sc=wire 

Newspaper  articles  overseas  include  the  following  ones: 

“Japan  Industry  News”  of  the  “Japan  Industrial  Journal",  page  2,  Thursday,  October  24,  2002. 

“Daily  Industrial  Newspaper”  (the  Nikkan  Kogyo  Shinbun),  page  4,  Thursday,  October  24,  2002. 

“Nikkei”  (this  important  newspaper  is  the  Japanese  version  of  the  “Wall  Street  Journal”),  Friday, 
October  25,  2002. 

“Science  News”  (in  Japan),  November  8,  2002. 

2003.  The  “NEDO  Kaigai  Report”  (published  biweekly  and  featuring  news  articles  and 
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summaries  as  well  as  other  information  related  to  science  and  technology).  It  is  published  by  the 
Information  Center  of  the  New  Energy  and  Industrial  Technology  Development  Organization 
(NEDO),  a  semi-governmental  organization  affiliated  with  Japan’s  Ministry  of  Economy,  Trade  and 
Industry. 


2002:  Our  publication  “Experimentally-realizable  devices  for  controlling  the  motion  of  magnetic 
flux  quanta  in  anisotropic  superconductors",  S.  Savelev  and  F.  Nori,  published  in  “Nature 
Materials”  1,  179  (November  2002),  has  been: 

Listed  on  the  cover  of  the  November  issue  of  “Nature  Materials”. 

also  featured  in  a  pedagogical  two-pages  “News  and  Views",  “Nature  Materials”  1,  143  (2002), 
titled:  “Controlling  the  Motion  of  Quanta". 

“Nikkei”  (this  important  newspaper  is  the  Japanese  version  of  the  “Wall  Street  Journal”),  Monday, 
January  6,  2003.  An  article  on  Page  23  describing  these  results. 

November  6,  2002.  “Stories  of  modem  science,  from  UPI”,  by  Ellen  Beck.  (UPI  =  United  Press 
International). 

November  13,  2002.  “Electronics  Weekly”,  Pg.  6.  “US  and  Japanese  scientists  control  magnetic 
flux  quanta". 

The  UM  press  release  in 

http://www.umich.edu/~newsinfo/ReIeases/2002/Nov02/rl  1 0402c.html 
was  covered  by  news  agencies  and  newswire  services,  including: 

“Innovations  Report41,  “Forum  fur  Wissenschaft,  Industrie  und  Wirtschaft“,  a  technical  news  site  in 
Germany; 

http://www.innovations-report.com/berichte/ansicht  ctvp  1  ,php3?id=l  39 1 0 

“AScribe,  The  Public  Interest  Newswire”; 

“News Wise”  that  covers  new  science  and  technology  developments. 


2002:  Our  work  on  "Biologically-inspired  solid-state  devices  for  the  control  of  the  motion  of 
quanta"  is  nicely  highlighted  in  the  “Molecular  Motors”  first  feature  article  of  the  November,  2002, 
Physics  Today,  page  38. 

http://www.physicstoday.org/voI-55/iss- 1  l/p33.shtml?jsessionid=27 1 477 1 04 149944257 1 
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also  available  in  PDF  (without  need  to  register  on-line)  at 
http://www.physik.uni-augsburg.de/theol/hanggi/309.pdf 

2003:  Our  work  “Observing  Brownian  motion  in  vibro-fluidized  granular  matter”,  by  G  D'Anna,  P. 
Mayor,  A.  Barrat,  V.  Loreto,  F.  Nori,  “Nature”  424,  909-912  (August  21,  2003),  available  on-line  at 
http://www.nature.com/nature/links/03082 1/03082 1  - 1  .html 
has  been  featured  in  (the  list  below  is  very  incomplete): 

The  Cover  Story  of  Nature  (August  21st  2003  issue  of  Nature).  The  text  accompanying  the  cover 
photo  was:  “Against  the  Grain.  Brownian  motion  in  a  non-equilibrium  system". 

A  companion  “News  and  Views"  in  that  issue  of  Nature. 

“Science  Letter”,  September  15,  2003.  http://www.NewsRX.net 

Several  TV  programs.  Three  examples  (of  about  five  minutes  each  totally  devoted  to  our  work) 
were  broadcasted  in  Europe  (one  on  the  German  “Fokus"  (by  “MTW:  Menschen  Technik 
Wissenschaft”),  a  different  program  in  Italian,  and  a  quite  different  one  in  French. 

Also  in  radio  programs  (e.g.,  Radio  Swiss  International). 

Featured  (in  all  languages  of  the  European  Union)  in  the  High-Tech  News  of  “Euronews". 

Long  Newspaper  articles  include  “II  Secolo  XIX”,  Agosto  27,  2003,  page  31,  (in  Italian)  in  the 
section  on  "Research  and  Science".  Also,  “it  Sole  24  Ore”,  Settembre  11,  2003,  the  most 
important  Italian  newspaper  on  finances  and  the  economy. 

Featured  in  the  long  article:  “Nel  Mondo  dei  Granelli  di  Sabbia",  “Scienza  e  Conoscenza”, 
9-12-2003. 

the  article  was  in 

http://www.mosac.com/fisica/news/leggi. php?codice=191. 

News  coverage  in  French  include  the  following  three  newspapers:  L'Hebdo,  Le  Temps,  24  Heures. 

News  coverage  in  German  include  the  following  four  newspapers:  Tages-Anzeiger,  Neue  Z¥"urcher 
Zeitung,  St.  Galler  Tagblatt  Gesamtausgabe,  Basler  Zeitung}. 

Interviewed  by  the  newspaper  Nikkei,  Japan. 

The  University  of  Michigan  press  release  in 

http://www.umich.edu/news/index.html7Releases/2003/Aug03/r082003 
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http://ipumich.temppublish.com/cgi-bin/print.cgi7Releases/2003/Aug03/r082003 

was  covered  by  news  agencies  and  newswire  services,  including: 

“The  Resource  for  Science  Information”  (BrightSurf.com). 
http://www.brightsurf.com/news/aug_03/EDU_news_082503_c.php. 

One  of  the  few  "Today's  Science  News”  for  August,  25,  2003. 

“Innovations  Report“  (Forum  fur  Wissenschaft,  Industrie  und  Wirtschaft,  Germany).  August,  25, 
2003. 

http://www.innovationsreport.de/html/berichte/physik_astronomie/bericht-20770.html 

“Global  Technology  Market  Place”  (GlobalTechnoScan.com).  Weekly  Magazine  on  New 
Technology.  Issue  27th  Aug  to  2nd  Sept.  2003. 

http://www.globaltechnoscan.com/27thAug-2ndSep03/granular_materials.htm 

“EurekAlert!  Public  News”.  A  Service  of  the  American  Association  for  the  Advancement  of  Science, 
with  support  from  the  US  Department  of  Energy  and  the  US  National  Institutes  of  Health. 
Eurekalert.org  is  described  as  the  premier  web  site  for  science 
news  since  1996.  Public  release  date:  22-Aug-2003. 

http://www.eurekalert.org/pub_releases/2003-08/uom-gmn082203.php 

“Science  News”.  8/22/2003. 

http://sciguy.com/News/Article.asp?ArticleID=54 1 0 

“Headline  News”.  NewsHub.com.  22-Aug-2003.  http://NewsHub.com 

“Knowledge  Science”,  http://www.kenkyu40.net/index.php 

“Health  News”  (HealthNews.ws)  8/24/2003.  http://www.healthnews.ws/index.aspx?id=394 
World  Wide  News  Headliner. 

The  EPFL  press  release  is  in 

http://news.swiss-science.ch/news/news-docs/sabled.pdf  (in  German) 
http://news.swiss-science.ch/news/news-docs/sable.pdf  (in  French) 

2003:  Our  work  on  vortex  dynamics  in  superconductors  was  featured  in  part  of  a  television  program, 
prepared  by  the  Danish  Broadcast  Corporation,  about  the  study  of  superconducting  materials. 
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2003:  Our  recent  publication  “Controlling  Transport  in  Mixtures  of  Interacting  Particles  using 
Brownian  Motors”,  by  S.  Savel'ev,  F.  Marchesoni,  and  F.  Nori,  Phys.  Rev.  Lett.  91,  10601  (2003), 
available  on-line  at  http://link.aps.org/abstract/PRL/v91/e010601,  has  been  featured  in: 

for  several  weeks  as  the  top-listed  research  news  in  the  front  page  of  the  University  of  Michigan 
web  site  (www.umich.edu).  This  web  site  gets  a  lot  of  traffic  everyday.  The 
actual  press  release  is  in 

http://www.umich.edu/news/Releases/2003/Jun03/r061903.html. 

A  very  non-technical  and  brief  graphical  summary  is  in 
http://www.umich.edu/news/Releases/2003/May03/img/ratchets.jpg 

“Newswise/Science  News”  also  appeared  in  “Small  Times  magazine” 

(presenting  technological  advances  in  nano-science),  http://www.smalltimes.com 

http://www.smalltimes.com/document_display.cfm?document_id=6259 

“Le  Scienze”,  the  Italian  version  of  Scientific  American,  among  other  science  news  outlets. 

featured  in  the  article  “Conveyor  Belt  on  a  nanometer  scale",  published  in  “Machine  Design”,  No. 
19.  Vol.  75,  Pg.  35;  October  9,  2003. 

2003:  Our  recent  publication  “Reversible  Rectifier  that  Controls  the  Motion  of  Magnetic  Flux 
Quanta  in  Superconductors”,  by  J.E.  Villegas,  S.  Savel'ev,  F.  Nori,  E.M.  Gonzalez,  J.V.  Anguita,  R. 
Garcia,  and  J.L.  Vicent,  “Science”,  302,  1188  (2003)  has  been  featured  in  several  venues 
including: 

an  “Enhanced  Perspectives"  in  Science  302,  1159  (2003).  It  is  available  on-line  at 
http://www.sciencemag.Org/cgi/content/full/302/5648/l  159  . 

This  is  the  only  “Enhanced  Perspectives"  of  that  issue  of  “  Science”,  with  dozens  of  links  with 
further  information  on  the  subject,  and  one  of  three  “Enhanced  Perspectives”  covering  all  of  physics 
for  2003. 

prominently  featured  in  the  page  “This  week  in  Science”  of  that  issue  of  “Science”  (Nov.  14,  2003). 
High-Tc  Update  (November  2003). 

http://www.iitap.iastate.edu/htcu/notabene.html  (November  2003) 

Newspapers  in  Europe  (e.g.,  El  Pais,  Madrid),  Japan,  and  the  USA. 

Spain  Nano-technology  Network: 

http://www.nanospain.net/nanospain$_{ }  $papers$_{ }  Sg.htm 
Nanopic  site: 


-38- 


http://www.nanopicoftheday.org/2005Pics/January2005/25MagFluxRectifier.htm 


2005:  Our  work  on  mechanical  qubits  (by  S.  Savel'ev,  X.  Hu,  and  F.  Nori)  has  been  featured  in 
several  venues  including: 

Scientific  American,  April  2005,  page  28.  “Qubit  Twist:  Bending  Nanotubes  as  Mechanical 
Quantum  Bits.” 

http://www-personal.engin.umich.edu/~nori/Sci-am-mechanical-qubits.pdf 

United  Press  International  (UPI).  “Nano  World:  Nano  for  quantum  computers”. 
http://www.upi.com/view.cfm?StoryID=200503 1 7- 1 24226-227 1  r 


2005:  Our  recent  publication  “Using  Josephson  Vortex  Lattices  to  Control  THz  Radiation:  Tunable 
Transparency  and  THz  Photonic  Crystals”,  by  S.  Savel'ev,  A.L.  Rakhmanov,  and  F.  Nori,  Physical 
Review  Letters  94,  157004  (2003),  has  been  featured  in  several  venues  including: 

PhysicsOrg.com:  The  latest  Physics  and  Technology  News. 
http://www.physorg.com/printnews.php?newsid=3767 

Daily  Science  News,  http://www.sciencenewsdaily.org/story-3767.html 
Also  at  SciCentral  ("Gateway  to  the  best  scientific  research  news  sources"). 

Air  Force  News  (http://afpet.ft-belvoir.af.mil/topnews.asp), 

Broad  Education  (http://broad-education.com/news-18670.html),  and  PhysicsNews.com. 

PhysicsLink.com.  Physics  and  Astronomy  online,  http://www.physlink.com/index.cfm  M 
http://www.physlink.com/News/042205ThzPhotonicCrystal.cfm  ^ 

The  UM  press  release  is  in 

http://www.umich.edu/news/index.html7Releases/2005/Apr05/r04 1 805a 
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A  central  problem  for  implementing  efficient  quantum  computing  is  how  to  realize  fast  operations 
(both  one-  and  two-bit  ones).  However,  this  is  difficult  to  achieve  for  a  collection  of  qubits,  especially 
for  those  separated  far  away,  because  the  interbit  coupling  is  usually  much  weaker  than  the  intrabit 
coupling.  Here  we  present  an  experimentally  feasible  method  to  effectively  couple  two  flux  qubits 
via  a  common  inductance  and  treat  both  single  and  coupled  flux  qubits  with  more  realistic  models 
which  include  the  loop  inductance.  The  main  advantage  of  our  proposal  is  that  a  strong  interbit 
coupling  can  be  achieved  using  a  small  inductance,  so  that  two-bit  operations  as  fast  as  one- bit  ones 
can  be  easily  realized.  We  also  show  the  flux  dependence  of  the  transitions  between  states  for  the 
coupled  flux  qubits. 

PACS  numbers:  74.50.+r,  03.67.Lx,  85.25.Cp 


I.  INTRODUCTION 

Josephson-junction  circuits  can  exhibit  quantum  be¬ 
haviors.  Among  qubits  based  on  Josephson-junction  cir¬ 
cuits,  the  charge  qubit  realized  in  a  Cooper-pair  box  can 
demonstrate  quantum  oscillations.1  An  improved  version 
of  this  circuit  has  showed  quantum  oscillations  with  a 
high  quality  factor.2  In  addition  to  charge  qubits,  flux 
qubits  achieved  in  a  superconducting  loop  with  one3  or 
three  Josephson  junctions4  have  been  studied  and  some 
of  these  have  shown  quantum  dynamics.5  The  phase 
qubit  consists  of  a  large-area  current-biased  Josephson 
junction.6 

Capacitive  couplings  of  two  superconducting  qubits 
(both  charge-7  and  phase- types8)  were  attained  recently 
in  experiments,  and  quantum  entanglement  was  observed 
in  these  systems.  Also,  controllable  interbit  couplings  of 
charge  qubits  were  proposed  using  a  variable  electrostatic 
transformer,9  a  current- biased  Josephson  junction10  and 
a  tunable  dc-SQUID.11  These  interbit  couplings  can 
link  nearest  neighboring  qubits.  Actually,  there  are 
quantum-computing  protocols  (e.g.,  adiabatic  quantum 
computing12)  that  only  demand  nearest-neighbor  cou¬ 
plings.  However,  for  more  general  quantum-computing 
protocols,  it  is  desirable  to  achieve  strong  enough  cou¬ 
plings  among  non- neighboring  qubits  as  well.  When 
charge  qubits  are  coupled  by  LC-oscillator  modes13  or 
by  an  inductance,14  long-ranged  interbit  couplings  can 
be  realized,  but  a  very  large  value  of  the  inductance  is 
needed.  An  alternative  way  of  coupling  charge  qubits  was 
proposed  using  a  Josephson  junction. 15,16,17  Moreover, 
the  charge  qubit  can  be  very  sensitive  to  the  background 
charge  fluctuations,  which  generate  noise  that  severely 
limits  the  performance  of  charge-qubit  devices  and,  un¬ 
fortunately,  is  difficult  to  reduce. 

In  this  paper,  we  present  an  experimentally  feasible 


method  to  effectively  couple  two  flux  qubits.  In  con¬ 
trast  with  the  charge  qubit,  the  flux  qubit  is  insensitive 
to  the  charge  noise.  In  this  qubit,  the  major  noise  is 
due  to  the  fluctuations  of  the  magnetic  fluxes.  Estima¬ 
tions  show  that  the  flux  qubit  can  have  a  relatively  high 
quality  factor.18  Here  we  include  the  effect  of  the  loop 
inductance  in  a  three-j unction  flux  qubit  and  couple  two 
flux  qubits  via  a  common  inductance.  Because  the  criti¬ 
cal  current  of  each  Josephson  junction  in  the  flux  qubit 
is  larger  than  that  in  the  charge  qubit,  we  can  produce  a 
strong  interbit  coupling  using  an  inductance  as  small  as 
20  pH  (corresponding  to  a  loop  of  approximately  16  /xm 
and  comparable  to  the  loop  inductance  of  the  single  flux 
qubit  currently  achieved  in  experiments),  and  thereby 
two-bit  operations  as  fast  as  one-bit  ones  can  be  eas¬ 
ily  achieved,  improving  the  efficiency  of  quantum  com¬ 
puting.  Moreover,  we  show  a  novel  flux  dependence  of 
the  state  transitions  in  two  coupled  flux  qubits.  We  find 
that,  except  for  some  specific  values  of  the  external  flux, 
the  forbidden  transitions  in  the  two  coupled  flux  qubits 
become  allowed  when  the  parameters  of  the  two  qubits 
change  from  being  initially  equal  to  each  other  and  then 
making  these  different. 

Coupling  two  flux  qubits  by  a  mutual  inductance  was 
proposed  in  Refs.  19,20,21  and  was  recently  realized  in 
experiments.22,23  Here  we  treat  both  single  and  coupled 
flux  qubits  using  more  realistic  models  which  include  the 
loop  inductance.  We  numerically  solve  the  Schrodinger 
equation  to  obtain  the  energy  levels  and  the  eigenstates 
of  the  flux-qubit  systems.  This  numerical  method  allows 
us  to  extend  our  study  to  the  larger  inductance  regime. 

The  paper  is  organized  as  follows.  In  Sec.  II,  we  study  a 
single  flux  qubit  containing  loop  inductance.  It  is  shown 
that  the  system  can  still  be  used  to  achieve  a  qubit  even 
for  a  larger  loop  inductance  of  L  ~  1  nH.  Section  III 
focuses  on  two  flux  qubits  coupled  by  a  common  indue- 
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FIG.  1:  (a)  A  flux  qubit,  where  an  external  magnetic  flux  4>c 
pierces  the  superconducting  loop  that  contains  three  Joseph- 
son  junctions  and  an  inductance  L.  The  Josephson  energies 
and  capacitances  of  the  junctions  are  Eji  =  Ej 2  =  Ej , 
C\  =  C2  =  C,  Ej3  =  aEj,  and  C3  =  aC.  Here  we  choose 
a  =  0.8  and  Ej  =  35 EC1  where  Ec  —  e2 /2C.  (b)  Two 

flux  qubits  coupled  by  a  common  inductance  Lc,  where  the 
external  flux  4>c  is  applied  within  the  left  loop  A\LcBiA\. 
The  parameters  of  each  flux  qubit  are  Ejl  =  E $  =  E^\ 
C[l)  =  c£°  =  C(i),  Ejs  =  c«Ef ,  and  C j{)  =  oaC{i) ,  with 
i  =  1,2.  Here  we  choose  a*  =  0.8  and  E ^  =  35Ec  \  where 
=  e2/2C^.  To  implement  a  readout  of  the  flux-qubit 
states,  a  switchable  superconducting  flux  transformer  is  em¬ 
ployed  to  couple  the  dc-SQUID  magnetometer  with  the  in¬ 
ductance  L  in  (a)  or  Lc  in  (b)  during  the  quantum  measure¬ 
ment.  However,  this  coupling  is  switched  off  in  the  absence 
of  a  readout. 


tance.  In  Sec.  IV,  we  study  the  state  transitions  induced 
by  the  microwave  field.  Section  V  deals  with  the  circu¬ 
lating  supercurrents  and  quantum  measurement.  Finally, 
the  discussion  and  conclusion  are  given  in  Sec.  VI. 


II.  SINGLE  FLUX  QUBIT 


We  first  consider  a  single  flux  qubit  in  the  absence  of 
a  quantum  measurement,  where  the  dc-SQUID  magne¬ 
tometer  for  measuring  quantum  states  of  the  flux  qubit 
is  decoupled  from  the  qubit.  As  shown  in  Fig.  1(a), 
the  flux  qubit  consists  of  a  superconducting  loop  with 
three  Josephson  junctions  and  the  total  inductance  of 
the  whole  loop  is  L.  Fluxoid  quantization  around  the 
loop  imposes  a  constraint  on  the  phase  drops  across  the 
three  junctions: 


a) 


where 


Here,  $0  =  h/2e  is  the  flux  quantum,  /  =  4>e/4>o  repre¬ 
sents  the  reduced  magnetic  flux,  and 


I  =  Iq  sin  (pi , 


(3) 


with  /o  =  2'kEj/$q,  is  the  circulating  super  cur  rent. 
When  the  loop  inductance  is  included,  the  Hamiltonian 
of  the  single  flux  qubit  is 


P 2 

A  m 

2  Mm 


+  U (0p,  0m  )» 


(4) 


with  the  potential  energy  given  by 


U 0m)  —  Ej  [2  — |—  Oj  2  COS  (f)p  COS  (f)m 

-a  cos(27r/'  +  2<t>m)]  +  \Lj2-  (5) 

Here  Pk  =  -ihd/dcpk  (with  k  —  p  and  m),  Mp  = 
($o/27r)22 C,  Mm  =  Mp(  1  +  2a),  and 

0p  =  (01  +  02)/2, 

0m  =  (0!  02 ) /2  -  (6) 


Also,  the  supercurrent  I  can  be  rewritten  as 


I  —  Iq  sin(0p  +  0m)*  (7) 

The  Hamiltonian  (4)  is  reduced  to  Eq.  (12)  in  Ref.  19 
when  L  — >  0. 

Figure  2  presents  the  contour  plots  of  the  periodic  po¬ 
tential  U (0pj  0m)  for  /  =  0.5  and  a  =  0.8.  The  nu¬ 
merical  results  show  that  the  minima  of  the  potential 
preserve  the  two-dimensional  centered  cubic  lattice  even 
for  a  large  loop  inductance.  For  inductance  ratio 

Pl  =  L/Lj  (8) 

from  zero  to  one  (where  Lj  =  $o/2nIo  is  the  Joseph¬ 
son  inductance  of  the  junction),  a  well  defined  double¬ 
well  potential  structure  exists  at  each  lattice  point  even 
though  at  higher  energies  the  well  shapes  are  modified 
by  the  loop  inductance  L.  This  double- well  structure  is 
required  for  achieving  a  two-level  system.  As  shown  in 
Fig.  3,  the  lowest  two  levels  of  the  single-qubit  system  are 
not  significantly  affected  by  the  variation  of  /3l  because 
the  corresponding  two  eigenstates  are  mainly  contributed 
by  the  weakly  /^-dependent  ground  state  in  each  well. 
However,  since  varying  L  significantly  modifies  the  well 
shapes  at  higher  energies,  the  excited  states  within  or 
above  the  wells  (which,  as  seen  in  Fig.  3,  dominantly 
contribute  to  the  eigenstates  corresponding  to  the  third 
and  higher  levels)  become  pronouncedly  /^-dependent. 
Indeed,  Figure  3  shows  that  the  top  three  levels  are  sen¬ 
sitive  to  the  variation  of  /3l-  Moreover,  with  the  loop 
inductance  increasing  to  =  4  [see  Fig.  2(c)],  a  more 


01  —  02  +  03  +  27T/'  —  0, 
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FIG.  2:  Contour  plots  of  the  potential  energy  U(<t>p}  in 
units  of  Ej ,  for  a  =  0.8  and  /  =  0.5.  Here  Pl  =  2nIoL/Q>o  = 
(a)  0,  (b)  1,  (c)  4,  and  (d)  10.  Notice  that  the  well  defined 
double- well  potential  structure  vanishes  in  (d),  and  thus  the 
flux  qubit  breaks  down. 

distorted  double-well  structure  appears  at  each  lattice 
point,  and  a  local  energy  minimum  develops  along  the 
diagonal  direction  between  every  two  adjoining  double¬ 
well  structures.  These  newly-developed  local  minima  will 
affect  the  two-level  system  achieved  for  the  qubit.  When 
the  loop  inductance  increases  even  more  to  Pl  =  10  [see 
Fig.  2(d)],  the  periodic  potential  is  even  more  distorted. 
In  this  case,  the  well  defined  double-well  potential  struc¬ 
ture  vanishes,  and  thus  the  flux  qubit  breaks  down. 

The  energy  spectrum  and  the  eigenstates  are  deter¬ 
mined  by 

=  £•(*>,*»).  (9) 

Figure  3  shows  the  dependence  of  the  energy  levels  on 
the  magnetic  flux  for  Pl  <  1.  Here  we  choose  Ej  = 
35J5C,  where  the  charging  energy  Ec  is  defined  as  Ec  = 
e2/2 C.  These  parameters  are  close  to  those  used  in  a 
recently  fabricated  flux-qubit  device.5  Around  /  =  0.5, 
in  sharp  contrast  with  the  higher  energy  levels,  the  energy 
difference 

A  =  ex  -  e0  (10) 

between  the  lowest  two  levels  is  not  sensitive  to  the  vari¬ 
ation  of  Pl,.  In  Fig.  4,  we  show  the  energy  separation  of 
the  two  lowest  levels,  A,  as  a  function  of  Pl-  We  find  the 
interesting  result  that  A (Pl)  is  almost  flat  at  /  =  0.5 
(0.011  <  A (Pl)/Ej  <  0.0135)  when  0  <  pL  <  0.85. 
These  features  indicate  that,  even  with  a  large  loop  in¬ 
ductance  of  Pl  =  1,  in  the  vicinity  of  /  =  0.5  the  two 
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FIG.  3:  Energy  levels  of  a  single  flux  qubit  versus  reduced 
flux  /  for  different  values  of  P ,  where  only  the  levels  of  the 
states  |i),  i  =  0  to  5,  are  shown.  Here  the  energy  E  is  in  units 
oiEj. 


lowest  eigenstates  (denoted  by  |0)  and  |1)  for  the  ground 
and  the  first  excited  states,  respectively)  remain  to  be 
suitable  basis  states  for  a  flux  qubit.  Within  the  subspace 
of  qubit  states  spanned  by  |0)  and  |1),  the  Hamiltonian 
is  reduced  to 

i/  =  e1|l)(l|  +  e0|0)(0|.  (11) 

If  the  average  energy  ( £\  +  Sq)/2  is  chosen  to  be  the  new 
zero-point  energy  of  the  flux  qubit,  the  Hamiltonian  can 
be  further  expressed  as 

H  =  \Apt,  (12) 

where  pz  =  |1)(1|  —  |0)(0|.  In  Ref.  24,  the  effects  of 
the  loop  inductance  in  a  flux  qubit  are  considered  us¬ 
ing  a  perturbation  approach,  where  the  Hamiltonian  is 
expanded  into  three  parts:  an  inductance- free  Hamil¬ 
tonian,  an  inductance- related  harmonic  oscillator  term, 
and  a  small  correction  term.  This  perturbation  method 
is  valid  for  Pl  C  1  since  the  correction  term  is  propor¬ 
tional  to  the  loop  inductance  of  the  flux  qubit.  Instead 
of  using  the  perturbation  approach,  we  numerically  solve 
Eq.  (9)  to  obtain  the  eigenvalues  and  eigenstates  of  the 
system.  This  numerical  method  allows  us  to  extend  our 
study  to  the  regime  of  Pi  ~  1,  where  the  lowest  two 
eigenstates  of  the  system  can  still  be  used  for  achieving 
a  qubit.  Using  the  experimental  value5  Jo  ~  0.5  /iA,  this 
regime  corresponds  to  a  loop  inductance  of  L  ~  1  nH. 
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FIG.  4:  Energy  difference  A  between  qubit  states  |1)  and  |0) 
as  a  function  of  (3  for  /  =  0.5.  Here  A  is  in  units  of  Ej. 


III.  COUPLED  FLUX  QUBITS 

To  couple  two  flux  qubits,  we  use  a  common  induc¬ 
tance  Lc  shared  by  these  two  qubits  [see  Fig.  1(b)].  Here 
the  external  flux  4>e  is  applied  within  the  loop  A\LCB\A\. 
Also,  the  circuit  is  designed  in  such  a  way  that  the  mutual 
inductance  between  loops  A\LCB\A\  and  A1B1B2A2A1 
may  be  ignored.  This  is  achieved  when  only  a  small  frac¬ 
tion  of  the  flux  generated  by  one  loop  passes  through 
the  other.  (If  this  were  not  to  be  the  case,  the  interbit 
coupling  can  still  be  achieved  by  the  common  inductance 
Lc,  but  the  interaction  Hamiltonian  takes  a  more  com¬ 
plicated  form.)  Phase  drops  through  the  three  Josephson 
junctions  of  the  zth  flux  qubit  are  constrained  by 

-  4>f  +  4°  +  2tt  [/  +  (IiL,  +  IjLc)/^o}  =  0,  (13) 

where  i,j  =  1,2  (i  /  j),  L\  =  Lc  +  Lbi,  and  L2  = 
Lc  +  L 12  +  Lb2 •  The  total  supercurrent  through  Lc  is 

/  =  h  +  h ,  (14) 

where 

Ii  =  Iqx  sin(0pi  -1-  (ft 

mi)i  (15) 

with  I0i  =  2irEj)/$0,  4>P,  =  (4><1'>  +  ^'V2,  and  <P™,  = 

(*(i°  -  ^°)/2- 

The  Hamiltonian  of  the  two  coupled  flux  qubits  can  be 
written  as 


H  =  Hx+  H2  +  Hr  (16) 

Here  Hi  is  the  Hamiltonian  of  the  zth  isolated  flux  qubit, 
with  loop  inductance  Lx  and  circulating  supercurrent  /,, 
which  has  the  form  in  Eq.  (4)  but  with  /'  replaced  by 

/'  =  /+^-  (17) 

<Po 


Also,  Ej,  C  and  a  are  replaced  by  E§\  C ^  and  q*.  The 
interaction  Hamiltonian  is 

2 

Hi  =  LcIxh  (18) 

*=1 


where 


nt  =  cos(7i  +  2nIjLc/$o)  -  COS7*,  (19) 


with 


7i  =  27r/'  +  20mt,  (20) 


and  i  ^  j. 

The  supercurrent  Ix  flows  through  each  of  the  three 
Josephson  junctions  in  the  ith  flux  qubit,  so  Ix  can  also 
be  written  as 

I,  =  ctiloi  sin  <t>3} 

=  -Qi/0.  sin  {27 r(/'  +  /jLc/$0)  +  2 <pmi} ,  (21) 

where  i,  j  =  1,2  and  i  /  j.  Taking  advantage  of  this  re¬ 
lation  for  7t,  one  can  expand  the  interaction  Hamiltonian 
(18)  as 


2 

H,  =  -\LcIlI2-J2<*iEj)Zi’  (22) 

t=l 


where 


A  =  1  +  £ 

i=l 


2  at 

+  -5/3l, 


and 


(23) 
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2  cos(27t/'  +  2 <t>„ 


X 


,  (24) 


with  (3 Lx  =  27t/o,Lc/4>o  <  tt/2.  The  term  -XLcI\l2  in 
Hi  produces  an  interbit  coupling  between  flux  qubits  1 
and  2,  while  axEj^£i  slightly  modifies  the  energy  levels 
of  the  ith  flux  qubit. 

When  (3Li  =  27r/0iZ/c/4>0  1,  Hj  is  approximated  by 

Hj  =  -LcIxI2  (25) 

because  axEjl^Ux  %  LcI\l2  in  this  case.  Within  the 
qubit-state  subspace  of  the  tth  isolated  flux  qubit,  Hx 
is  reduced  to 


Hi  =  (26) 

where  p^  =  |1»)(1»|  —  |0*) (0*|.  In  the  vicinity  of  /  = 
0.5,  because  the  super  cur  rents  Ix  at  states  |lj)  and  |0  i) 
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FIG.  5:  Energy  levels  of  two  coupled  flux  qubits  versus  re¬ 
duced  flux  /  for  Lbi/Lc  =  0.1  and  (Li2  +  Lb2)/Lc  =  0.2. 
The  parameters  pLi  =  27r/o»Lc/$o  are  (a)  pL 1  =  Pl2  =  0.03, 
(b)  (3Li  =  0.03,  0l2  =  0.04,  (c)  pL\  =  Pl2  =  0.07,  and  (d) 
Pli  =  0.07,  pL2  =0.1.  Here  the  energy  E  is  in  units  of 

have  equal  magnitudes  but  opposite  directions,  /»  can  be 
written  as 

U  =  +  6<|1<)(0<|  +  6*|0i)(l<|,  (27) 

where  ai  =  (li|/i|li),  and  bi  =  (li|/i|0t).  Because  the 
supercurrent  Ii  at  state  |1»)  (i.e.,  a»)  is  proportional  to 
the  slope  of  the  energy  level  that  corresponds  to  state  |1*) 
with  respect  to  /  (see,  e.g.,  Ref.  19),  it  falls  to  zero  at  the 
symmetric  point,  /  =  0.5,  where  the  level  becomes  flat. 
Also,  our  numerical  results  show  that  becomes  a  real 
number  at  /  =  0.5.  Thus,  we  can  rewrite  /»  at  /  =  0.5 
as 

Ii  =  bid?,  (28) 

with  pi'1  =  |1,)(0,|  +  |0,)(1,|.  For  1,  the  Hamilto- 

nian  at  /  =  0.5  can  be  cast  to 

H  =  ifP-XfLl)fP,  (29) 

»=1  Z 

with 

X  =  Lcbib2.  (30) 

It  is  clear  that  the  interbit  coupling  persists  at  /  =  0.5. 

Figure  5  shows  the  energy  spectrum  of  the  two  coupled 
flux  qubits  around  /  =  0.5.  In  order  to  realize  fast  two- 
bit  operations  while  keeping  the  leakage  from  the  qubit 
states  to  other  higher  energy  states  small,  we  choose  the 
interbit  coupling  strength  to  be  comparable  to  the  en¬ 
ergy  difference,  at  /  =  0.5,  between  the  basis  states  |1») 


and  |0*)  of  each  qubit.  As  shown  in  Figs.  5(a)  and  5(b), 
the  energy  spectrum  remains  similar  in  the  vicinity  of 
/  =  0.5  when  the  two  flux  qubits  have  different  values 
of  parameters.  Furthermore,  the  two  higher  energy  lev¬ 
els,  €3  and  64,  in  the  first  four  energy  levels  (i.e.,  c*  with 
k  =  1  to  4)  of  the  two  coupled  flux  qubits  are  flat  in  a 
relatively  broad  range  around  /  =  0.5;  this  flat  region 
is  much  broader  than  the  corresponding  flat-energy-level 
range  of  the  single  flux  qubit  around  /  =  0.5.  The  flux- 
independent  level  €3  in  Fig.  5(a)  corresponds  to  a  singlet 
eigenstate,  while  other  three  levels  correspond  to  triplet 
eigenstates.  As  expected,  the  transitions  between  this 
singlet  state  and  other  three  triplet  states  are  not  allowed 
by  the  microwave  perturbation  [cf.  Fig.  6(a)].  Similar 
spectral  results  were  also  obtained  by  Storcz  and  Wil¬ 
helm21  and  by  Majer  et  al.22  using  simpler  model  Hamil¬ 
tonians  for  two  coupled  flux  qubits.  However,  because  a 
different  setup  is  used  for  coupling  two  qubits,  the  four 
energy  levels  are  flipped  in  Ref.  22.  As  in  Ref.  21,  since 
X  >  0,  the  interbit  coupling  is  ferromagnetic ,  in  sharp 
contrast  with  the  antiferromagnetic  coupling  obtained  in 
Ref.  22,  where  the  corresponding  coupling  parameter  \ 
is  negative.  When  the  interbit  coupling  increases  further, 
the  flat  region  for  both  levels  €3  and  €4  widens  for  two 
qubits  having  identical  parameters  [see  Fig.  5(c)],  but  €3 
and  €4  become  much  different  in  this  region  when  the  two 
qubits  are  not  identical  [see  Fig.  5(d)].  Moreover,  it  can 
be  seen  that  the  gap  between  levels  e\  and  e2  and  that 
bewteen  63  and  €4  become  narrow  at  /  =  0.5  with  the 
interbit  coupling  increasing. 

In  the  case  of  Fig.  5(a),  because  2'nIoiLc/$o  =  0.03, 
the  common  inductance  is  Lc  «  20  pH  if  the  critical 
currents  7o»  are  equal  to  the  experimental  value5  Iq  ~  0.5 
fiA.  Such  a  small  inductance  is  experimentally  realizable, 
e.g.,  using  a  loop  of  diameter  d  «  16  /im.  Also,  our 
numerical  calculations  show  that  bi  «  O.66/0  at  /  =  0.5. 
The  interbit  coupling  is  thus  of  the  order  \  « 

O.OISJB'j,  which  is  equal  to  the  energy  difference  A  at  /  = 
0.5  of  the  single  flux  qubit  with  Pl  =  0.03.  Therefore, 
the  corresponding  two-bit  operation  is  as  fast  as  the  one- 
bit  operation.  Moreover,  at  /  =  0.5,  the  first  four  energy 
levels,  ek,  k  =  1  to  4,  of  the  coupled  flux  qubits  can  be 
approximated  by 

€1  =  ~2Ea’  63  =  2Eb) 

£2  =  ~\eb,  €4  =  ^,4,  (31) 

where 

Ea  =  [(Ai  +  A2)2  +  4xJ]1/2, 

Eb  =  [(Ax  -  A2)2  +  4x2]1/2.  (32) 

The  gap  between  levels  e2  and  63  is  Eb,  which  increases 
with  x-  The  gap  between  levels  e\  and  e2  and  that  be¬ 
tween  €3  and  64  are  given  by  Ea  -  Eb-  Figures  5(a) 
and  5(b)  correspond  to  x  «  Ai;  in  Fig.  5(a)  where 
Ai  =  A2  =  A,  the  two  equal  gaps,  EA  -  Eb,  at  /  =  0.5 
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FIG.  6:  (a)  Moduli  of  the  transition  matrix  elements  Uj  be¬ 
tween  single-qubit  states  |t)  and  | j)  versus  reduced  flux  /. 
(b)  and  (c)  Moduli  of  the  transition  matrix  elements  between 
coupled-qubit  states  |e»)  and  |cj )  versus  /  for  Lbi/Lc  =0.1 
and  (L12  +  Lb2)/Lc  =  0.2.  Here  |t»j|  is  in  units  of  Io$x  in  (a) 
and  Ioi$x  in  (b)  and  (c). 

are  (y/2  -  1)A.  When  x  further  increases,  the  value  of 
Ea  —  Eb  decreases;  namely,  the  two  equal  gaps  become 
narrow  [cf.  Figs.  5(c)  and  5(d)]. 

IV.  STATE  TRANSITIONS 


not  sensitive  to  the  variation  of  /?l,  while  |t02|  and  |t12| 
are  suppressed  by  increasing  flL.  This  observation  is  con¬ 
sistent  with  the  energy  spectrum  in  Fig.  3,  where  the  gap 
between  the  lowest  two  levels  0  and  1  is  not  significantly 
changed,  but  the  gap  between  levels  1  and  2  increases 
with  /?£,.  In  Figs.  6(b)  and  6(c),  we  show  the  flux  depen¬ 
dence  of  \Uj\  for  all  possible  transitions  in  the  coupled 
flux  qubits.  When  the  two  flux  qubits  have  the  same 
parameters,  the  transitions  \e\)  — ►  |e3),  |£2)  — >  IC3),  and 
N)  — >  |t4)  are  forbidden  because  1 |  =  0  [see  Fig.  6(b)]. 
However,  they  are  allowed  (except  for  some  specific  val¬ 
ues  of  /)  when  the  parameters  of  the  two  flux  qubits  are 
different  [see  Fig.  6(c)].  At  /  =  0.5  in  particular,  |ti2| 
has  the  largest  value,  while  |t24|  has  a  smaller  value  and 
others  are  either  zero  or  much  smaller. 

For  a  single  flux  qubit  with  (3l  =  0.03,  the  energy 
difference  A  between  states  |1)  and  |0)  is  0.012912?/  at 
/  =  0.5.  Using  an  experimental  value5  for  the  critical 
current  70  ~  0.5  /xA,  we  obtain  Ej  ~  1.03  meV.  The 
energy  difference  of  0.01 291 2?  j  corresponds  to  a  gap  of 
v  «  3.2  GHz.  The  one-bit  operation  can  be  implemented 
using  a  resonant  microwave  field.  For  a  weak  driving 
field,  the  Rabi  frequency  floi  is  given  by  \to\\/h.  The  typ¬ 
ical  switching  time  is  7t/Qoi  when  the  states  |0)  and  |1) 
flip.  For  instance,  because  |t0i|  «  0.66/0$x  at  /  =  0.5, 
the  switching  time  is  about  3  ns  for  Io&x  ~  1  /xeV. 
If  the  leakage  from  these  two  states  to  others  is  small, 
one  can  realize  a  fast  one-bit  operation,  e.g.,  with  a 
switching  time  7r/Qoi  ~  lOi/-1  («  3  ns),  by  increasing 
the  microwave-field  intensity.  Let  the  energy  difference 
between  states  |0)  (|1»  and  |1)  (|2))  be  hu0i  (hu i2). 
When  the  field  is  tuned  to  be  resonant  with  the  tran¬ 
sition  |0)  — ►  1 1),  the  ratio  of  the  transition  probabilities 
between  |1)  — >  |2)  and  |0)  — ►  |1)  can  be  estimated  as 


When  a  microwave  field  with  an  appropriate  frequency 
u  is  applied  through  the  superconducting  loop  of  the  sin¬ 
gle  flux  qubit,  a  transition  between  two  states  occurs. 
Now,  the  total  flux  within  the  loop  is  4>e  +  $/,  where 

$/  =  cos(u ft  -f  0)  (33) 

is  the  microwave-field-induced  flux  through  the  loop.  For 
a  weak  microwave  field,  the  single  flux  qubit  experiences 
a  time-dependent  perturbation 

H'{t)  =  -I*xcoB(ut  +  0)t  (34) 

and  the  transition  matrix  element  Uj  between  states  |z) 
and  | j)  is  given  by  (i\I$x\j)-  Similarly,  when  the  mi¬ 
crowave  field  is  applied  through  the  left  loop  A\LcBiAi 
of  the  coupled  flux  qubits,  the  transition  matrix  element 
Uj  between  the  coupled-qubit  states  |e»)  and  1 6j)  is  then 

Figure  6(a)  presents  the  flux  dependence  of  |t^|  for 
transitions  |0)  — >  |1),  |0)  — »  |2),  and  |1)  — ►  |2)  in  a  sin¬ 
gle  flux  qubit.  Because  of  the  symmetry  of  the  wave 
functions,  |to2 1  =  0  at  /  =  0.5,  and  thus  the  transition 
|0)  — ►  |2)  is  forbidden.  Also,  it  can  be  seen  that  |t0i|  is 


P12  =  sin2(ftr/2) 

P01  \  ^  /  sin2(f20ir/2)’ 

where 

Q  =  [fi22  +  (u\2  —  ^oi)2]1^2!  (36) 

^12  =  K12 1/^,  and  t  is  the  duration  of  the  microwave- 
field  pulse.  When  r  =  7r/ffoi  ~  10j/-1,  using  the  numer¬ 
ical  results  huoi  =  0.01291  EJ}  hun  =  0.187632?/,  and 
1^12/^01 1  »  0.38  at  /  =  0.5,  we  have 

—  «  1.5  x  10-6.  (37) 

P01 

This  implies  that  the  leakage  to  other  states  is  small  for  a 
fast  one-bit  operation  implemented  via  a  microwave  field. 

Corresponding  to  Fig.  5(a),  |ci)  and  |c2)  at  /  =  0.5  are 
approximated  by 

l«l)  =  -7==fol  00)  +  |ll», 

\A?2  + 1 

|€2)  =  -L(|01>  +  |10)), 


(38) 
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FIG.  7:  (a)  Supercurrents  I  versus  reduced  flux  /  at  eigen¬ 
states  |0)  and  |1)  of  a  single  flux  qubit  for  /3l  =  0.03.  (b)  Su¬ 
percurrents  h  versus  /  at  eigenstates  |cfc),  k  =  1  to  4,  of  two 
coupled  flux  qubits  for  /?li  =  Pl2  =  0.03.  (c)  Supercurrents 
Ji,  /a,  and  I  versus  /  at  eigenstates  |cfc),  k  =  1  to  4,  of  two 
coupled  flux  qubits  for  0li  =  0.03  and  Pl2  =  0.04.  Here  we 
choose  Lbi/Lc  =  0.1  and  (L12  -f  7,62  )/Lc  =  0.2  for  the  coupled 
flux  qubits.  The  supercurrents  are  in  units  of  Io  in  (a)  and 
/01  in  (b)  and  (c). 


with 

A  4-  (A2  +  y2)1/2 

77  =  — — - .  (39) 

X 

Initially  preparing  the  system  at  the  (entangled)  ground 
state  |ei),  one  can  produce  the  maximally  entangled  state 
| C2 )  using  a  microwave-field  pulse  of  duration  r  =  7r/r2i2, 
where  the  Rabi  frequency  Di2  is  given  by  |ti2 1/^  for 
a  weak  driving  field.  At  /  =  0.5,  we  have  hu  12  = 
0.00528 Ej,  hu2A  =  0.03124^,  and  \t24/t12\  «  0.41. 
When  the  microwave  field  is  in  resonance  with  the  tran¬ 
sition  |ci)  — ►  |62>  at  /  =  0.5, 

—  «4.4x  10-6  (40) 

P12 

for  r  =  7r/Qi2  ~  207t/cji2.  This  implies  that  a  fast  two- 
bit  operation  can  also  be  implemented  using  a  microwave 
field. 


V.  SUPERCURRENTS  AND  QUANTUM 
MEASUREMENT 

The  circulating  supercurrents  flowing  through  the  in¬ 
ductance  L  or  Lc  are  different  for  different  eigenstates. 
This  property  can  be  used  for  implementing  a  readout  of 
the  qubit  states.  For  a  single  flux  qubit,  around  /  =  0.5, 
the  supercurrents  I  at  eigenstates  |0)  and  |1)  (i.e.,  (0|/|0) 
and  (1|J|1))  have  equal  magnitudes  but  opposite  direc¬ 
tions  [see  Fig.  7(a)].  During  quantum  measurement,  one 


can  switch  on  the  flux  transformer  to  couple  the  induc¬ 
tance  L  with  a  dc-SQUID  magnetometer  [cf.  Fig.  1(a)] 
to  distinguish  the  two  eigenstates  of  the  qubit  because  at 
these  two  states  the  supercurrents  I  through  L  generate 
two  different  fluxes  in  the  SQUID  loop  of  the  magnetome¬ 
ter.  In  general,  if  the  single  flux  qubit  is  at  the  superpo¬ 
sition  state  ci|l)  +  co|0),  the  measurement  will  show  that 
the  qubit  has  probability  |ci|2  at  the  eigenstate  |i),  where 
i  =  0, 1.  For  the  two  coupled  flux  qubits,  the  supercur¬ 
rents  through  the  common  inductance  Lc  take  different 
values  at  its  four  eigenstates. 

Similar  to  the  single  flux  qubit,  a  switchable  flux  trans¬ 
former  can  be  used  to  couple  Lc  and  the  SQUID  loop 
of  the  magnetometer  for  reading  out  the  coupled-qubit 
states  because  the  supercurrents  I  at  different  eigenstates 
contribute  different  fluxes  in  the  SQUID  loop  of  the  mag¬ 
netometer.  The  supercurrents  I\  at  the  four  eigenstates 
of  the  coupled  qubits  are  shown  in  Fig.  7(b)  for  two  flux 
qubits  having  identical  parameters.  Since  I\  =  I2  in  this 
case,  the  total  supercurrent  I  is  2I\.  When  the  param¬ 
eters  of  the  two  flux  qubits  become  different ,  the  total 
supercurrents  I  look  similar  to  those  in  Fig.  7(b),  but  I\ 
and  I 2  (which  flow  through  the  Josephson  junctions  of 
the  qubits)  change  drastically  [cf.  Fig.  7(c)].  Also,  it  can 
be  seen  that  at  the  eigenstates  of  the  system  the  circulat¬ 
ing  supercurrents  in  both  single  and  coupled  flux  qubits 
fall  to  zero  at  /  =  0.5.  To  read  out  the  qubit  states,  one 
can  shift  the  system  away  from  this  point. 


VI.  DISCUSSION  AND  CONCLUSION 


For  the  charge  qubits  coupled  by  LC-oscillator 
modes13  or  by  an  inductance,14  the  inductances  pro¬ 
posed  to  be  used  are  ~  3.6  fiH.  or  ~  30  nH,  respec¬ 
tively,  for  a  two-bit  operation  ten  times  slower  than  the 
typical  one-bit  operation.  An  inductance  for  coupling 
charge  qubits  similar  to  that  in  Ref.  13,  particularly,  has 
a  value  much  larger  than  Lc  («  20  pH)  for  coupling  flux 
qubits.  It  is  difficult  to  fabricate  in  a  small  size  with¬ 
out  introducing  a  strong  coupling  with  the  environment. 
Because  two-bit  operations  are  much  slower  than  one-bit 
ones  in  the  inductively  coupled  charge  qubits,  an  effi¬ 
cient  scheme  is  thus  required  to  minimize  the  number  of 
two-bit  (as  opposed  to  one-bit)  operations  to  obtain  a 
conditional  gate.14  However,  for  inductively  coupled  flxix 
qubits,  the  above  limitation  in  using  two-bit  operations 
for  constructing  a  conditional  gate  is  removed  since  two- 
bit  operations  can  be  as  fast  as  one-bit  ones.  In  this 
case,  any  schemes  for  constructing  conditional  gates  be¬ 
come  efficient  by  minimizing  the  number  of  operations 
that  are  used  (either  one-  or  two-bit).  Note  that  the 
common  inductance  of  Lc  «  20  pH  can  produce  a  strong 
interbit  coupling.  As  a  result,  two-bit  operations  as  fast 
as  one- bit  ones  can  be  achieved.  This  common  induc¬ 
tance  is  comparable  to  the  loop  inductance,  L  ~  10  pH, 
of  the  single  flux  qubit  currently  realized  in  experiments. 

To  couple  several  flux  qubits,  the  inductances  of  all 
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loops  involved  could  be  small,  comparable  to  the  loop 
inductance  of  a  single  flux  qubit  currently  realized  in  ex¬ 
periments.  This  is  the  case  we  studied  in  the  present 
paper,  where  two  coupled  flux  qubits  are  considered.  If 
a  number  of  flux  qubits  are  coupled,  the  inductances  of 
some  loops  will  become  larger,  but  the  common  or  shared 
inductance  for  producing  the  interbit  coupling  can  still  be 
chosen  small  (about  20  pH).  If  the  circuits  except  for  the 
line  A\LCB\  (corresponding  to  the  common  or  shared  in¬ 
ductance)  could  be  screened  from  the  environment  (that 
is  a  big  challenge  for  experimentalists  for  sure),  the  main 
noise  would  be  due  to  the  small  common  or  shared  in¬ 
ductance. 

In  conclusion,  we  have  proposed  an  experimentally  re¬ 
alizable  method  for  inductively  coupled  flux  qubits  that 
can  achieve  two-bit  operations  performing  as  fast  as  one- 
bit  ones.  We  treat  both  single  and  coupled  flux  qubits 
with  more  realistic  models  including  the  loop  inductance. 
Moreover,  we  show  that  the  coupled  flux  qubits  have 
novel  flux-dependent  behaviors  in  the  transitions  between 
states.  We  find  that  the  forbidden  transitions  in  the  cou¬ 


pled  two  flux  qubits  become  allowed  (except  for  some 
specific  values  of  the  external  flux)  when  the  parameters 
of  the  two  qubits  change  from  being  initially  equal  to 
each  other  and  then  making  these  different. 
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Charge  fluctuations  from  gate  bias  and  background  traps  severely  limit  the  performance  of  a 
charge  qubit  realized  in  a  Cooper- pair  box  (CPB).  Here  we  present  an  experimentally  realizable 
method  to  control  the  dephasing  effects  of  these  charge  fluctuations  using  two  strongly  capacitively 
coupled  CPBs.  This  coupled-box  system  has  a  low-decoherence  subspace  of  two  states  and  we 
calculate  the  dephasing  of  these  states  using  a  master  equation  approach.  Our  results  show  that 
the  inter-box  Coulomb  correlation  can  significantly  suppress  decoherence  of  this  two-level  system, 
making  it  a  promising  candidate  as  a  logical  qubit,  encoded  using  two  CPBs. 

PACS  numbers:  03.67.Pp,  74.50.+r 


Advances  in  nanotechnology  have  led  to  the  success¬ 
ful  fabrication  of  ever  smaller  solid-state  devices,  whose 
behaviors  are  increasingly  quantum  mechanical.  In  par¬ 
ticular,  various  superconducting  nanocircuits  have  been 
proposed  as  quantum  bits  (qubits)  for  a  quantum  com¬ 
puter  [1,  2,  3,  4].  In  the  meantime,  it  has  long  been  rec¬ 
ognized  that  background  charge  fluctuations  can  severely 
limit  the  performance  of  microelectronic  devices,  par¬ 
ticularly  those  based  on  the  manipulation  of  electrical 
charge,  such  as  single  electron  transistors  [5]  and  su¬ 
perconducting  Cooper-pair  boxes  (CPBs)  [6,  7,  8].  The 
struggle  to  suppress  or  even  eliminate  noise  from  charge 
fluctuations  in  superconducting  devices  has  been  a  pro¬ 
longed  battle  with  limited  success.  Here,  instead  of  fo¬ 
cusing  on  perfecting  materials,  we  propose  an  alternative 
experimentally-realizable  method  to  suppress  the  effects 
of  these  charge  fluctuations  using  two  strongly  (capaci¬ 
tively)  coupled  CPBs.  We  demonstrate  how  the  inter-box 
Coulomb  correlation  can  help  generate  a  two-state  sub¬ 
space  with  reduced  decoherence  for  the  coupled  CPBs, 
and  then  outline  a  scheme  to  manipulate  and  character¬ 
ize  the  encoded  qubits. 

Cooper-pair  boxes  are  one  of  the  prominent  candi¬ 
dates  for  qubits  in  a  quantum  computer.  Recent  exper¬ 
iments  [9]  have  revealed  quantum  coherent  oscillations 
in  two  CPBs  coupled  capacitively  and  demonstrated  the 
feasibility  of  a  conditional  gate  as  well  as  creating  macro¬ 
scopic  entangled  states.  An  efficient  scalable  quantum¬ 
computing  scheme  [10]  has  also  been  proposed  based  on 
charge  qubits.  It  has  been  shown  [8]  that  while  operat¬ 
ing  at  the  degeneracy  point  (where  the  two  lowest  charge 
states  have  the  same  energy  in  the  absence  of  Josephson 
coupling),  the  charge-qubit  states  are  quite  coherent  with 
a  decoherence  time  of  r  «  500  ns.  When  the  charge-qubit 
system  is  operated  away  from  the  degeneracy  point,  it 
experiences  strong  dephasing  by  the  charge  fluctuations, 
and  the  decoherence  time  of  the  system  is  greatly  reduced 


[6,  8].  Clearly,  effective  suppression  of  the  charge  noise  is 
of  essential  importance  for  the  practical  implementation 
of  scalable  quantum  computing. 

Two  different  CPBs  generally  experience  uncorrelated 
charge  fluctuations  as  they  are  most  strongly  affected  by 
their  own  gate  bias  and  the  nearest  fluctuating  charge 
traps.  However,  if  two  boxes  are  strongly  coupled  ca¬ 
pacitively,  the  fluctuations  affecting  one  box  will  affect 
the  other  through  the  Coulomb  coupling.  In  the  limit 
of  extremely  strong  inter-box  coupling  (corresponding 
to  an  infinite  mutual  capacitance  between  two  CPBs), 
the  two  boxes  would  experience  an  identical  charge  en¬ 
vironment,  so  that,  in  principle,  a  decoherence- free  sub¬ 
space  [11]  could  be  established  for  coupled-box  states. 
However,  in  reality  this  limit  involves  more  than  just  the 
two  lowest  energy  states,  making  the  coupled  boxes  un¬ 
suitable  as  two-level  systems.  Thus,  can  we  still  achieve 
decoherence-suppressed  logical  qubit  encoding  in  capac¬ 
itively  coupled  boxes?  Below  we  show  that  there  indeed 
exists  an  intermediate  parameter  regime  where  a  strong 
inter-box  Coulomb  correlation  can  induce  a  significant 
suppression  of  decoherence  in  certain  two-box  states,  so 
that  considerable  benefit  can  be  reaped  by  encoding  a 
logical  qubit  in  terms  of  these  states. 

Characterization  of  two  coupled  CPBs.  —  The  pro¬ 
posed  circuit  consists  of  two  capacitively  coupled  CPBs 
(see  Fig.  1).  Each  CPB  is  individually  biased  by  an  ap¬ 
plied  gate  voltage  Vi  and  coupled  to  the  leads  by  a  sym¬ 
metric  dc-SQUID.  The  dc-SQUID  is  pierced  by  a  mag¬ 
netic  flux  which  provides  a  tunable  effective  coupling 
Eji($i)  =  2Eji  cos(7r$i/$o),  where  4>0  =  h/2e  is  the 
flux  quantum.  The  Hamiltonian  of  the  system  is 

Hs  =  £[£«(«< -n,i)2  -  £*($<)  cos ¥><] 

I 

+Em(nL  -  nxL)(nR  -  nxR) ,  (1) 

with  i  =  L,R  for  left  and  right.  Here  the  charging  energy 


FIG.  1:  Strongly  coupled  Cooper- pair  boxes.  A  bias  voltage 
Vi  is  applied  to  the  ith  charge  box  through  a  gate  capacitance 
Ci,  and  a  symmetric  dc-SQUID  (with  Josephson  coupling  en¬ 
ergy  Eji  and  capacitance  Cji  for  each  junction)  is  coupled 
to  the  box.  Also,  each  box  is  connected  to  a  detector  via 
a  probe  junction  (or  a  less  invasive  point  contact).  When  a 
measurement  is  performed,  the  probe  junction  is  biased  with 
an  appropriate  voltage  Vt>».  The  two  boxes  are  closely-spaced 
long  superconducting  islands  with  sufficiently  large  mutual  ca¬ 
pacitance  Cm ,  and  the  barrier  between  them  is  strong  enough 
to  prohibit  the  inter-box  Cooper-pair  tunneling. 


Eci  of  the  ith  superconducting  island  and  the  mutual  ca¬ 
pacitive  coupling  Em  are  given  by  [12]  Eci  =  2e2Czj/A} 
find  Em  =  4e2Cm/A,  with  A  =  C^iC^j  —  C;^,  where 
Cm  =  Cm  +  C{  +  Cji  is  the  total  capacitance  of  the  ith 
island.  The  offset  charge  is  2 enXi  =  Qvi  +  Qoi,  where  Qo» 
is  the  background  charge,  and  Qvi  =  C{ Vi  +  C\nV\n  is  in¬ 
duced  by  both  the  gate  voltage  Vi  and  the  probe  voltage 
Vbi.  The  average  phase  drop  across  the  two  Josephson 
junctions  in  the  dc-SQUID  is  conjugate  to  the  number  of 
the  Cooper  pairs  n,  on  the  box.  Both  CPBs  operate  in 
the  charging  regime  ECi  Eji  and  at  low  temperatures 
ksT  <3C  ECi.  The  states  of  the  two  coupled  boxes  can 
thus  be  expanded  on  the  basis  of  the  charge  eigenstates 
\tiltir)  =  \riL)\nR). 

When  the  two  CPBs  are  strongly  coupled,  the  total 
Hamiltonian  can  be  rewritten  in  terms  of  the  total  charge 
on  the  coupled  boxes  and  the  charge  difference  across  the 
boxes  (assuming  for  simplicity  Cyl  =  Cyr  =  Cy  so  that 
Ecl  =  Ecr  =  Ec ): 

Ec - —  j  (til  +  tir-  nXL  -  tixr)2 

A  E  2 

H - 2~  (jlL  ~  TlR  —  Tlx L  +  TIXr)  ,  (2) 

where  A E  =  2 e2/(Cm  +  Cy)-  Notice  that  Ec  is  es- 


FIG.  2:  Dependence  of  the  energy  levels  of  the  coupled-box 
system  on  the  reduced  offset  charge  nXL  for  tixr  =  0.5.  Here 
we  choose  A Ei  =  ECi/ 4,  and  Eji  =  ECi/ 10,  with  i  =  L,R. 
The  two  lowest  levels  remain  nearly  unchanged  in  a  wide  re¬ 
gion  around  the  degeneracy  point  (nXL,nx/t)  =  (5,  5). 


sentially  determined  by  junction  and  gate  capacitances, 
representing  the  charging  energy  of  individual  Joseph¬ 
son  junctions,  while  A E  represents  the  charging  energy 
of  the  large  capacitor  Cm.  Around  the  double  degener¬ 
acy  point  of  ( nXL,nXR )  =  (5,  £),  the  two  lowest  energy 
states,  |±),  of  this  coupled-box  system  have  a  splitting  of 
E2j/2(Ec  -  A E). 

At  the  degeneracy  point  ( nxL,nXR )  =  (5,5),  the  low¬ 
est  two  states  are  |±)  =  (|01)  ±  |10))/\/2,  which  are  de¬ 
generate  because  the  states  |01)  and  1 10)  have  the  same 
energies.  When  the  tunable  Josephson  couplings  are 
switched  on,  the  degeneracy  is  removed  and  the  states 
|±)  are  given  by  |±)  =  (|01)  ±  |10))/\/2  +  \5ip±))  where 

I <ty±)  =  0(Ej{9i)/Em)[a±{ |00)±|11))  +  H.  These  two 
states,  and  the  corresponding  energy  levels  (see  Fig.  2), 
remain  nearly  unchanged  in  a  wide  region  around  the  de¬ 
generacy  point.  At  the  degeneracy  point,  the  Josephson 
coupling  cannot  lead  to  a  direct  transition  between  these 
two  states  since  one  is  symmetric  while  the  other  anti¬ 
symmetric,  so  that  the  relaxation  of  the  excited  state 
|— )  to  |+)  is  prohibited.  As  long  as  the  system  does 
not  stray  too  far  from  the  degeneracy  point,  we  expect 
that  the  relaxation  should  still  be  much  slower  than  pure 
dephasing.  Furthermore,  the  symmetry  in  these  states 
implies  that  they  are  also  well  insulated  from  pure  de¬ 
phasing  due  to  charge  noise,  as  we  will  show  below.  It  is 
thus  quite  natural  to  adopt  these  two  coupled- box  states 
|±)  to  achieve  a  logical  qubit.  Below  we  calculate  the 
dephasing  properties  of  the  |±)  states  and  discuss  how 
they  can  be  coherently  manipulated. 

Correlation-induced  coherence-preserving  subspace.  — 
To  clarify  the  origin  of  the  correlated  environments  for 
the  two  coupled  CPBs,  we  study  the  fluctuations  [13]  of 


3 


the  reduced  offset  charge  from  nxi,  which  could  originate 
from  the  gate  voltage  V*,  probe  voltage  Vw,  and  back¬ 
ground  charge  Qo»-  Below  we  examine  how  the  Coulomb 
correlation  can  help  suppress  the  effects  of  this  noise  in 
the  two- island  subspace  of  |±)  states. 

We  can  use  a  simple  two-level  system  language  to  de¬ 
scribe  each  of  the  boxes  around  the  degeneracy  point 
(^iL^i/i)  =  (5,  ^),  and  rewrite  the  Hamiltonian  in 
terms  of  the  Pauli  matrices: 

Hs  —  ^  4"  ’^Em<7zL&zRy  (3) 

t 

Hi  =  4"  £m(nxj)]& zi  ~  ^ Eji{*&i)&xii 

where  Si{nXi )  =  HCi{jiXi  —  2)5  £m(^xj)  =  2 Hmi^xj  ~  2)’ 

|  t>»  =  |0)i,  |  i),  =  |l)i,  and  ij  =  L,R(ijL  j).  The 
higher  energy  states  do  not  affect  the  coherence  proper¬ 
ties  of  |  ±)  at  the  level  of  approximation  of  our  calculation. 

The  interaction  Hamiltonian  between  the  CPB  system 
and  the  environment  is 

Hi  =  $>***  4  “  )^2t>  (4) 

« 

with  z,j  =  L,R,  and  i  ±  j.  Though  each  CPB  is  di¬ 
rectly  coupled  to  a  different  environment  by  itself,  the 
inter-island  Coulomb  interaction  ensures  that  the  envi¬ 
ronment  is  partly  shared  between  the  two  islands,  caus¬ 
ing  the  CPBs  to  experience  two  correlated  noises.  When 
each  of  the  two  environments  is  modeled  by  a  thermal 
bath  of  simple  harmonic  oscillators  described  by  the  an¬ 
nihilation  (creation)  operator  bji  (&].),  the  Hamiltonian 
of  the  whole  system,  including  the  two  baths,  is 

H  =  Hs  4-  Hb  4-  Hu 

Hb  =  ^  ^{J^nL^niPnL  4  huJnfibnf^bnii) ,  (5) 

n 

with  z,  j  =  L,  R  (i  /  j).  Here,  the  bath  operator  = 
2 Eci6nxi  is  given  by  X&  =  K.x^  =  £„  hK(n,)(blt+ 
bni )>  with  Kn  =  ^ ni/ ^2/7 

With  the  two  CPBs  experiencing  correlated  environ¬ 
ments,  the  system  has  unusual  dephasing  properties  that 
can  be  exploited  to  enhance  the  decoherence  time.  Here 
the  master  equation  approach  is  used  to  derive  the  deco¬ 
herence  time  of  the  system.  As  shown  in  [14],  the  reduced 
density  operator,  p(£),  of  the  system  in  the  interaction 
picture  is  approximately  governed  by 

-  4-  fdr'  f  dr"  Tt  b[Hi{t')H  i(r")P{t) 

h  T  Jo  Jo 

-HI(T,)P(t)HI(rn))  4-  H.c.,  (6) 


where  Hj(t)  =  Hje  *(Hs+HB)t/h  jg  jn_ 

teraction  Hamiltonian  in  the  interaction  picture,  and 

Pit)  =  p(t)pB(HB)y  with  pb(Hb)  =  e-fiHB/TrB[e-'Ho} 

being  a  time-independent  bath  density  operator  in  ther¬ 
mal  equilibrium  at  temperature  T.  Here  we  focus  on 
the  pure  dephasing  case  with  Eji($i)  =  0,  which  can 
be  solved  analytically.  In  the  subspace  with  basis  states 
|6)  =  |01)  and  |c)  =  1 10) ,  the  states  of  the  two  coupled 
CPBs  have  novel  decoherence  properties.  It  can  be  de¬ 
rived  that  the  reduced  density  matrix  elements  p ^  and 
Pcb  (thus  p+_  and  p_+)  obey:  pbc,pcb,p+-,p^+  ~  e_t/T, 
where  the  decoherence  time  r  of  the  coupled- box  system 
is  given  by 

;  =  £  (7) 

with  Jj(ft)  =  —  u;nj)  being  the  spec¬ 
tral  density  function  of  each  bath,  and  N (Q)  = 

coth(hQ/2kBT).  For  a  symmetric  case  Ecl  =  Ecr  =  Ec , 
so  that  A E  —  Ec  —  \ Em ,  we  obtain 

\  =  (^V  £  (8) 

i=L,R 

In  the  limit  of  strong  inter-box  coupling,  AE  <  Ec,  pure 
dephasing  can  then  be  strongly  suppressed.  For  exam¬ 
ple,  if  we  choose  A E  =  Ec/ 4,  the  prefactor  takes  the 
value  1/16,  so  that  the  dephasing  time  becomes  more 
than  one  order  of  magnitude  longer  than  when  the  boxes 
are  only  weakly  coupled.  This  is  in  strong  contrast  to  the 
corresponding  single  CPB  expression  for  pure  dephasing 
1/r  =  J(Cl)N(Cl) |n—o>  which  is  purely  determined  by  the 
bath  spectral  density  function  J. 

Preparation  and  measurement  of  the  coherence- 
preserving  states.  —  Now  that  we  have  obtained  a 
decoherence-suppressed  subspace  for  two  strongly  cou¬ 
pled  CPBs,  the  question  now  becomes  how  to  prepare 
and  measure  these  states. 

Coherence-preserving  quantum  states  can  be  prepared 
as  follows.  First,  consider  an  initial  point  on  the  nxL~ 
nXR  plane  that  is  away  from  the  degeneracy  point  (5,5). 
The  lowest  state  of  the  system  is  |00)  at  this  point. 
Then,  shifting  the  point  adiabatically  (e.g.,  along  the 
nXL  =  nXR  direction)  to  the  region  around  the  degener¬ 
acy  point,  we  arrive  at  the  coherence-preserving  ground 
state  |+).  Finally,  using  a  two-ffequency  microwave  to 
interact  with  the  system  for  a  period  of  time  (basically  a 
Raman  process),  as  in  the  trapped  ion  case  [15],  one  can 
obtain  any  superposition  of  |±)  states,  so  that  an  arbi¬ 
trary  single  qubit  operation  is  feasible.  Readout  of  the 
logical-qubit  states  can  be  achieved  through  various  ap¬ 
proaches.  For  instance,  one  can  rotate  the  logical  qubit 
states  to  the  charge  eigenstates  |01)  and  1 10).  Then  sim¬ 
ple  charge  detection  using  either  single  electron  transis¬ 
tors  or  other  charge  probes  can  determine  the  state  of  the 
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coupled  CPBs.  Let  us  consider  the  specific  case  of  em¬ 
ploying  probe  junctions  [9] .  When  appropriate  bias  volt¬ 
ages  Vbi  are  applied  to  the  probe  junctions,  the  measured 
current  Ix  through  the  zth  probe  junction  is  proportional 
to  the  probability  for  the  zth  box  to  have  a  Cooper  pair 
in  it. 

Discussion.  —  Decoherence  in  two  coupled  qubits  [16, 
17]  and  during  a  conditional  gate  [18]  has  attracted 
much  attention  recently.  It  has  also  been  shown  that  a 
decoherence-free  subspace  exists  for  two  physical  qubits 
coupled  to  the  same  bath  [17].  Very  recently,  Zhou  et 
al.  [19]  proposed  an  encoded  qubit  using  a  pair  of  closely 
spaced  CPBs  sharing  a  common  lead,  and  the  two  boxes 
were  assumed  to  couple  to  an  identical  bath.  In  their 
proposed  setup,  fluctuations  originating  from  the  gate 
voltage  may  be  identical  because  of  the  common  lead. 
However,  the  often  very  important  background  charge 
fluctuations  cannot  be  so  since  these  fluctuations  origi¬ 
nate  from  local  charge  traps  near  each  box.  Indeed,  as 
shown  in  Eq.  (4),  their  proposed  identical  bath  could  only 
be  achieved  in  the  limiting  case  of  Ecx  =  ^Em.  Unfor¬ 
tunately,  in  this  limiting  case,  the  two- level-system  de¬ 
scription  for  each  individual  CPB  breaks  down  for  the 
paired  boxes,  thus  the  proposed  single-bath  scenario  can 
never  be  achieved.  As  shown  in  our  study  of  the  cou¬ 
pled  CPBs  [20],  though  the  ideal  single-bath  case  can¬ 
not  be  realized  to  obtain  a  decoherence- free  subspace, 
we  can  employ  the  strong  inter-box  coupling  to  achieve 
a  coherence-preserving  logical  qubit  where  the  correlated 
baths  suppress  the  decoherence  in  the  coupled  CPBs. 

In  conclusion,  we  have  shown  that  in  two  strongly  ca- 
pacitively  coupled  CPBs,  the  charge  fluctuations  expe¬ 
rienced  by  the  two  boxes  are  strongly  correlated.  This 
inter-box  Coulomb  correlation  can  create  a  two-box  sub¬ 
space  of  two  states  in  which  pure  dephasing  is  strongly 
suppressed  due  to  the  correlation,  while  relaxation  is  also 
suppressed  because  first  order  transitions  are  prohibited. 
Therefore,  we  have  demonstrated  that  these  two  coupled 
CPBs  can  be  used  to  encode  a  logical  qubit  that  pos¬ 
sesses  superior  coherence  properties.  We  also  discussed 
how  such  logical  qubits  can  be  manipulated  and  mea¬ 
sured. 
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A  goal  of  quantum  information  technology  is  to  control  the  quantum  state  of  a  system,  including  its 
preparation,  manipulation,  and  measurement  However,  scalability  to  many  qubits  and  controlled  con¬ 
nectivity  between  any  selected  qubits  are  two  of  the  major  stumbling  blocks  to  achieve  quantum  com¬ 
puting  (QC).  Here  we  propose  an  experimental  method,  using  Josephson  charge  qubits,  to  efficiently 
solve  these  two  central  problems.  The  proposed  QC  architecture  is  scalable  since  any  two  charge  qubits 
can  be  effectively  coupled  by  an  experimentally  accessible  inductance.  More  importantly,  we  formulate 


an  efficient  and  realizable  QC  scheme  that  requires 

to  implement  conditional  gates. 

DOI:  10. 1103/PhysRevLetl89. 197902 

The  macroscopic  quantum  effects  in  low-capacitance 
Joseph  son -junction  circuits  have  recently  been  used  to 
realize  qubits  for  quantum  information  processing,  and 
these  qubits  are  expected  to  be  scalable  to  large-scale 
circuits  using  modern  microfabrication  techniques. 
Josephson-qubit  devices  [1]  are  based  on  the  charge  and 
phase  degrees  of  freedom.  The  charge  qubit  is  achieved  in 
a  Cooper-pair  box  [2],  where  two  dominant  charge  states 
are  coupled  through  coherent  Cooper-pair  tunneling  [3], 
while  the  phase  qubit  is  based  on  two  different  flux  states 
in  a  small  superconducting-quantum-interference-device 
(SQUID)  loop  [4,5].  Experimentally,  the  energy-level 
splitting  and  the  related  properties  of  state  superpositions 
were  observed  via  Cooper-pair  tunneling  in  the  Joseph¬ 
son  charge  device  [6,7]  and  by  spectroscopic  measure¬ 
ments  for  the  Josephson  phase  device  [8,9].  Moreover, 
coherent  oscillations  were  demonstrated  in  a  Josephson 
charge  device  prepared  in  a  superposition  of  two  charge 
states  [2].  These  striking  experimental  observations  re¬ 
veal  that  the  Josephson  charge  and  phase  devices  are 
suitable  for  solid-state  qubits  in  quantum  information 
processing.  The  next  immediate  challenge  would  include 
implementing  a  two-bit  coupling  and  then  scaling  up  the 
architecture  to  many  qubits.  Here,  we  focus  on  the 
Josephson  charge  qubit  realized  in  a  Cooper-pair  box 
and  propose  a  new  quantum-computing  (QC)  scheme 
based  on  scalable  charge-qubit  structures. 

A  straightforward  way  of  coupling  Josephson  charge 
qubits  is  to  use  the  Coulomb  interactions  between  charges 
on  different  islands  of  the  charge  qubits  (e.g.,  to  connect 
two  Cooper-pair  boxes  via  a  capacitor).  A  two-bit  opera¬ 
tion  [10],  similar  to  the  controlled-NOTgate,  was  derived 
using  this  interbit  coupling,  but  it  is  hard  to  switch  the 
coupling  on  and  off  [1]  in  this  scheme  as  well  as  to  make 
the  system  scalable  because  only  neighboring  qubits  can 
be  coupled  A  scalable  way  of  coupling  Josephson  charge 
qubits  was  proposed  [1,3]  in  terms  of  the  oscillator  modes 
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only  one  (instead  of  two  or  more)  two-bit  operation 

PACS  numbers:  03.67.Lx,  74.50.+r,  85.25.Cp 

in  an  LC  circuit  formed  by  an  inductance  and  the  qubit 
capacitors.  In  this  design,  the  interbit  coupling  is  switch- 
able  and  any  two  charge  qubits  can  be  coupled.  However, 
there  is  no  efficient  (i.e.,  using  one  two-bit  operation)  QC 
scheme  for  this  design  [1,3]  to  achieve  conditional  gates 
such  as  the  controlled-phase-shift  and  controlled-NOT 
gates.  Moreover,  the  calculated  interbit  coupling  terms 
[1,3]  apply  only  to  the  case  when  two  conditions  are  met: 
(i)  the  eigen  frequency  ojlc  of  the  LC  circuit  is  much 
faster  than  the  quantum  manipulation  frequencies  ( which 
limits  the  allowed  number  N  of  the  qubits  in  the  circuit 
because  a)LC  scales  with  1  /\[N)  and  (ii)  the  phase  con¬ 
jugate  to  the  total  charge  on  the  qubit  capacitors  fluctuates 
weakly.  These  two  limitations  do  not  apply  to  our  ap¬ 
proach.  In  our  proposal,  a  common  inductance  (but  no  LC 
circuit)  is  used  to  couple  all  Josephson  charge  qubits.  In 
our  scheme,  both  dc  and  ac  supercurrents  can  flow 
through  the  inductance,  while  in  [1,3]  only  ac  supercur¬ 
rents  can  flow  through  the  inductance  and  it  is  the 
LC-oscillator  mode  that  couples  the  charge  qubits. 
These  yield  different  interbit  couplings  (e.g.,  ayay  type 
[1,3]  as  opposed  to  axax  in  our  scheme).  To  have  a 
controllable  interbit  coupling,  we  employ  two  dc 
SQUIDs  to  connect  each  Cooper-pair  box.  Our  proposed 
QC  architecture  is  scalable  in  the  sense  that  any  two 
charge  qubits  ( not  necessarily  neighbors)  can  be  effec¬ 
tively  coupled  by  an  experimentally  accessible  induc¬ 
tance.  More  importantly,  we  formulate  an  efficient  QC 
scheme  that  requires  only  one  (instead  of  two  or  more) 
two-bit  operation  to  implement  conditional  gates.  To  our 
knowledge,  this  is  the  first  efficient  scalable  QC  scheme 
for  this  type  of  architecture. 

The  proposed  quantum  computer  consists  of  N  Cooper- 
pair  boxes  coupled  by  a  common  superconducting  in¬ 
ductance  L  (see  Fig.  1).  For  the  ki h  Cooper-pair  box,  a 
superconducting  island  with  charge  Qk  =  2enk  is  weakly 
coupled  by  two  symmetric  dc  SQUIDs  and  biased  by  an 
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FIG.  1.  Schematic  diagram  of  the  proposed  scalable  and 
switchable  quantum  computer.  All  Josephson  charge-qubit 
structures  are  coupled  by  a  common  superconducting  induc¬ 
tance.  Here,  each  Cooper-pair  box  is  operated  both  in  the 
charging  regime  Eck  »  E°Jk  and  at  low  temperatures  kBT  « 
Eck.  Moreover,  the  superconducting  gap  is  larger  than  Eck,  so 
that  quasiparticle  tunneling  is  prohibited  in  the  system. 

applied  voltage  Vxk  through  a  gate  capacitance  Ck.  The 
two  symmetric  dc  SQUIDs  are  assumed  to  be  identical 
and  all  Josephson  junctions  in  them  have  Josephson  cou¬ 
pling  energy  E?Jk  and  capacitance  CJk.  Each  SQUID 
pierced  by  a  magnetic  flux  <t>xk  provides  an  effective 
coupling  energy  given  by  -EJk(Qxk)  cos<f>kA(B)>  with 
Ejkl&xk)  =  2£y*cos(7r4>x*/<I>0),  and  0O  =  h/2e  is  the 
flux  quantum.  The  effective  phase  drop  < pk^B )»  with  sub¬ 
script  A(B)  labeling  the  SQUID  above  (below)  the  island, 
equals  the  average  value,  [<f>kA(B\  4-  <t>kA^]/2y  of  the 
phase  drops  across  the  two  Josepnson  junctions  in  the 
dc  SQUID,  where  the  superscript  L  ( R )  denotes  the  left 
(right)  Josephson  junction.  Since  the  size  of  the  loop  is 
usually  very  small  (~  1  jjl m),  above  we  have  ignored  the 
self-inductance  effects  of  each  SQUID  loop.  The 
Hamiltonian  of  the  system  is  H  =  Y/k-\  +  \Ll2 , 

with  Hk  given  by  Hk  =  Eck(nk  -  nxk)2  -  Ejk($>xk)  X 
(cos <f>kA  4-  cos <pkB).  Here,  Eck  =  2e2/(Ck  4-  4 CJk)  is  the 
charging  energy  of  the  superconducting  island  and  1  = 
Xf-i  h  is  the  total  persistent  current  through  the  super¬ 
conducting  inductance,  as  contributed  by  all  coupled 
Cooper-pair  boxes.  The  offset  charge  2 enxk  =  CkVxk  is 
induced  by  the  gate  voltage  Vxk.  The  phase  drops  <p ^ 
and  (f>kB  are  related  to  the  total  flux  0  =  <t>e  4-  LI 
through  the  inductance  L  by  the  constraint  (pkB  -  (f>kA  = 
27r0/0o,  where  0e  is  the  externally  applied  magnetic 
flux  threading  the  inductance  L.  Without  loss  of  general¬ 
ity  and  in  order  to  implement  QC  more  conveniently,  the 
magnetic  fluxes  through  the  two  SQUID  loops  of  each 
Cooper-pair  box  are  designed  to  have  the  same  values  but 
opposite  directions;  this  simplifies  the  form  of  the 
Hamiltonian.  (If  this  were  not  to  be  the  case,  the  interbit 
coupling  can  still  be  realized,  but  the  Hamiltonian  of  the 
qubit  circuits  takes  a  more  complicated  form.)  Because 
this  pair  of  fluxes  cancels  each  other  in  any  loop  enclosing 
them,  then  (f>kB  —  (f>j^  =  (f>kB  —  cf>£A.  This  gives  rise  to 
the  constraint  (f)kB  —  <pkA  =  2i r0/0o  for  the  average 
phase  drops  across  the  Josephson  junctions  in  the 
SQUIDs.  The  common  superconducting  inductance  L 
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plays  the  role  of  coupling  Cooper-pair  boxes.  The  cou¬ 
pling  of  selected  Cooper-pair  boxes  can  be  implemented 
by  switching  on  the  SQUIDs  connected  to  the  chosen 
Cooper-pair  boxes,  and  the  persistent  currents  through 
the  inductance  L  are  composed  of  contributions  from  all 
the  coupled  Cooper-pair  boxes. 

One-  and  two-bit  circuits. — For  any  given  Cooper-pair 
box,  say  i,  when  <t>xk  =  F0O  and  Vxk  =  (2 nk  4-  1) e/Ck 
for  all  boxes  except  k  =  7,  the  inductance  L  connects  only 
the  zth  Cooper-pair  box  to  form  a  superconducting  loop 
[see  Fig.  2(a)].  The  Hamiltonian  of  the  system  can  be 
reduced  to  [11] 

H  =  s,(Vxl)  of  -  EjM Pxi.  4>„  E)c/i\  (1) 

where  ek(Vxk)  is  controllable  via  the  gate  voltage  VXi, 
while  the  intrabit  coupling  EJk(<&Xi,  <Pe,  L)  can  be  con¬ 
trolled  by  both  the  applied  external  flux  <t>e  through  the 
common  inductance,  and  the  local  flux  0*,  through  the 
two  SQUID  loops  of  the  ith  Cooper-pair  box.  The  intrabit 
coupling  EJt  in  (1)  is  different  from  that  in  [1,3]  because 
a  very  different  contribution  by  L  is  considered.  To  couple 
any  two  Cooper-pair  boxes,  say  i  and  j,  we  choose  0 xk  = 
+  0O  and  VXk  =  (2 nk  4-  1  )e/Ck  for  all  boxes  except  k  =  i 
and  j.  As  shown  in  Fig.  2(b),  the  inductance  L  is  shared 
by  the  Cooper-pair  boxes  i  and  j  to  form  superconduct¬ 
ing  loops.  The  reduced  Hamiltonian  of  the  system  is 
given  by  [13] 

H  =  X  ~  EJkaf]  +  II  (2) 

k-i,j 

Here  the  interbit  coupling  IT1;  is  controlled  by  both  the 
external  flux  <t>e  through  the  inductance  L,  and  the  local 
fluxes,  O*,  and  through  the  SQUID  loops. 

Quantum  computing. — The  quantum  system  evolves 
according  to  U(t)  =  exp(  —  iHt/h).  Initially,  we  choose 
=  ^0o  a°d  Vxk  =  (2nk  4-  \)e/Ck  for  all  boxes  in 
Fig.  1,  so  that  the  Hamiltonian  of  the  system  is  H  =  0 
and  no  time  evolution  occurs.  Afterwards,  we  switch 
certain  fluxes  0**  and/or  gate  voltages  Vxk  away  from 
the  above  initial  values  for  certain  periods  of  times,  to 
implement  logic  gates  required  for  QC.  For  any  two 
Cooper-pair  boxes,  say  i  and  j,  when  fluxes  0X/  and 
0*;  are  switched  away  from  the  initial  value  0o/2  for  a 
given  period  of  time  r,  the  Hamiltonian  of  the  system 
becomes  H  =  — Ejtcr —  Ejjcr ^  4-  FI cr\l\  This  an¬ 
isotropic  Hamiltonian  is  Ising-like  [14],  with  its  aniso¬ 
tropic  direction  and  the  “magnetic”  field  along  the  x  axis. 
When  the  parameters  are  suitably  chosen  so  that  EJx  = 
Ejj  =  Uij  =  —irh/Ar  for  the  switching  time  r,  we  ob¬ 
tain  a  controlled-phase-shift  gate,  U'c PS  =  ein^U2b  = 

exp{i  j  [1  —  a^x  ~  4-  cr^cr^]},  which  does  not  alter 

the  two-bit  states  |4-)J+)y,  |+),-|-)7-,  and  |->,|  +  )y  but 
transforms  | — )/| — )y  to  -|-),|-)y.  Here,  the  phase  factor 
ein/4  corresponds  to  an  overall  energy  shift  of  the  Hamil¬ 
tonian,  and  |±)  are  defined  by  | ±>  =  (|  |)  —  I  i))/V2. 

To  obtain  the  controlled-phase-shift  gate  Uc?s  for  the 
basis  states  |  T)/|  T>y,  I  T>/l  l)y,  I  l)/l  T)y,  and  |  1),|  i)y,  one 
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FIG.  2.  (a)  One-bit  circuit  with  a  Cooper-pair  box  connected  to  the  inductance,  (b)  Two-bit  structure  where  two  Cooper-pair  boxes 

are  commonly  connected  to  the  inductance.  Here,  each  SQUID  connecting  the  superconducting  island  is  represented  by  an  effective 
Josephson  junction. 


needs  to  combine  U'c PS  with  suitable  one-bit  rotations. 
For  any  Cooper-pair  box,  say  i,  one  can  shift  flux 
and/or  gate  voltage  Vxi  for  a  given  switching  time  r 
to  derive  one-bit  rotations.  A  universal  set  of  one- 

bit  gates  =  eiaa^\  and  Ux\fi)  =  e1^*  ,  where 

a  =  -Bi(VXi)rlh  and  /3  =  Ejjlh,  can  be  defined  by 
choosing  EJx  =  0  and  e,(Vx/)  =  0  (which  can  be  done 
with  suitable  choices  of  and  VXi)  in  the  one-bit 
Hamiltonian  (1),  respectively.  Any  one-bit  rotation  can  be 
derived  in  terms  of  these  two  types  of  one-bit  gates. 
For  instance,  the  Hadamard  gate  is  given  by 
tft-e-WuPtyujPtyuPCl).  Using  we  de- 

rive  the  controlled-phase-shift  gate  UCPS:  Uc PS  = 
J-C^j  3~[]  Uq>s 3~C i  j .  The  one-bit  rotation  Vj  = 
is  given  by  Vj- Combining 
Vj  with  UCPS,  we  obtain  the  control led-NOT  gate, 
^cnot  =  V;Uc?sVj,  which  transforms  the  basis  states 

as  I  t>il  t)y  —  I  T>,l  t)y,  I  Oil  i)y  — •  I  t),l  l)y,  I  i)/l  T)y  — 
1 1),|  |)7,  and  |  i)(  |  i);  —  |  i),  |  t)y.  A  sequence  of  such  con- 
ditional  two-bit  gates  supplemented  with  one-bit  rotations 
constitute  a  universal  element  for  QC  [15].  Usually,  a  two- 
bit  operation  is  much  slower  than  a  one-bit  operation.  Our 
designs  for  conditional  gates  Uc?s  and  UCNOt  are  efficient 
since  only  one  (instead  of  two  or  more)  two-bit  operation 
U'c PS  is  used. 

Persistent  currents  and  entanglement. — The  one-bit 
circuit  modeled  by  Hamiltonian  (1)  has  two  eigenvalues 
E y  =  ±Eh  with  Ex  =  [ e}(VXi )  +  The  corre¬ 

sponding  eigenstates  are  \if/{+  )  =  cosf,|  T)*  —  sinfj  l)h 
and  |</r(i})  =  sin£|  T),  +  cosf,|  [)h  where  = 
^tan ~x(EJi/ei).  At  these  two  eigenstates,  the  per¬ 
sistent  currents  through  the  inductance  L  are 
given  by  (i/r±\I\ip±)  **  ±(EJiICi/Ei)  sin(7r<i>e/<&0)+ 
(7rL/^/2<I>o)  sin(27r4>,/<I>o),  where  the  expansion  in  /  is 
retained  up  to  the  linear  term  in  77,.  When  a  dc  SQUID 
magnetometer  is  inductively  coupled  to  the  inductance  L, 
these  two  supercurrents  generate  different  fluxes  through 
the  SQUID  loop  of  the  magnetometer  and  the  quantum- 
state  information  of  the  one-bit  structure  can  be  obtained 
from  the  measurements.  To  perform  sensitive  measure¬ 
ments  with  weak  dephasing,  one  could  use  the  under¬ 
damped  dc  SQUID  magnetometer  designed  previously 
for  the  Josephson  phase  qubit  [4,8]. 
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For  the  two-bit  structure  described  by  Eq.  (2),  the 
Hamiltonian  has  four  eigenstates  and  the  supercurrents 
through  inductance  L  take  different  values  at  these  states. 
The  fluxes  produced  by  the  supercurrents  through  L  can 
also  be  detected  by  the  dc  SQUID  magnetometer.  For 
instance,  when  e*(V**)  =  0  and  EJk  >  0  for  k  =  i  and  y, 
the  four  eigenstates  of  the  two-bit  structure  are 

U)  =  5(l  Oil  t>;  -  I  Oil  0;  -  I  Oil  0;  +  I  Oil  0 j). 

12)  =  #1  Oil  0 j  +  I  Oil  0,  -  I  Oil  0y  -  I  Oil  Oy). 

|3>  =  i(l  Oil  Oy  -  I  Oil  Oy  +  I  Oil  Oy  -  I  Oil  Oy), 

|4>  =  |(l  Oil  Oy  +  I  0,1  Oy  +  I  0,1  Oy  +  I  Oil  0y). 

When  expansions  in  /,  and  /;  are  retained  up  to  the  linear 
terms  in  77,  and  rjj,  the  corresponding  supercurrents 
through  inductance  L  are  (k\I\k)  =  Ik  sin(7r4>e/4>0)  + 
(7tL i*/2<I>o)  sin(27r<I> <,/<£())  for  k  =  1  to  4,  where  Ix  = 

(^ci  ^c/)»  1 2  ^ cj  ~~  1 ci »  1 3  ^ ci  ^cj*  a^ld 

Ici  +  Icj.  These  supercurrents  produce  different  fluxes 
threading  the  SQUID  loop  of  the  magnetometer  and 
can  be  distinguished  by  dc  SQUID  measurements.  If  the 
two-bit  system  is  prepared  at  the  maximally  entangled 
Bell  states  |'R(±)>  =  (|  T>,l  i>,  ±  I  i)/l  t);)/V5,  the  super¬ 
currents  through  L  are  given  by  (^(±)|/|^(±))  = 
(7rL/2<&0)(Ici  ±  Icj)2  sin(27r<t>e/<t>0).  These  two  states 
should  be  distinguishable  by  detecting  the  fluxes  (gener¬ 
ated  by  the  supercurrents)  through  the  SQUID  loop  of  the 
magnetometer. 

Discussion. — The  typical  switching  time  r(1)  during  a 
one-bit  operation  is  of  the  order  h/Ef).  For  the  experi¬ 
mental  value  of  ~  100  mK,  there  is  r(1)  ~  0. 1  ns.  The 
switching  time  r(2)  for  the  two-bit  operation  is  typically 
of  the  order  {h/ L)(<&0/ irEf))2.  Choosing  Ef)  —  100  mK 
and  r(2)  ~  10r(,)  (i.e.,  10  times  slower  than  the  one-bit 
rotation),  we  have  L  ~  30  nH  in  our  proposal,  which  is 
experimentally  accessible.  A  small-size  inductance  with 
this  value  can  be  made  with  Josephson  junctions.  Our 
expansion  parameter  rj  is  of  the  order  7 ^LE^/^l  —  0. 1. 
Our  inductance  L  is  related  with  the  inductance  L'  in  [1,3] 
by  L'  =  ( Cj/Cqb)2L .  Let  us  now  consider  the  case  when 
r(2)  —  I0r(1).  For  the  earlier  design  [3],  Cj  ~  1 1C^  since 
Cg/Cj  —  0. 1 ,  which  requires  the  inductance  ~3.6  //,H. 
Such  a  large  inductance  is  difficult  to  fabricate  at  nano¬ 
meter  scales.  In  the  improved  design  [1],  Cj~2Cqb, 
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greatly  reducing  the  inductance  to  —120  nH.  This  induc¬ 
tance  is  about  4  times  larger  than  the  one  used  in  our 
scheme. 

All  charge  qubits  suffer  decoherence  due  to  the  fluctu¬ 
ations  of  voltage  sources  and  fluxes.  Reference  [1]  shows 
that  the  gate  voltage  fluctuations  play  the  dominant  role 
in  producing  decoherence.  The  estimated  dephasing  time 
is  Ty  —  10-4  s,  allowing  in  principle  106  coherent  single¬ 
bit  manipulations.  When  a  probe  junction  is  used  for 
measurements,  the  experimental  observations  of  coherent 
oscillations  in  the  Josephson  charge  qubits  show  that  the 
phase  coherence  time  is  only  about  2  ns  [2,16].  In  this 
experimental  setup,  background  charge  fluctuations  and 
the  probe-junction  measurement  may  be  two  of  the  major 
factors  in  producing  decoherences.  Though  the  charge 
fluctuations  are  important  only  in  the  low-frequency  re¬ 
gion  and  can  be  reduced  by  the  echo  technique  [16]  and 
by  shifting  the  gate  voltage  to  the  degeneracy  point,  an 
effective  technique  for  suppressing  charge  fluctuations 
still  needs  to  be  explored.  As  for  the  measurement,  it 
has  also  been  a  challenge  to  design  effective  detecting 
devices. 

In  conclusion,  we  propose  a  scalable  quantum  com¬ 
puter  with  Josephson  charge  qubits.  We  employ  a  common 
inductance  to  couple  all  charge  qubits  and  design  switch- 
able  interbit  couplings  using  two  dc  SQUIDs  to  connect 
the  island  in  each  Cooper-pair  box.  The  proposed  QC 
architectures  are  scalable  since  any  two  charge  qubits 
can  be  effectively  coupled  by  an  experimentally  acces¬ 
sible  inductance.  Furthermore,  we  formulate  an  efficient 
QC  scheme  in  which  only  one  two-bit  operation  is  used  in 
the  conditional  transformations  such  as  controlled-phase- 
shift  and  controlled-NOT  gates. 
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Figure  1.  This  is  a  schematic  diagram  of  two  micro-circuits,  one  with  one  qubit  (left)  and 
the  other  with  two  coupled  qubits  (right).  Using  a  plumbing  analogy,  with  an  electrical 
charge  taking  the  place  of  water,  the  yellow  box  is  like  a  reservoir,  storing  charge 
(actually,  storing  pairs  of  superconducting  electrons).  This  charge  can  be  pushed  in  and 
out  of  the  box  using  a  pump  (the  voltage,  VI)  that  moves  the  charge  through  the  “valves” 
or  “faucets”  (the  red  boxes,  known  as  Josephson  junctions)  and  into  the  superconducting 
wires  acting  as  “pipes.”  The  blue  magnetic  field  controls  the  strength  of  the  red  barriers, 
and  thus  can  control  the  flow  of  electrons  in  and  out  of  the  yellow  charge  box. 


Figure  2.  This  is  a  schematic  diagram  of  a  micro-circuit  with  seven  qubits.  The  applied 
magnetic  field  (shown  in  blue)  can  be  chosen  to  have  two  specific  values.  One  value 
closes  the  red  “faucets”  of  each  yellow  charge  storage  box.  The  other  value  selects  two 
qubits  by  opening  the  corresponding  red  valves,  so  electronic  charge  can  come  in  and  out 
(controlled  by  the  voltages  that  act  as  “charge  pumps”).  Thus,  two  qubits,  from  the  total 
of  seven,  are  coupled  with  each  other.  This  idea  can  be  extended  to  an  arbitrary  number 
of  qubits. 
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Abstract.  Two  of  the  major  obstacles  to  achieve  quantum  computing  (QC)  are  (i)  scalability 
to  many  qubits  and  (ii)  controlled  connectivity  between  any  selected  qubits.  Using  Joseph- 
son  charge  qubits,  here  we  propose  an  experimentally  realizable  method  to  efficiently  solve 
these  two  central  problems.  Since  any  two  charge  qubits  can  be  effectively  coupled  by  an 
experimentally  accessible  inductance,  the  proposed  QC  architecture  is  scalable.  In  addition, 
we  formulate  an  efficient  and  realizable  QC  scheme  that  requires  only  one  (instead  of  two  or 
more)  two-bit  operation  to  implement  conditional  gates. 


Introduction 

Josephson-qubit  devices  [1]  are  based  on  the  charge  and  phase  degrees  of 
freedom.  The  charge  qubit  is  achieved  in  a  Cooper-pair  box  [2],  where  two 
dominant  charge  states  are  coupled  through  coherent  Cooper-pair  tunnel¬ 
ing  [3].  Using  Cooper-pair  tunneling  in  Josephson  charge  devices  [4,  5]  and 
via  spectroscopic  measurements  for  the  Josephson  phase  device  [6,  7],  it 
has  been  possible  to  experimentally  observe  energy-level  splitting  and  re¬ 
lated  properties  for  state  superpositions.  In  addition,  using  Josephson  charge 
devices  prepared  in  a  superposition  of  two  charge  states  [2],  coherent  oscil¬ 
lations  were  observed.  While  operating  at  the  degeneracy  point,  the  charge- 
qubit  states  are  highly  coherent  [8]  ( Q  =  2.5  x  104),  with  a  decoherence  time 
of  t  ~  500  ns.  These  important  experimental  results  indicate  that  the  Joseph¬ 
son  charge  and  phase  devices  are  potentially  useful  for  solid-state  qubits  in 
quantum  information  processing.  Important  open  problems  would  now  in¬ 
clude  implementing  a  two-bit  coupling  and  then  scaling  up  the  architecture 
to  many  qubits.  Here,  we  propose  a  new  quantum-computing  (QC)  scheme 
based  on  scalable  charge-qubit  structures.  We  focus  on  the  Josephson  charge 
qubit  realized  in  a  Cooper-pair  box. 
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Coupling  qubits 

The  Coulomb  interaction  between  charges  on  different  islands  of  the  chaise 
qubits  would  seem  to  provide  a  natural  way  of  coupling  Josephson  charge 
qubits  (e.g.,  to  connect  two  Cooper-pair  boxes  via  a  capacitor).  Using  this 
type  of  capacitive  interbit  coupling,  a  two-bit  operation  [9]  similar  to  the 
controlled-NOT  gate  was  derived.  However,  as  pointed  out  in  [1  ],  it  is  difficult 
in  this  scheme  to  switch  on  and  off  the  coupling.  Also,  it  is  hard  to  make 
the  system  scalable  because  only  neighboring  qubits  can  interact.  Moreover, 
implementations  of  quantum  algorithms  such  as  the  Deutsch  and  Bemstein- 
Vazirani  algorithms  were  studied  using  a  system  of  Josephson  charge  qubits 

[10] ,  where  it  was  proposed  that  the  nearest-neighbor  charge  qubits  would  be 
coupled  by  tunable  dc  SQUIDs.  In  the  semiconductor  literature,  scalability 
often  refers  to  reducing  the  size  of  the  device  (packing  more  components).  In 
QC,  scalability  refers  to  increasing  the  number  of  qubits  coupled  with  each 
other. 

A  suggestion  for  a  scalable  coupling  of  Josephson  charge  qubits  was  pro¬ 
posed  [1,3]  using  oscillator  modes  in  a  LC  circuit  formed  by  an  induc¬ 
tance  and  the  qubit  capacitors.  In  this  proposal,  the  interbit  coupling  can  be 
switched  and  any  two  charge  qubits  could  be  coupled.  Nevertheless,  there  is 
no  efficient  (that  is,  using  one  two-bit  operation)  QC  scheme  for  this  pro¬ 
posal  [1,  3]  in  order  to  achieve  conditional  gates — e.g.,  the  control led-phase- 
shift  and  controlled-NOT  gates.  In  addition,  the  calculated  interbit  coupling 
terms  [1,3]  only  apply  to  the  case  when  the  following  two  conditions  are  met: 
(i)  The  quantum  manipulation  frequencies,  which  are  fixed  experimentally, 
are  required  to  be  much  smaller  than  the  eigenfrequency  ujic  of  the  LC 
circuit.  This  condition  limits  the  allowed  number  N  of  the  qubits  in  the  circuit 
because  u scales  with  l/y/N.  In  other  words,  the  circuits  in  [1,  3]  are  not 
really  scalable. 

(11)  The  phase  conjugate  to  the  total  charge  on  the  qubit  capacitors  fluctuates 
weakly. 

Improved  and  scalable  coupling  between  any  selected  qubits 

The  limitations  listed  above  do  not  apply  to  our  approach.  In  our  scheme, 
a  common  inductance,  but  no  LC  circuit,  is  used  to  couple  all  Josephson 
charge  qubits.  In  our  proposal,  both  dc  and  ac  supercurrents  can  flow  through 
the  inductance,  while  in  [1,  3]  only  ac  supercurrents  can  flow  through  the 
inductance  and  it  is  the  LC-oscillator  mode  that  couples  the  charge  qubits. 
These  yield  different  interbit  couplings  (e.g.,  oyoy  type  [1,  3]  as  opposed  to 
oxox  in  our  proposal). 

We  employ  two  dc  SQUIDs  to  connect  each  Cooper-pair  box  in  order  to 
achieve  a  controllable  interbit  coupling.  Our  proposed  QC  architecture  is 
scalable  in  the  sense  that  any  two  charge  qubits  (not  necessarily  neighbors) 
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Figure  1.  Schematic  diagram  of  the  proposed  scalable  and  switchable  quantum  computer. 
Here,  each  Cooper-pair  box  is  operated  in  the  charging  regime,  ECk  E°Jky  and  at  low 
temperatures  kaT  ECk .  Also,  the  superconducting  gap  is  larger  than  ECk ,  so  that  quasi¬ 
particle  tunneling  is  strongly  suppressed.  All  Josephson  charge-qubit  structures  are  coupled 
by  a  common  superconducting  inductance. 


can  be  effectively  coupled  by  an  experimentally  accessible  inductance.  We 
also  formulate  [1 1]  an  efficient  QC  scheme  that  requires  only  one  (instead  of 
two  or  more)  two-bit  operation  to  implement  conditional  gates. 

This  Erice  summer-school  presentation  is  based  on  our  work  in  [11].  Addi¬ 
tional  work  on  decoherence  and  noise-related  issues  appears  in,  e.g.,  [12,  13]. 
Also,  work  more  focused  on  entanglement  and  readout  issues  appears  in 
[14].  Other  interesting  studies  on  chaise  qubits  can  be  found  in  [15]  for  the 
adiabatic  controlled-NOT  gate,  in  [16]  for  geometric  phases,  and  in  [17,  18, 
19,  20]  for  the  dynamics  of  a  Josephson  charge  qubit  coupled  to  a  quantum 
resonator. 


Proposed  scalable  and  switchable  quantum  computer 


Figure  1  shows  a  proposed  QC  circuit  consisting  of  N  Cooper-pair  boxes 
coupled  by  a  common  superconducting  inductance  L.  For  the  kth  Cooper-pair 
box,  a  superconducting  island  with  charge  Qk  =  2 en*  is  weakly  coupled  by 
two  symmetric  dc  SQUIDs  and  biased,  through  a  gate  capacitance  C*,  by  an 
applied  voltage  Vxk •  The  two  symmetric  dc  SQUIDs  are  assumed  to  be  equal 
and  all  Josephson  junctions  in  them  have  Josephson  coupling  energy  Ejk  and 
capacitance  C jk-  The  effective  coupling  energy  is  given  by  the  SQUIDs,  each 
one  enclosing  a  magnetic  flux  Each  SQUID  provides  a  tunable  coupling 
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-Ejk{$Xk)cOS<t>kA(B)>  with 


Ejk(*Xk)  =  2EPJkcoS(n*xk/*o),  (!) 

and  $o  =  h/2e  is  the  flux  quantum.  The  effective  phase  drop  <pkA(B)>  w'th 
subscript  A(B)  labelling  the  SQUID  above  (below)  the  island,  equals  the 
average  value,  [<l>kA(B) +0jb4(B)]/2>  °f  l^e  phase  drops  across  the  two  Joseph- 
son  junctions  in  the  dc  SQUID,  where  the  superscript  L  (R)  denotes  the 
left  (right)  Josephson  junction.  Above  we  have  neglected  the  self-inductance 
effects  of  each  SQUID  loop  because  the  size  of  the  loop  is  usually  very  small 
(~  1  /an).  The  Hamiltonian  of  the  system  then  becomes 

N  1 

H  =  '£Hk  +  -LI2,  (2) 

k=  1  ^ 

with  Hk  given  by 

Hk  =  Eck{rik  -  nXk)2  ~  Ejk($xk){co&(l>kA  +  cos <pkB)-  (3) 

Here 

Eck  =  2e2/(Ck  +  4CJk)  (4) 

is  the  charging  energy  of  the  superconducting  island  and  I  —  £k=1  Ik  is 
the  total  persistent  current  through  the  superconducting  inductance,  as  con¬ 
tributed  by  all  coupled  Cooper-pair  boxes.  The  offset  charge  2 en\k  =  CkVxk 
is  induced  by  the  gate  voltage  Vxk  •  The  phase  drops  (pfcA  and  <pfcB  are  related 
to  the  total  flux 

$  =  $c  +  LI  (5) 

through  the  inductance  L  by  the  constraint 

<t>kB  -  <PkA  =  2tt$/<I>0,  (6) 

where  $e  is  the  externally  applied  magnetic  flux  threading  the  inductance  L. 
In  order  to  obtain  a  simpler  expression  for  the  interbit  coupling,  and  without 
loss  of  generality,  the  magnetic  fluxes  through  the  two  SQUID  loops  of  each 
Cooper-pair  box  are  designed  to  have  the  same  values  but  opposite  directions. 
If  this  were  not  to  be  the  case,  the  interbit  coupling  can  still  be  realized,  but  the 
Hamiltonian  of  the  qubit  circuits  would  just  take  a  more  complicated  form. 
Because  this  pair  of  fluxes  cancel  each  other  in  any  loop  enclosing  them,  then 

4>kB  -  4 kA  =  0 kB  -  <t>kA *  (7) 

This  imposes  the  constraint 

<t>kB  ~  <t>kA  =  2tt^/^0  (8) 
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Figure  2.  Simplified  diagram  of  the  circuit  shown  in  Fig.  1.  Here  we  explicitly  show  how 
two  charge  qubits  (not  necessarily  neighbors)  can  be  coupled  by  the  inductance  L,  where  the 
cyan  SQUIDs  are  switched  on  by  setting  the  fluxes  through  the  cyan  SQUID  loops  zero,  and 
the  green  SQUIDs  are  turned  off  by  choosing  the  fluxes  through  the  green  SQUID  loops  as 
/ 2.  This  applies  to  the  case  when  any  selected  charge  qubits  are  coupled  by  the  common 
inductance  [21]. 

for  the  average  phase  drops  across  the  Josephson  junctions  in  the  SQUIDs. 
The  common  superconducting  inductance  L  provides  the  coupling  among 
Cooper-pair  boxes.  The  coupling  of  selected  Cooper-pair  boxes  can  be  imple¬ 
mented  by  switching  “on”  the  SQUIDs  connected  to  the  chosen  Cooper-pair 
boxes.  In  this  case,  the  persistent  currents  through  the  inductance  L  have 
contributions  from  all  the  coupled  Cooper-pair  boxes.  The  essential  features 
of  our  proposal  can  be  best  understood  via  the  very  simplified  diagram  shown 
in  Fig.  2. 

One-bit  circuit 

As  seen  in  Fig.  3(a),  for  any  given  Cooper-pair  box,  say  i,  when 
$Xk  =  Vxk  =  (2 rik  4-  l)e/Ck 

for  all  boxes  except  k  =  i,  the  inductance  L  only  connects  the  ith  Cooper- 
pair  box  to  form  a  superconducting  loop.  The  Hamiltonian  of  the  system  can 
be  reduced  to  [11] 

H  =  £i(VXl)  <lf  -  <*>e,  L)  (9) 

where 

£i(VXi)  =  \Ea\CiVxile  -  (2m  +  1)]  (10) 

is  controllable  via  the  gate  voltage  Vxi,  while  the  intrabit  coupling  Eji  can 
be  controlled  by  both  the  applied  external  flux  $e  through  the  common  in¬ 
ductance,  and  the  local  flux  through  the  two  SQUID  loops  of  the  ith 
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Figure  3.  (a)  One-bit  circuit  with  a  Cooper-pair  box  connected  to  the  inductance,  (b)  Two-bit 
structure  where  two  Cooper-pair  boxes  are  commonly  connected  to  the  inductance.  Here, 
each  SQUID  connecting  the  superconducting  island  is  represented  by  an  effective  Josephson 
junction. 


Cooper-pair  box.  Retained  up  to  second-order  terms  in  the  expansion  param¬ 
eter 

Vi  =  nLId/ $>0i  (11) 

where 

Ia  =  -*EJi(*Xi)/<f>  o,  (12) 

we  obtain 

Eji($x„$e,L)  =  Eji($xi)cos{ir$e/$0)Z,  (13) 

with 

£  =  1  -  ^,2sin2(7r$e/$0).  (14) 

The  intrabit  coupling  Eji  in  (9)  is  different  from  that  in  [1,  3]  because  a  very 
different  contribution  by  L  is  considered. 

Two-bit  circuit 

To  couple  any  two  Cooper-pair  boxes,  say  i  and  j,  we  choose 
$Xk  =  ^o,  Vxk  =  (2  nk  +  1  )e/Ck 

for  all  boxes  except  k  =  i  and  j.  As  shown  in  Fig.  3(b),  the  inductance  L  is 
shared  by  the  Cooper-pair  boxes  i  and  j  to  form  superconducting  loops.  The 
reduced  Hamiltonian  of  the  system  is  given  by  [1 1] 

H  =  £  [ek(VXk)  a[k)  -  EJk  a^\  +  UtJ  (15) 

fc= l,J 

Up  to  second-order  terms, 

Eji($Xi,$e,L)  =  Eji{$Xi)  cos(7r$e/$o)  (16) 
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with 

£  =  1  ~  \(Vi  +  Wj) sin2(7T$e/$0),  (17) 

and 

ni:/  =  -Lldlcj  sin2(7T$e/$o)-  (18) 

Here  the  interbit  coupling  11^  is  controlled  by  both  the  external  flux  $e 
through  the  inductance  L,  and  the  local  fluxes,  $xi  and  $xj>  through  the 
SQUID  loops. 

Using  these  two  types  of  circuits,  we  can  derive  the  required  one-  and  two-bit 
operations  for  QC.  Specifically,  the  conditional  gates  such  as  the  controlled- 
phase-shift  and  control led-NOT  gates  can  be  obtained  using  one-bit  rotations 
and  only  one  basic  two-bit  operation.  For  details,  see  Ref.  [1 1  ].  A  sequence  of 
such  conditional  gates  supplemented  with  one-bit  rotations  constitute  a  uni¬ 
versal  element  for  QC  [22,  23].  Usually,  a  two-bit  operation  is  much  slower 
than  a  one-bit  operation.  Our  designs  for  conditional  gates  Uqps  and  Uqnot 
are  efficient  since  only  one  (instead  of  two  or  more)  basic  two-bit  operation  is 
used. 


Persistent  currents  and  entanglement 


The  one-bit  circuit  modeled  by  Hamiltonian  (9)  has  two  eigenvalues  E±}  = 
±Ei>  with 

Ei  =  [e2i(Vxi)  +  E2Ji)ll2.  (19) 

The  corresponding  eigenstates  are 


l^)  =  COS^IT). -sin^lDi, 


IV*-*)  =  sinfi|  t)»  +  cosfj|  |)j,  (20) 


where 


&  ^tan'1  (£*/£<).  (21) 

At  these  two  eigenstates,  the  persistent  currents  through  the  inductance  L  are 
given  by 


=  ± 


up  to  the  linear  term  in  In  the  case  when  a  dc  SQUID  magnetometer 
is  inductively  coupled  to  the  inductance  L,  these  two  supercurrents  gener¬ 
ate  different  fluxes  through  the  SQUID  loop  of  the  magnetometer  and  the 
quantum-state  information  of  the  one-bit  structure  can  be  obtained  from  the 
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measurements.  In  order  to  perform  sensitive  measurements  with  weak  de¬ 
phasing,  one  could  use  the  underdamped  dc  SQUID  magnetometer  designed 
previously  for  the  Josephson  phase  qubit  [6]. 

For  the  two-bit  circuit  described  by  Eq.  (15),  the  Hamiltonian  has  four  eigen¬ 
states  and  the  supercurrents  through  inductance  L  take  different  values  for 
these  four  states.  The  fluxes  produced  by  the  supercurrents  through  L  can  also 
be  detected  by  the  dc  SQUID  magnetometer.  For  example,  when  £k(Yxk)  = 
0  and  Ejk  >  0  for  k  =  i  and  j,  the  four  eigenstates  of  the  two-bit  circuit  are 


through  the  inductance  L  are 


for  k  =  1  to  4,  where 


1  Oil 

0,- 

- 1  Oil 

10  i 

+ 1  Oil 

0,0 

1  T)<l 

1  >,- 

- 1  Oil 

lOi 

-lOil 

00. 

1  T)«l 

i  )j  +  1  1 )i 

10, 

- 1  Oil 

00. 

1  Oil 

Oj  +  1  Oil 

10, 

+  1  0*1 

00- 

(23) 

i  tj1  and  T]0 

,  the  corresponding  supercurrents 

f 

\  + 

nLll 

sin 

/27T<J*e 

\ 

V  $0 

r 

2$0 

V  $0  , 

) 

+  Icj) 

x2  = 

Icj 

-Id, 

^cji 

u 

=  Ia 

+  ICJ- 

(25) 

These  supercurrents  produce  different  fluxes  threading  the  SQUID  loop  of  the 
magnetometer  and  can  be  distinguished  by  dc  SQUID  measurements.  When 
the  two-bit  system  is  prepared  at  the  maximally  entangled  Bell  states 

l^(±))  =  ^(|T)iU)J±U)<|T>i),  (26) 

the  supercurrents  through  L  are  given  by 

<*<±li'i*<±i>  -  !£<'»  ±  ^ (^)  •  <27> 

These  two  states  should  be  distinguishable  by  measuring  the  fluxes,  generated 
by  the  supercurrents,  through  the  SQUID  loop  of  the  magnetometer. 
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Estimates  of  the  inductance  for  optimal  coupling 

The  typical  switching  time  during  a  one-bit  operation  is  of  the  order  of 
h/Ej.  Using  the  experimental  value  Ej  ~  100  mK,  then  r ^  ~  0.1  ns.  The 
switching  time  for  the  two-bit  operation  is  typically  of  the  order 

T W  ~  (ft/L)(^o/^j)2- 

Choosing  Ej  ~  100  mK  and  r ^  ~  IOt^1)  (i.e.,  ten  times  slower  than  the 
one-bit  rotation),  we  have 

L  ~  30  nH 

in  our  proposal.  This  number  for  L  is  experimentally  realizable.  A  small- 
size  inductance  with  this  value  can  be  made  with  Josephson  junctions.  Our 
expansion  parameter  r/  is  of  the  order 

7]  ~  tt2LEj/$q  ~  0.1. 

Our  inductance  L  is  related  with  the  inductance  V  in  [1,  3]  by 

L'  =  (Cj/Cqb)2L.  (28) 

Let  us  now  consider  the  case  when  r’2-1  ~  lOr'1® .  For  the  earlier  design  [3], 
Cj  ~  11  Cqb  since  Cg/Cj  ~  0.1,  which  requires  an  inductance  V  ~  3.6  /xH. 
Such  a  large  inductance  is  problematic  to  fabricate  at  nanometer  scales.  In  the 
improved  design  [1],  Cj  ~  2 Cq^  greatly  reducing  the  inductance  to  V  ~ 
120  nH.  This  inductance  is  about  four  times  larger  than  the  one  used  in  our 
scheme,  making  it  somewhat  more  difficult  to  realize  than  our  proposed  L. 


Conclusion 

We  propose  a  scalable  quantum  information  processor  with  Josephson  charge 
qubits.  We  use  a  common  inductance  to  couple  all  charge  qubits  and  design 
switchable  interbit  couplings  using  two  dc  SQUIDs  to  connect  the  island  in 
each  Cooper-pair  box.  The  proposed  circuits  are  scalable  in  the  sense  that 
any  two  charge  qubits  can  be  effectively  coupled  by  an  experimentally  acces¬ 
sible  inductance.  In  addition,  we  formulate  [11]  an  efficient  QC  scheme  in 
which  only  one  two-bit  operation  is  used  in  the  conditional  transformations, 
including  controlled-phase-shift  and  controlled-NOT  gates. 
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We  present  an  experimentally  implementable  method  to  couple  Josephson  charge  qubits  and  to  generate  and 
detect  macroscopic  entangled  states.  A  large-junction  superconducting  quantum  interference  device  is  used  in 
the  qubit  circuit  for  both  coupling  qubits  and  implementing  the  readout.  Also,  we  explicitly  show  how  to 
achieve  a  microwave-assisted  macroscopic  entanglement  in  the  coupled-qubit  system. 
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I.  INTRODUCTION 

Quantum-mechanical  systems  can  exploit  the  fundamen¬ 
tal  properties  of  superposition  and  entanglement  to  process 
information  in  an  efficient  and  powerful  way  that  no  classical 
device  can  do.  Recently,  Josephson-junction  circuits  have  re¬ 
ceived  renewed  attention  because  these  may  be  used  as  qu¬ 
bits  in  a  quantum  computer.1  Based  on  the  charge  and  phase 
degrees  of  freedom  in  Josephson-junction  devices,  charge2,3 
and  phase  qubits4  6  have  been  developed.  Also,  a  type  of 
solid-state  qubit  can  be  realized  in  a  large-area  current-biased 
Josephson  junction.7,8 

Experimentally,  coherent  oscillations  were  demonstrated 
in  a  Josephson  charge  qubit  prepared  in  a  superposition  of 
two  charge  states.2  More  recent  experimental  measurements9 
showed  that  the  charge  qubit  at  suitable  working  points  can 
have  a  sufficiently  high  quality  of  coherence  (0^2.5 
X  1 04),  corresponding  to  a  decoherence  time  7^^500  ns. 
Current-biased  Josephson  junctions  can  also  have  long  deco¬ 
herence  times7,8  and  Q v  can  reach  104.  These  exciting  ex¬ 
perimental  advancements  demonstrate  the  potential  of  Jo¬ 
sephson  qubits  for  manufacturing  macroscopic  quantum- 
mechanical  machines.  Towards  the  practical  implementation 
of  a  solid-state  quantum  computer,  the  next  important  step 
would  be  the  coupling  of  two  qubits  and  then  scaling  up  the 
architecture  to  many  qubits. 

In  this  work,  we  present  an  experimentally  implementable 
method  to  couple  two  Josephson  charge  qubits  and  to  gener¬ 
ate  and  detect  macroscopic  quantum  entangled  states  in  this 
charge-qubit  system.  Motivated  by  very  recent  experimental 
results,9  we  employ  a  superconducting  quantum  interference 
device  (SQUID)  with  two  large  Josephson  junctions  to 
implement  the  readout.  The  generation  of  the  macroscopic 
entanglement  is  assisted  by  applying  a  microwave  field  to 
each  charge  qubit.  The  key  advantage  of  our  design  is  that 
the  SQUID  can  also  produce  an  experimentally  feasible  and 
controllable  coupling  between  the  two  charge  qubits.  As 
verified  in  a  single  qubit,9  the  coupled  charge  qubits  may  be 
well  decoupled  from  the  readout  system  when  the  measure¬ 
ment  is  not  implemented.  Moreover,  our  design  can  be 


readily  extended  to  coupled  multiple10  qubits  as  well  as  any 
selected  pairs  (not  necessarily  neighbors). 

The  paper  is  organized  as  follows.  In  Sec.  II,  the  control¬ 
lable  coupling  between  two  charge  qubits  is  proposed  using  a 
large  Josephson  junction  or  a  large-junction  dc  SQUID.  Also, 
we  demonstrate  how  this  interbit  coupling  can  be  conve¬ 
niently  used  to  generate  the  controlled-phase-shift  gate.  In 
Sec.  Ill,  we  study  the  microwave-assisted  macroscopic  quan¬ 
tum  entanglement  in  the  coupled  charge  qubits,  where  the 
microwave  fields  are  coupled  to  the  qubits  via  gate  capaci¬ 
tances.  Section  IV  focuses  on  the  readout  of  the  quantum 
states  in  the  coupled-qubit  system.  Finally,  the  discussion 
and  conclusion  are  given  in  Sec.  V. 

A.  Other  qubit  coupling  schemes 

A  different  type  of  interbit  coupling  from  the  one  studied 
here  was  proposed  using  the  Coulomb  interaction  between 
charges  on  the  islands  of  the  charge  qubits.1 1  As  pointed  out 
in  Ref.  1,  the  interbit  coupling  in  this  scheme  is  not  switch- 
able  and  also  it  is  hard  to  make  the  system  scalable  because 
only  neighboring  qubits  can  be  coupled.  Implementations  of 
quantum  algorithms  such  as  the  Deutsch  and  Bemstein- 
Vazirani  algorithms  were  studied  using  a  system  of  Joseph¬ 
son  charge  qubits,12  where  it  was  proposed  that  the  nearest- 
neighbor  superconducting  islands  would  be  coupled  by 
tunable  dc  SQUIDs.  In  Ref.  13,  a  pair  of  charge  qubits  were 
proposed  to  be  capacitively  coupled  to  a  current-biased  Jo¬ 
sephson  junction  where,  by  varying  the  bias  current,  the 
junction  can  be  tuned  in  and  out  of  resonance  with  the  qubits 
coupled  to  it. 

Another  different  type  of  interbit  coupling  was 
proposed1,3  in  terms  of  the  oscillator  modes  in  an  LC  circuit. 
In  contrast,  we  use  a  large  junction  or  a  large-junction  dc 
SQUID  (but  no  LC  circuit)  to  couple  the  charge  qubits.  In 
our  scheme,  both  dc  and  ac  supercurrents  can  flow  through 
the  charge-qubit  circuit,  while  in  Refs.  1  and  3  only  ac  su¬ 
percurrents  can  flow  through  the  circuit.  These  yield  different 
interbit  couplings  (e.g.,  the  avay  type1,3  as  opposed  to  crxax 
in  our  proposal).  As  revealed  in  Ref.  10,  the  crxorx  type  in¬ 
terbit  coupling  can  be  conveniently  used  to  formulate  an  ef¬ 
ficient  quantum  computing  scheme. 
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FIG.  1.  Schematic  diagram  of  two  charge  qubits  coupled  by  a 
large  Josephson  junction  (denoted  by  a  square  with  an  X  inside)  of 
coupling  energy  Ejo  and  capacitance  Q/o-  To  make  the  effective 
charging  energy  of  the  large  Josephson  junction  as  small  as  re¬ 
quired,  a  large  capacitance  C0  is  placed  close  to  and  in  parallel  with 
it.  Each  filled  circle  denotes  a  superconducting  island,  the  Cooper- 
pair  box,  which  is  biased  by  a  voltage  V Xi  via  the  gate  capacitance 
C,  and  coupled  to  the  bulk  superconductors  by  two  identical  small 
Josephson  junctions  (each  with  a  coupling  energy  E y/  and  a  capaci¬ 
tance  Cjj).  Here  the  arrow  near  each  Josephson  junction  denotes 
the  chosen  direction  for  the  positive  phase  drop  across  the  corre¬ 
sponding  junction. 


son  junction)  is  much  smaller  than  the  Josephson  inductance 
of  the  large  junction.  The  Hamiltonian  of  the  system  can  be 
written  as 

2 

H=  X  [£„(«,-/»  *,)2-£/, (cos +  cos  </>,s)] 

i—  I 


where 


-  Ejq  cos  y. 


(1) 


2e2 

Ci+2Cji 


(2) 


is  the  charging  energy  of  the  superconducting  island  and 
n xt  =  C,  VXi/2e  is  the  reduced  offset  charge  (in  units  of  2e) 
induced  by  the  gate  voltage.  Flux  quantization  around  loops 
containing  the  phase  drops  of  the  involved  junctions  gives 
the  constraint 


.  „  2  7T<f> 

7+  =0,  *=  U2, 

which  gives 


(3) 


Moreover,  the  calculated  interbit-coupling  terms  in  Refs. 
1  and  3  only  apply  to  the  case  in  which  the  following  two 
conditions  are  met: 

(i)  The  eigenfrequency  a)LC  of  the  LC  circuit  is  much 
faster  than  the  quantum  manipulation  frequencies.  This  con¬ 
dition  limits  the  allowed  number  N  of  the  qubits  in  the  circuit 
because  u)LC  scales  with  1  /\[N.  In  other  words,  this  implies 
that  the  circuits  in  Refs.  1  and  3  are  not  really  scalable. 

(ii)  The  phase  conjugate  to  the  total  charge  on  the  qubit 
capacitors  fluctuates  weakly.  Our  interbit-coupling  approach 
discussed  below  is  free  from  these  two  limitations. 


II.  CONTROLLABLE  COUPLING  OF  CHARGE  QUBITS 
A.  Coupling  qubits  with  a  large  junction 

We  first  use  a  large  Josephson  junction  to  couple  two 
charge  qubits  (see  Fig.  I).  Each  qubit  is  realized  by  a 
Cooper-pair  box,  where  a  superconducting  island  with  excess 
charge  Qi  =  2eni  (/'=  1,2)  is  weakly  coupled  to  the  bulk  su¬ 
perconductors  via  two  identical  small  junctions  (with  Joseph¬ 
son  coupling  energy  E Jt  and  capacitance  C 'M)  and  biased  by 
an  applied  voltage  VXi  through  a  gate  capacitance  C, .  The 
large  Josephson  junction  on  the  left  has  a  coupling  energy 
E jq  (much  larger  than  E y/)  and  a  capacitance  C J0.  As  in  the 
single-qubit  case,9  close  to  the  large  Josephson  junction,  we 
also  place  a  large  capacitance  C0  in  parallel  with  it,  so  that 
the  effective  charging  energy  of  the  large  Josephson  junction 
can  be  ignored  (even  though  the  capacitance  of  the  large 
junction  might  not  be  large  enough).  Moreover,  we  assume 
that  the  inductance  of  the  qubit  circuit  (i.e.,  the  two  Cooper- 
pair  boxes  with  the  nearby  junctions,  and  the  superconduct¬ 
ing  lines  connecting  these  two  qubits  with  the  large  Joseph- 


/  7r<Pr  1  A 

H’  (4) 

where  the  average  phase  drop  <f>,  =  (  4>iA  -F  </>j5)/ 2  is  canoni¬ 
cally  conjugate  to  the  number,  n, ,  of  the  excess  Cooper  pairs 
on  the  / th  superconducting  island: 


[<£,>  «/]  =  «'.  j=  1.2. 

Here  4 and  4>iB  (/=  1,2)  are  the  phase  drops  across  the 
small  Josephson  junctions  above  (A)  and  below  ( B )  the  /th 
Cooper-pair  box. 

The  Hamiltonian  (1)  can  be  rewritten  as 


,  I  1  . 

Eci(n-»Xi)  ~  cos)  -  y  J  cos  4> 


-Ej0  cosy.  (5) 

The  externally  applied  flux  <!>,,  threads  the  area  between  the 
large  Josephson  junction  and  the  left  Cooper-pair  box.  It  in¬ 
duces  circulating  supercurrents  in  the  qubit  circuit.  The  total 
circulating  supercurrent  I  has  contributions  from  the  two 
charge  qubits: 


/=/|  +  /2,  (6) 

where 

/  7r*P  e  \  A 

/,  =  2/cl  sin |  -  -y  j  cos  </>, ,  (7) 

with  fci=  irEjj /4>0.  This  total  supercurrent  flows  through 
the  large  Josephson  junction  and  it  can  also  be  written  as 

7=/0siny,  (8) 

with  I0=2ttEJ0/<&0.  From  Eqs.  (6)— (8)  it  follows  that 
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/0siny  =2sin|-^--yj(/C|  cos  <£, +/c2  cos  <£2). 

(9) 

When  the  coupling  energy  £//=  ^old/vr  of  each  Josephson 
junction  connected  to  the  charge  box  is  much  smaller  than 
that  of  the  large  Josephson  junction  in  the  circuit,  the  phase 
drop  y  across  the  large  junction  will  be  small.  Expanding  the 
operator  functions  of  y  in  Eq.  (9)  into  a  series  and  retaining 
the  terms  up  to  second  order  of  the  parameters 

Vi=ym  (<i)>  /=  1,2,  (10) 

7o 


we  have 


/  7T<J>e\ 

y=2  sin^-^— j(i7,  cos<£,+  772  cos  <f>2) 


where  the  large  Josephson  junction  acts  as  an  effective  induc¬ 
tance  of  value 


<*>0 

2tt/0‘ 


(17) 


It  is  clear  that  the  interbit  coupling  is  switched  off  at  <t>e 
=  0.  It  is  well  known  that  a  large  Josephson  junction  can  act 
as  an  inductance  (e.g..  Ref  1).  Here  we  explicitly  show  a 
specific  way  that  it  can  be  used  to  couple  qubits. 

Retaining  up  to  second-order  terms  in  the  expansion  pa¬ 
rameters  rji ,  the  total  circulating  current  7  can  be  written  as 


(7C,  COS  0,  +IC 2  COS  02) 


-7Isin| 


27T<t>, 


(/c)  cos^  +  Z^cos^)2.  (18) 


In  the  spin-j  representation,  it  is  given  by 


—  sin 


(^) 


(  rj\  COS  +  7)2  cos  $2)2. 


(11) 


It  is  clear  that  the  phase  drop  y  across  the  large  Josephson 
junction  is  controllable  via  the  applied  flux  <J>e . 

For  Hamiltonian  (5),  we  also  expand  the  operator  func¬ 
tions  of  y  into  a  series  and  retain  the  terms  up  to  second 
order  of  7jt .  Moreover,  we  consider  the  charging  regime  with 
Eci  much  larger  than  E M .  Also,  we  assume  that  the  tempera¬ 
ture  is  low  enough  ( kBT<Eci )  and  the  superconducting  gap 
is  larger  than  Eci ,  so  that  quasiparticle  tunneling  is  strongly 
suppressed.  In  this  case,  only  the  lowest  two  charge  states  are 
important  for  each  qubit  operating  around  the  degeneracy 
point  VXi  =  (2 w,+  1  )e/Ci.  In  the  spin-y  representation  based 
on  the  charge  states  |fl/)  =  |t)/,  and  | « ,  +  1 )  =  |i)f  of  each 
Cooper-pair  box,  the  Hamiltonian  of  the  system  can  be  re¬ 
duced  to 


H=  2  [e,( Vxi)^? ~ em(Tx)] ~ X<r(x' )^2) ■  (12) 


with 


and 


where 


eAVXi)=-Eci 


CtV, 


Xi 


'  (2«,+  1 ) 


£yf=£:7,cos|-^-]^. 


6-l-|(^+3^)sin*(^), 


(13) 


(14) 


(15) 


and  1,2  The  interbit  coupling  x  *s  given  by 


,/  ir<t>e 

X=LjIclrc2  s,n 


(16) 


i-sin(^)[/?l  +  4  +  2/c./c2<ri,)^,]. 


(19) 


which  depends  on  the  states  of  the  charge-qubit  system. 


B.  Coupling  qubits  with  a  SQUID 

There  are  somewhat  conflicting  requirements  imposed  on 
this  circuit.  To  obtain  a  large  value  for  the  effective  Joseph¬ 
son  inductance  L 7=d>0/27r/0,  a  relatively  small  70  is  needed, 
so  that  a  large  interbit  coupling  can  be  achieved.  However, 
when  the  large  Josephson  junction  is  also  employed  for  a 
readout,  it  is  desirable  to  use  a  large  /0.  This  permits  a  larger 
range  of  Ib,  so  that  a  higher  resolution  in  distinguishing 
qubit  states  can  be  achieved  in  the  quantum  measurement 
based  on  the  switching  of  the  supercurrent  through  the  large 
junction. 

These  two  opposite  requirements  can  be  conveniently 
solved  if  the  leftmost  large  Josephson  junction  in  Fig.  1  is 
replaced  by  a  symmetric  dc  SQUID  with  two  sufficiently 
large  junctions  (see  Fig.  2).  Instead  of  <J>e  inside  the  circuit 
loop  between  E J0  and  the  first  qubit  (as  in  Fig.  1),  we  now 
apply  a  flux  <t>s  inside  the  large-junction  dc  SQUID  loop  (see 
Fig.  2).  This  SQUID  can  be  used  both  for  coupling  the  two 
charge  qubits  and  implementing  the  readout.  When  the  read¬ 
out  is  not  active  (7^=0),  we  can  choose  a  suitable  flux  <J>V 
inside  the  SQUID  loop  to  generate  a  larger  interbit  coupling. 
For  Ib  =  0,  the  reduced  Hamiltonian  of  the  coupled-qubit 
system  and  the  total  circulating  current  7  have  the  same 
forms  as  in  Eqs.  (12)  and  (19),  but  with  d>r  and  70  replaced 
by  j<J>5  and 

/0=2/Jcos(^),  (20) 

where  Is0=2ttEj0/^>0.  When  the  readout  is  active  (see  Sec. 
IV),  <l>5  is  chosen  as  zero  to  obtain  a  larger  effective  Joseph¬ 
son  coupling  energy. 
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FIG.  2.  Schematic  diagram  of  the  coupled-qubit  circuit  with  a 
biased-current  source  of  impedance  Z(oj).  The  dc  SQUID,  with 
two  junctions  of  large  Ej0 ,  plays  the  role  of  both  coupling  the 
charge  qubits  and  implementing  the  readout.  Here  the  large  capaci¬ 
tance  C(,  placed  close  to  and  in  parallel  with  the  dc  SQUID  is 
included  in  the  impedance  Z(w). 

C.  Controlled-phase-shift  gate 

When  the  system  works  at  the  degeneracy  points  with 
ei(Vxi)  =  0,  the  Hamiltonian  becomes 

H—Ejt  ct^-Ej^-x^  V,2’ .  (21) 

For  instance,  when  £/,->0,  /=  1,2,  its  four  eigenvalues  are 


Eji+Ej2~X, 


Ej\-Eji  +  X, 


Ej2~Eji+X , 


U=e-iHrlh=txv{i(xTlh)[(Ty)+<r{?)  +  <r\')<r?)}}, 

(26) 

at  T=7rft/4^.  This  gate  transforms  the  basis  states  |e|,e2), 
|ci.«2>.  Igi>e2>.  and  lgi.S2>  as 


1  ki.«2>^ 

1 

1 

0 

0 

0 1 

ki.«2>\ 

|C|.g2> 

0 

1 

0 

0 

l«|.«2> 

|gi.e2) 

0 

0 

1 

0 

k i >e2> 

|g|.g2>i 

\0 

0 

0 

-ij 

\  Is  1  'S2)  / 

The  generation  of  this  conditional  two-bit  gate  is  efficient 
because  the  condition  (24)  can  be  realized  in  one  step  via 
changing  the  gate  voltages  V Xi ,  z=l,2,  and  the  flux 
simultaneously.  Also,  the  architecture  is  scalable  because 
multiple  charge  qubits  can  be  coupled  by  connecting  them  in 
parallel  with  the  large-junction  SQUID.  If  the  two  Josephson 
junctions  in  each  Cooper-pair  box  are  replaced  by  small- 
junction  dc  SQUIDs,  any  selected  pairs  of  charge  qubits  (not 
necessarily  neighbors)  can  be  coupled.10 

III.  MICROWAVE-ASSISTED  MACROSCOPIC 
ENTANGLEMENT 

When  a  microwave  field  is  applied  to  the  Josephson 
charge  qubit,  Rabi  oscillations  occur  in  the  system.14  These 
oscillations  can  also  be  demonstrated  by  coupling  a  quantum 
resonator  to  the  charge  qubit.15  Here  we  apply  the  micro- 
wave  field  to  the  Cooper-pair  box  via  the  gate  capacitance,  as 
in  Refs.  9  and  14,  but  each  charge  qubit  is  driven  by  a  dif¬ 
ferent  microwave  field.16  In  this  situation,  nXi  in  Eq.  (1)  is 
replaced  by 


~  Ej\-  Ej2  —  X-  (22) 

The  corresponding  eigenstates  are  \e{  ,e?2),  ki  2 )>  l&i  ^ 2 )> 
and  |gj  ,g2),  where 

k>=-^(lT>,-U>,-), 

ls,>=4(lt>,-Hi>,).  (23) 

Because  they  are  also  the  eigenstates  of  the  two  uncoupled 
charge  qubits,  when  prepared  initially  at  an  eigenstate,  the 
system  does  not  evolve  to  an  entangled  state  even  in  the 
presence  of  interbit  coupling.  As  shown  below,  one  can  take 
advantage  of  this  property  to  implement  the  measurement.  In 
addition,  this  property  can  be  used  to  construct  efficient  con¬ 
ditional  gates.  For  instance,  if 


nXi  +  ^ACi  =  nXi+  (28) 

Here  d(  is  the  thickness  of  the  gate  capacitor  and 

EACl  =  Ek,a,  +  £*,aJ  (29) 

is  the  microwave  electric  field  in  the  gate  capacitor  of  the  /  th 
Cooper-pair  box,  where  a{  is  the  annihilation  operator  of  the 
microwave  mode.  Because  the  microwave  wavelength  is 
much  larger  than  d{ ,  £Xl  can  be  considered  constant  in  the 
gate  capacitor.  In  the  charging  regime,  the  Hamiltonian  of 
the  system  (including  the  microwave  fields)  can  be  written  as 

2 

H=  2  [s  i{V Xi)^?  -  E +  h(t)ki  a, a  I 
1=  I 

+  a<1‘)(Ki  a,  +  K*  a])]- x  ,  (30) 

where 


Ej\  —  Eji=x, 

the  controlled-phase-shift  (CPS)  gate  is  given  by 
Ucfs(r)  =  e‘^hU, 

with 


(24) 


K,= 


EciCtdA 

2c  )£" • 


(31) 


Here,  we  also  consider  the  system  working  at  the  degeneracy 
points  e,( VXi)  =  0,  i  =  1,2.  When  hu)Xis*s2\EJi\  and  under 
the  rotating-wave  approximation,  the  Hamiltonian  is  cast  to 


024510-4 


CONTROLLABLE  MANIPULATION  AND  ENTANGLEMENT  .  . . 


PHYSICAL  REVIEW  B  68,  024510  (2003) 


2 

i  -  1 


Without  interbit  coupling,  each  Josephson  charge  qubit  ex¬ 
hibits  Rabi  oscillations  between  states  | e, ,/,)  and  | gi9l( 
+  1),  where  |/,)  is  a  photon  state  with  /,  photons.  For  the 
resonant  case  with  ftcuXl  =  2|2?/l|,  the  eigenvalues  of  each 
charge-qubit  system  are  given  by 

€<i>  =  E0i  ±  (33) 

where 

£0,=  ^t»xl(/j+ 1),  (34) 

and 

n^KlV/TT  (35) 

is  the  Rabi  frequency.  Though  entanglement  occurs  between 
each  charge  qubit  and  the  nonclassical  microwave  field,  the 
two  qubits  do  not  entangle  with  each  other  since  the  system 
evolves  as 

l*(f)H<M0>l<M0>>  06) 

where 

1 0/(  < ))  =  sin(  fty )  |  e, ,  /,) + cos(  ft  )  |g, ,/,  + 1 )  (37) 

if  the  system  is  initially  prepared  at  state  |g|  ,£2*^1  +  1^2 
+  1).  However,  in  the  presence  of  microwave  fields,  when 
the  interbit  coupling  is  switched  on,  the  coupled-qubit  sys¬ 
tem  exhibits  complicated  quantum  oscillations  and  it  will 
evolve  to  the  entangled  state.  For  instance,  in  the  resonant 
situation,  the  eigenvalues  are  given  by 

£  1,4  =£'oi  +  ^02±^A,, 

£2.3  =  E0l  +  E02±hA2,  (38) 

where 

Au=  [(ft,±n2)2+(x//t)2]1/2.  (39) 

The  state  of  the  coupled-qubit  system  evolves  as 
|*(r)>  =  C,(/)h  ,e2,l\  ,l2)  +  C2(t)\el  ,g2,l,  ,/2+  1) 

+  C3(/)|g|,e2,/|+l,/2) 

+  C4(f)|g,,g2,/|+M2+1>-  (40) 

For  the  system  prepared  initially  at  \g]  ,g2^i  +  U2+  1)> 
<^,(0=  j{/?2(0-/?i(0-F/(Ar/^)[^2(0-^i(0]}, 

c2(/)=  j[(n1  +  n2)5I(r)+(n,-a2)52(0], 


c3(0=j[(nI+n2)s1(r)-(nI-ft2)52/)], 

c4(0=  j{/?i(/)  +  /?2(0  +  /(^)[5,(/)  +  52(0]}, 

(41) 

where 

sin(  A.r) 

/?,(0  =  cos(A,f),  SM=  -A— ■■ .  (42) 

For  a  two-level  system  interacting  with  a  single-mode  field, 
the  Rabi  oscillations  can  be  explained  using  either  quantum 
or  semiclassical  theory,  where  the  single-mode  field  is  de¬ 
scribed  quantum  mechanically  or  treated  as  a  classical 
field.17  Here  the  quantum  oscillations  of  coupled  charge  qu¬ 
bits  (namely,  the  Rabi  oscillations  in  coupled  two-level  sys¬ 
tems)  are  studied  using  quantum  theory,  where  the  micro- 
wave  field  coupled  to  each  qubit  is  quantized.  This  also 
applies  to  the  classical-field  case,  in  which  the  quantum  os¬ 
cillations  are  still  described  by  Eq.  (40),  but  |e,  ,e2 ,/,  ,/2), 
|gi,e2,/,+  l,/2),  and  |g,  ,g2,/|  +  U2 
+  1  >  are  replaced  by  |e,,e2>,  h  ,g2>.  |gi,e2),  and  |g,,g2). 

Figure  3  shows  the  occupation  probability  |C,(0|2  as  a 
function  of  time  t.  For  instance,  when  |C|(/)|2^1,  both 
charge  qubits  are  in  their  excited  states.  It  can  be  seen  that 
|C|(r)|2  looks  very  different  when  the  interbit  coupling  is 
switched  on  or  off.  The  macroscopic  entanglement  between 
the  two  coupled  qubits  can  be  explicitly  shown  at  O, 
=  n2  ( =  H).  In  this  case,  when  tcnt=mrh/Wx ,  with  n 
=  1,2,3,...,  and 

W=[(2hCllx)'1+\V,2.  (43) 

l'R(O)  becomes 

|¥(0>-CI(l«)|el,e2, /,,/,) 

+  C4(<en.)lgl,g2./.+  U2+l>,  (44) 

where 

1 

C i  ( tcnt)  =  - [  -  cos( n  7r)  +  exp( inn/  IF)], 

1 

( 'em)  =  J  [  cos( n  +  exP<  inn/ W)].  (45 ) 

The  peaks  away  from  either  zero  or  1  shown  in  Fig.  3(a) 
correspond  to  this  kind  of  entangled  state.  Furthermore,  if 
suitable  values  of  W  are  taken,  the  maximally  entangled  state 
with  |Ci|2  =  |C4|2=£  can  be  derived.  This  state  is  a  macro¬ 
scopic  Schrodinger-cat  state  of  the  two  charge  qubits.  For 
instance,  if  hCl/x=  V3/2,  the  coupled-qubit  system  evolves 
to  the  maximally  entangled  state  at  the  times  given  by 

4™x,  =  (2/+  l)irh/2X,  1  =  0,1,2,...  .  (46) 

This  entangled  state  corresponds  to  the  half-probability 
peaks  in  Fig.  3(c). 
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Time  Time 


FIG.  3.  Occupation  probability  |C,(/)|2  as  a  function  of  time, 
(a)  n2  =  n,,x/ft  =  A,;  (b)  H2=  1.2H,  =  n,;  (c)  fl2 

=  n,,^/A=>^ni/2;  (d)  a2=1.2n,,^//i=  V3H,/2;  (e)  n2 

=  n,  ,*=0;  (0  n2=  1.20,  ,*  =  0.  The  time  is  in  units  of  Oj”1. 

IV.  QUANTUM  MEASUREMENT 

To  implement  a  readout,  we  bias  a  current  pulse  Ib  to  the 
qubit  circuit  (see  Fig.  2),  as  in  the  single-qubit  case.9  Now,  a 
term  -  4>0//,^/27t,  with 


'A 


FIG.  4.  Eigenstate  dependence  of  the  supercurrent  through  the 
SQUID  as  a  function  of  the  bias  current  Ib .  Here,  £/i  ~Ej2 
=  5^0.  I0=kl.«2>.  |2)  =  ki,g2>.  |3>  =  |gi.e2>,  and  |4) 
=  lg|.g2>- 

y0  =  sin'1  (/*//„),  (51) 

with  10  =  4ttEj0/^0,  and  Ib<I 0.  The  intrabit  couplings  are 

Eji^Eji co s(y0/2)  (52) 

where 

+  3  7/j)sin2(  yJ2),  (53) 

with 


7l  +  7r  +  2  (  <t>iA  ~  <t>iB  ) 

i=  1,2 


(47) 


2  -f  cos  y0 
8  cos3  y0 


(54) 


should  be  added  to  the  Hamiltonian  (1),  where  &  is  the  av¬ 
erage  phase  drop  of  the  total  qubit  circuit  and  it  can  be  writ¬ 
ten  as 


(48) 


with  y=  i(ty+  y*).  Here  we  set  the  flux  <I>5  equal  to  zero  to 
have  a  larger  effective  Josephson  coupling  energy.  In  the 
spin-1  representation  based  on  charge  states,  the  Hamil¬ 
tonian  of  the  system  is  also  reduced  to  Eq.  (12).  The  interbit 
coupling  is  here  induced  by  the  bias  current  and  given  by 

X=LjIclIc  2sin2(ro/2),  (49) 

where  the  effective  inductance  is 


Lj  - 


*0 

2  7 tI0  cos  y0  ’ 


(50) 


and 


and  ij=  1,2  (i±j).  The  supercurrent  through  the  SQUID, 
I0  sin  y=Ib- sin(  </v'  *  +  Ic2<Tx  ’] 

+  ^-tan  r0 [f2el  +  4  +  2/cl/r24' VV2)], 

(55) 

has  contributions  from  both  the  bias  current  and  the  current 
from  the  Josephson  charge  qubits. 

At  the  working  points  with  *i(P»)  =  0,  the  eigenstates  of 
the  system  are  also  |e,,e2>,  k,,g2),  |g,,e2),  and  |g,.g2). 
In  Fig.  4,  we  show  the  dependence  of  the  supercurrents 
through  the  SQUID  on  the  eigenstates  of  the  charge-qubit 
system.  The  supercurrents  through  the  SQUID  increase  with 
the  bias  current  and  the  difference  between  the  supercurrents 
at  different  (nondegenerate)  eigenstates  widens.  For  the  mea¬ 
surement  setup  shown  in  Fig.  2,  the  supercurrent  through  the 
SQUID  is  the  largest  at  the  eigenstate  |e,,e2)  and  it  first 
reaches  the  maximal  value  /0  (namely,  the  critical  current) 
when  the  bias  current  Ib  approaches  a  value  Isw  near  /0. 
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Around  this  value,  the  supercurrent  through  the  SQUID 
switches,  with  a  very  large  probability  P,,  from  the  zero- 
voltage  state  to  the  dissipative  nonzero-voltage  state  in  the 
quasiparticle-current  branch  and  the  measurement  on  the 
voltage  is  carried  out.  However,  due  to  environmental  noise 
as  well  as  thermal  and  quantum  fluctuations,  the  switching 
actually  occurs  before  the  supercurrent  through  the  SQUID 
reaches  /0.  At  I^Iswi  the  supercurrents  through  the 
SQUID  will  also  switch  to  the  nonzero  voltage  state  at  other 
eigenstates,  but  the  switching  probabilities  are  small.  In  the 
ideal  case,  if  the  difference  between  the  large  switching 
probability  P{  and  the  small  ones  is  close  to  1,  then,  in 
principle,  a  single-shot  readout  would  be  achieveable.  As 
shown  in  Ref.  9,  the  Josephson-junction  switching  experi¬ 
ment  can  provide  sufficient  accuracy  to  discriminate  the  state 
\ex  ,e2)  from  others. 

The  operation  and  readout  of  the  macroscopic  entangle¬ 
ment  of  the  coupled-qubit  system  can  be  implemented  by 
simultaneously  applying  a  pulsed  microwave  field  (with  the 
same  duration  r)  to  each  charge  qubit.  The  sequence  would 
be: 

(i)  before  the  microwave  fields  are  applied,  the  flux 
through  the  SQUID  is  set  equal  to  zero  and  no  interbit  cou¬ 
pling  exists; 

(ii)  the  flux  <I>5  is  switched  on  to  a  certain  nonzero  value 
exactly  at  the  start  of  the  microwave  pulse  and  off  at  the  end 
of  the  microwave  pulse.  Within  the  microwave  pulse  dura¬ 
tion  r,  the  evolution  of  the  system  is  described  by  Eq.  (40); 

(iii)  a  pulsed  bias  current  Ih  is  applied  to  perform  a  mea¬ 
surement  after  the  microwave  pulse. 

During  the  measurement,  the  quantum  state  of  the  charge- 
qubit  system  collapses  to  the  eigenstate  \e{  ,e2)  with  prob¬ 
ability  |Ci(r)|2.  This  probability  is  proportional  to  the 
switching  probability  P  j  of  the  SQUID.  Because  of  relax¬ 
ation,  the  envelope  of  the  measured  switching  probability  P, 
decays  exponentially  with  time.  This  is  used  to  obtain  the 
relaxation  time.2,9  Ramsey  fringes  of  the  probability  P,  can 
be  used9  to  determine  the  decoherence  time  of  the  coupled- 
qubit  system.  For  each  given  microwave  pulse  duration  r, 
through  repeated  measurements,  one  can  determine  the  oc¬ 
cupation  probability  |C|(r)|2  and  thus  deduce  the  informa¬ 
tion  about  the  macroscopic  entanglement  between  the 
coupled  charge  qubits  [see  Figs.  3(a)  and  3(c)]. 

V.  DISCUSSION  AND  CONCLUSION 

Finally,  we  estimate  some  important  parameters  using 
available  quantities  for  the  single  charge  qubit.  Here  we  con¬ 
sider  the  maximally  entangled  case  shown  in  Fig.  3(c),  in 
which  fl  |  =  f!  2  =  H ,  and 
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Taking  2  7770  —  0.22/is,  as  derived  from  the  Rabi  oscillation 
of  the  measured  switching  probability,9  we  have  \!h 
—  0.25  GHz.  Reference  9  also  gives  £//£-  16.5  GHz. 
Choosing 

$  Em**  5£/, 

and  using  the  relation  for  \ ,  we  obtain  <1^- 0.35<J>0.  For 
<1^=0,  the  expansion  parameters  are 

r0i 

?;,=  -p  -0.05 
A) 

for  EsJ0^5Eji.  When  <l>5  —  0.35<t>0,  they  become  77,-0.14. 
The  results  are  sufficiently  accurate  when  E Jx  and  \  are  re¬ 
tained  up  to  second-  and  higher-order  terms  in  the  expansion 
parameters  77, .  When  d>9  approaches  <I>0/2,  the  interbit  cou¬ 
pling  strengthens.  The  reduced  Hamiltonian  of  the  system 
also  has  the  same  form  as  Eq.  (12),  but  higher-order  terms  in 
the  expansion  parameters  should  be  included  to  obtain  accu¬ 
rate  results. 

Here  we  consider  the  charging  regime  with  Eci>Ejt  in 
order  to  obtain  analytical  results.  We  expect  that  the  interbit 
coupling  can  still  be  realized  in  the  regime  with 
i.e.,  the  regime  used  by  the  Saclay  group  in  the  experiment 
on  a  single  Josephson  qubit.9  In  this  latter  regime,  the  results 
can  only  be  obtained  numerically,  but  a  relatively  long  deco¬ 
herence  time  would  be  expected  for  the  coupled-qubit  sys¬ 
tem  to  work  at  the  degeneracy  points  because  at  these  points 
the  states  are  more  stable  against  the  variations  of  both  the 
offset  charges  and  the  flux  or  . 

Very  recently,  quantum  oscillations  were  experimentally 
observed  in  two  coupled  charge  qubits.18  Also,  a  novel 
method  for  the  controllable  coupling  of  charge  qubits  was 
proposed  using  a  variable  electrostatic  transformer.19  In  con¬ 
trast  with  our  interbit  coupling  scheme,  these  studies  involve 
capacitively-coupled  (as  opposed  to  inductively-coupled) 
charge  qubits.  The  main  advantage  of  this  inductive  coupling 
among  qubits  is  that  it  allows  a  controllable  link  between  any 
selected  qubits,  not  necessarily  nearest  neighbors. 

In  conclusion,  we  employ  a  large-junction  SQUID  to 
couple  Josephson  charge  qubits  and  implement  a  readout. 
This  architecture  is  readily  scalable  to  multiple  qubits.  When 
the  system  works  at  the  degeneracy  points,  where  the 
dephasing  effects  are  suppressed,  it  is  shown  that  the  macro¬ 
scopic  entanglement  can  be  generated  with  the  assistance  of 
microwave  fields.  Also,  we  show  the  quantum  measurement 
of  the  macroscopic  entanglement. 
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We  investigate  the  quantum  dynamics  of  a  Cooper-pair  box  with  a  superconducting  loop  in  the  presence  of 
a  nonclassical  microwave  field.  We  demonstrate  the  existence  of  Rabi  oscillations  for  both  single-  and  multi¬ 
photon  processes  and,  moreover,  we  propose  a  new  quantum  computing  scheme  (including  one-bit  and  con¬ 
ditional  two-bit  gates)  based  on  Josephson  qubits  coupled  through  microwaves. 
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1.  INTRODUCTION 
A.  Background 

Quantum  computing  deals  with  the  processing  of  infor¬ 
mation  according  to  the  laws  of  quantum  mechanics.  Within 
the  last  few  years,  it  has  attracted  considerable  attention  be¬ 
cause  quantum  computers  are  expected  to  be  capable  of  per¬ 
forming  certain  tasks  which  no  classical  computers  can  do  in 
practical  time  scales.  Early  proposals  for  quantum  computers 
were  mainly  based  on  quantum  optical  systems,  such  as 
those  utilizing  laser-cooled  trapped  ions,1,2  photon  or  atoms 
in  quantum  electrodynamical  (QED)  cavities,3,4  and  nuclear 
magnetic  resonance.5  These  systems  are  well  isolated  from 
their  environment  and  satisfy  the  low-decoherence  criterion 
for  implementing  quantum  computing.  Moreover,  due  to 
quantum  error  correction  algorithms,5  now  decoherence6  is 
not  regarded  as  an  insurmountable  barrier  to  quantum  com¬ 
puting.  Because  scalability  of  quantum  computer  architec¬ 
tures  to  many  qubits  is  of  central  importance  for  realizing 
quantum  computers  of  practical  use,  considerable  efforts 
have  recently  been  devoted  to  solid-state  qubits.  Proposed 
solid-state  architectures  include  those  using  electron  spins  in 
quantum  dots,7-9  electrons  on  helium,  and  Josephson- 
junction  (JJ)  charge  (see,  e.g..  Refs.  11-13  and  15)  and  JJ 
flux  (see,  e.g..  Refs.  14  and  15)  devices.  These  qubit  systems 
have  the  advantage  of  relatively  long  coherent  times  and  are 
expected  to  be  scalable  to  large-scale  networks  using  modem 
microfabrication  techniques. 

The  Josephson  charge  qubit  is  achieved  in  a  Cooper-pair 
box,11  which  is  a  small  superconducting  island  weakly 
coupled  to  a  bulk  superconductor,  while  the  Josephson  flux 
qubit  is  based  on  two  different  flux  states  in  a  small 
superconducting-quantum-interference-device  (SQUID) 
loop.1 4,1 5  Cooper-pair  tunneling  and  energy-level  splitting  as¬ 
sociated  with  the  superpositions  of  charge  states  were  experi¬ 
mentally  demonstrated  in  a  Cooper-pair  box,16,17  and  re¬ 
cently  the  eigenenergies  and  the  related  properties  of  the 
superpositions  of  different  flux  states  were  observed  in 
SQUID  loops  by  spectroscopic  measurements.18  In  particu¬ 
lar,  Nakamura  et  a/.19  demonstrated  the  quantum  coherent 
oscillations  of  a  Josephson  charge  qubit  prepared  in  a  super¬ 
position  of  two  charge  states.  In  addition,  Vion  et  al .20  ex¬ 


tended  coherent  oscillations  to  the  charge-flux  regime  and 
Chiorescu  et  al.2'  studied  the  quantum  dynamics  of  the  flux 
qubit.  Moreover,  two  charge  qubits  were  capacitively 
coupled  by  Pashkin  et  al 22  and  coherent  oscillations  were 
also  observed  in  this  coupled-qubit  system.  Furthermore, 
other  superconducting  devices  (e.g.,  Refs.  23  and  24)  have 
also  exhibited  coherent  oscillations.  In  addition,  several  other 
types  of  studies  (see,  for  instance,  Refs.  25  and  26)  have 
been  made  on  superconducting  qubits. 

B.  This  work 

In  this  paper,  we  show  that  the  coupled  system  of  a 
Cooper-pair  box  and  a  cavity  photon  mode  undergoes  Rabi 
oscillations  and  propose  a  different  quantum  computing 
scheme  based  on  Josephson  charge  qubits.27  The  microwave- 
controlled  approach  proposed  in  our  paper  has  the  significant 
advantage  that  any  two  qubits  (not  necessarily  neighbors) 
can  be  effectively  coupled  through  photons  in  the  cavity.  In 
addition  to  the  advantages  of  a  superconducting  device  ex¬ 
hibiting  quantum  coherent  effects  in  a  macroscopic  scale  as 
well  as  the  controllable  feature  of  the  Josephson  charge  qubit 
by  both  gate  voltage  and  external  flux,  the  motivation  for  this 
scheme  is  fourfold: 

(i)  The  experimental  measurements16  showed  that  the  en¬ 
ergy  difference  between  the  two  eigenstates  in  a  Cooper-pair 
box  lies  in  the  microwave  region  and  the  eigenstates  can  be 
effectively  interacted  by  the  microwave  field. 

(ii)  A  single  photon  can  be  readily  prepared  in  a  high-Q 
QED  cavity  using  the  Rabi  precession  in  the  microwave 
domain.28  Moreover,  using  a  QED  cavity.  Ref.  29  produced  a 
reliable  source  of  photon  number  states  on  demand.  In  addi¬ 
tion,  the  cavity  in  Ref.  29  was  tuned  to  —  21  GHz,  which  is 
close  to  the  20  GHz  microwave  frequency  used  in  a  very 
recent  experiment30  on  the  Josephson  charge  qubit.  Further¬ 
more,  the  Q  value  of  the  cavity  is  4X  1010  (giving  a  very 
large  photon  lifetime  of  0.3  sec). 

(iii)  Our  quantum  computer  proposal  should  be  scalable  to 
1 06— 1 08  charge  qubits  in  a  microwave  cavity,  since  the  di¬ 
mension  of  a  Cooper-pair  box  is  —10-1  /im . 

(iv)  The  QED  cavity  has  the  advantage  that  any  two  qu¬ 
bits  ( not  necessarily  neighbors)  can  be  effectively  coupled 
through  photons  in  the  cavity. 
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FIG.  1.  Cooper-pair  box  with  a  SQUID  loop,  where  the  charge 
box  is  coupled  to  a  segment  of  a  superconducting  nng  via  two 
identical  Josephson  junctions,  shown  in  white  above,  and  a  voltage 
V g  is  applied  to  the  charge  box  through  a  gate  capacitor  Cg  (on  the 
left  side  of  the  above  diagram),  (a)  A  static  magnetic  flux  <t>e ,  as 
denoted  by  the  solid  lines  with  arrows,  pierces  the  SQUID  loop  to 
control  the  effective  Josephson  coupling  energy,  (b)  In  addition  to 
<t>e,  a  microwave  field  schematically  shown  above  by  the 

dashed  lines  with  arrows,  is  also  applied  through  the  SQUID  loop. 

Also,  we  study  multiphoton  processes  in  the  Josephson 
charge  qubit  since,  in  contrast  to  the  usual  Jaynes-Cummings 
model  (see,  e.g.,  Chap.  10  in  Ref.  31),  the  Hamiltonian  in¬ 
cludes  higher-order  interactions  between  the  two-level  sys¬ 
tem  and  the  nonclassical  microwave  field.  As  shown  by  the 
very  recent  experiment  on  Rabi  oscillations  in  a  Cooper-pair 
box,30  these  higher-order  interactions  may  be  important  in 
the  Josephson  charge-qubit  system. 

Note  that  the  driving  microwave  field  is  typically  gener¬ 
ated  using  an  electrical  voltage  acting  on  the  charge  qubit  via 
a  gate  capacitor.  Here,  the  microwave  field  is  applied  as  a 
magnetic  flux  piercing  the  SQUID  loop  of  the  qubit  in  order 
to  perform  the  unitary  transformations  needed  for  quantum 
computing. 

The  dynamics  of  a  Josephson  charge  qubit  coupled  to  a 
quantum  resonator  was  studied  in  Ref.  32.  In  contrast  to  our 
study  here,  the  model  in  Ref.  32  involves:  (a)  only  one  qubit, 
(b)  only  the  Rabi  oscillation  with  a  single  excitation  quantum 
of  the  resonator  (as  opposed  to  one  or  more  photons),  and  (c) 
no  quantum  computing  scheme. 


II.  CHARGE  QUBIT  IN  A  CAVITY 
A.  Cooper-pair  box  with  a  SQUID  loop 

We  study  the  Cooper-pair  box  with  a  SQUID  loop.11,15,19 
In  this  structure,  the  superconducting  island  with  Cooper-pair 
charge  Q  =  2ne  is  coupled  to  a  segment  of  a  superconducting 
ring  via  two  Josephson  junctions  (each  with  capacitance  Cj 
and  Josephson  coupling  energy  EJ0).  Also,  a  voltage  Vg  is 
coupled  to  the  superconducting  island  through  a  gate  capaci¬ 
tor  Cg ;  the  gate  voltage  Vg  is  externally  controlled  and  used 
to  induce  offset  charges  on  the  island.  A  schematic  illustra¬ 
tion  of  this  single-qubit  structure  is  given  in  Fig.  1(a).  The 
Hamiltonian  of  the  system  is 


E  = -  (2) 

c  2(  Cg+  2C  j)  K 

is  the  single-particle  charging  energy  of  the  island  and 

/  7r<T  \ 

£,(<!>)  =  2E/0  cos  (-^-J  (3) 

is  the  effective  Josephson  coupling.  The  number  n  of  the 
extra  Cooper  pairs  on  the  island  and  average  phase  drop 

1 

<P=  j  (^i  +  <P2) 

are  canonically  conjugate  variables.  The  gauge-invariant 
phase  drops  <p ,  and  <p2  across  the  junctions  are  related  to  the 
total  flux  0  through  the  SQUID  loop  by  the  constraint 

cl> 

<P2-«P,  =  2tt— ,  (4) 

where  4>0  =  /i/ 2e  is  the  flux  quantum. 

This  structure  is  characterized  by  two  energy  scales,  i.e., 
the  charging  energy  Ec  and  the  coupling  energy  E J0  of  the 
Josephson  junction.  In  the  charging  regime  EC>EJ{)  and  at 
low  temperatures  kBT<Ec ,  the  charge  states  | n)  and  \n 
+  1 )  become  dominant  as  the  controllable  gate  voltage  is 
adjusted  to  Vg~(2n  +  1  )e!Cg .  Here,  the  superconducting 
gap  is  assumed  to  be  larger  than  Ec ,  so  that  quasiparticle 
tunneling  is  greatly  reduced  in  the  system. 

Here  we  ignore  self-inductance  effects  on  the  single-qubit 
structure.33  Now  <l>  reduces  to  the  classical  variable  cj)^ , 
where  <t>e  is  the  flux  generated  by  the  applied  static  magnetic 
field.  In  the  spin-T  representation  with  charge  states  |  j ) 
=  | n)  and  1 [)  =  \n  +  1 ),  the  reduced  two-state  Hamiltonian  is 
given  by,U5 


H=e(Vg)  a2-l-Ej(<l>e)ax,  (5) 

where 


e(Vg)  =  2Ec 


C  V 


-(2n+l) 


This  single-qubit  Hamiltonian  has  two  eigenvalues 


1 

E±=±-E, 


with 


E=[4B2(Vg)  +  E2j(<t>e)]v2, 

and  eigenstates 


(6) 


(7) 

(8) 


H  =  4Ec\n- 


r  V  \2 

-ffj  -EA*)  cos*, 


(1) 


where 


with 


\e)=  cosf  |T)-  sin  £  |j), 
|g)=  sin  f  |T>+  cos£  ||), 


(9) 
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^?an"(fe)-  (10) 

Using  these  eigenstates  as  new  basis,  the  Hamiltonian  takes 
the  diagonal  form 

H=X-Ep2 ,  (11) 

where 

Pz=\e){e\~\g){g\.  (12) 

Here  we  employ  {|e),|g)}  to  represent  the  qubit. 


/  7 rd>.\ 

fi^o)=  - Ejo  s>n(2£)  cos  E(afa),  (19) 

with 

F(aia)=  ^j<f>2(2a*a+\)-  ^<f>A[2(a'a)2  +  2a'a  +  1] 

5 

+  — <A6[4(ata)3  +  6(ata)2+8ata  +  3]-  .... 

(20) 

where  <£=  and 


B.  Interaction  of  the  charge  qubit  with  a  microwave  field 

When  a  nonclassical  microwave  field  is  applied,  the  total 
flux  4>  is  a  quantum  variable 

<*>  =  <!>«,+ <*>,{/),  (13) 

where  <I>y  is  the  microwave-field-induced  flux  through  the 
SQUID  loop  [see  Fig.  1(b)].  Here  we  assume  that  a  single¬ 
qubit  structure  is  embedded  in  a  QED  microwave  cavity  with 
only  a  single-photon  mode  \ .  Generally,  the  vector  potential 
of  the  nonclassical  microwave  field  is  written  as 


I  7 rd>  \ 

g(2m  l\a*a)  =  EJ0 cos (2f)  sin  -  G<2m_l)(ata), 

/  77^  \ 

gam\ata)  =  EJ0  cos  (2£)  cos  I  1  G(2m)(ara), 

(21) 

with  m  =  1 ,2,3, ....  and 

G(u(a1a)=  (f>-  —<ty‘aya+  —  <£5[2(a fa)2  +  1]-  .  . . , 


A(r)  =  ux(r)a  +  uJ(r)at 

=  l“\(r)|(e_,fla  +  e,#at)A,  (14) 

where  a\a)  is  the  creation  (annihilation)  operator  of  the 
cavity  mode.  Thus  the  flux  is  given  by 

*/H*xl(«~"«  +  «'V),  (15) 

with 


G(2)(ata)=  £<f>2- ^<t>\2a'a-\) 

+  gY<£6[(a+a)2  — a+a+  1]—  . . . , 
G°\aka)  =  -  —  </>3  +  —  <t>\a'a-  1)-  . . . , 


<t>K  = 


Ux-^1, 


(16)  G(4)(ata)=_i_^4+i_^6(2ata_3)_  t 


where  the  contour  integration  is  over  the  SQUID  loop.  Here, 
0  is  the  phase  of  the  mode  function  ux(r)  and  its  value 
depends  on  the  chosen  microwave  field  (see,  e.g.,  Chap.  2  in 
Ref.  31).  For  instance,  if  a  planar  cavity  is  used  and  the 
SQUID  loop  of  the  charge  qubit  is  perpendicular  to  the  cav¬ 
ity  mirrors,  one  has  0=0. 

We  shift  the  gate  voltage  Vg  (and/or  vary  to  bring  the 
single-qubit  system  into  resonance  with  k  photons: 

E^kho)k ,  k=  1,2,3, ....  (17) 

Expanding  the  functions  cos  (77<iy<I>0)  and  sin(77<fy<l>0)  into 
series  of  operators  and  employing  the  standard  rotating  wave 
approximation,  we  derive  the  total  Hamiltonian  of  the  system 
in  this  situation  (with  the  photon  Hamiltonian  included), 

H=  jEp2  +  h<o^aka+-j+Hlk,  (18) 

Hlk  =  pJ(a'a)  +  [e-ike\e)(g\akg<t\a'a)  +  H.c.]. 

Here 


(22) 

where  g(k\a*a)  is  the  ^-photon-mediated  coupling  between 
the  charge  qubit  and  the  microwave  field.  This  Hamiltonian 
(18)  is  a  generalization  of  the  Jaynes-Cummings  model  to  a 
solid-state  system.  Here  multiphoton  processes34  are  in¬ 
volved  for  /:>  1 ,  in  contrast  with  the  usual  Jaynes- 
Cummings  model  for  an  atomic  two-level  system  interacting 
with  a  single-photon  mode,  where  only  one  photon  is  ex¬ 
changed  between  the  two-level  system  and  the  external 
field. 


III.  RABI  OSCILLATIONS  IN  MULTIPHOTON  PROCESS 
The  eigenvalues  of  the  total  Hamiltonian  (18)  are 


£±(l,k)  —  h(i)k 


/+ j(*+l) 


+  jL /(/)-/(/+*)] 


(23) 
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and  the  corresponding  eigenstates,  namely,  the  dressed  states 
are  given  by 

|  +  ,/)  =  e"'*scos  77  |e,/)+  sin  77  \g,l  +  k), 

|  — ,/)  =  —  sin  77  |e,/)  +  e'^cos  77  |g,/  +  £),  (24) 

where 

ft,.*  =  2i?<<>(/  +  *)[(/+  l)(/  +  2)-  •  -{l  +  k)]mlh  (25) 
is  the  Rabi  frequency, 

SLk  =  (E/h -k(ox)  +  [/(/)  +/(/  +  *)]/*,  (26) 


(i)  Both  Rabi  oscillations  and  the  AC  Josephson  effect 
involve  interactions  of  the  photons  with  electrons  (for  Rabi 
oscillations)  or  a  junction  (for  AC  Josephson  effect);  (ii)  the 
radiation  must  be  tuned  creating  two-level  transitions;  (iii) 
the  junction  behaves  like  an  atom  undergoing  transitions  be¬ 
tween  the  quantum  states  of  each  side  of  the  junction  as  it 
absorbs  and  emits  radiation. 

However,  the  Rabi  oscillation  is  a  strong-coupling  effect31 
and  produces  long-lived  coherent  superpositions. 

IV.  QUANTUM  COMPUTING 

Let  us  consider  more  than  one  single  charge  qubit  in  the 
QED  cavity,  and  the  cavity  initially  prepared  at  the  zero- 
photon  state  |0).  We  first  show  the  implementation  of  a 
controlled-phase-shift  operation.  Here  a  single  photon  pro¬ 
cess,  k=  1 ,  is  used  to  implement  quantum  computing. 

(i)  For  all  Josephson  charge  qubits,  let 


Here,  k  is  the  number  of  photons  emitted  or  absorbed  by  the 
charge  qubit  when  the  qubit  transits  between  the  excited  state 
\e)  and  the  ground  state  |g),  and  /  is  the  number  of  photons 
in  the  cavity  when  the  qubit  state  is  \e). 

When  the  system  is  initially  at  the  state  |e,/),  after  a 
period  of  time  /,  the  probabilities  for  the  system  to  be  at 
states  | g,l  +  k)  and  \e,l)  are 


|<g,/+*|<A(r)>|2  = 


-sin 


7  («?.*+ ft/,*)"2' 


(28) 


and 


|(e,/|i/<f))|2=  I  -|(g,/  +  *|^(/))|2.  (29) 

Thus  the  probabilities  are  oscillating  with  frequency 

nRab,=(^+«/.*)l/2-  (30) 

This  is  the  Rabi  oscillation  with  k  photons  involved  in  the 
state  transition;  when  k—  1 ,  it  reduces  to  the  usual  single¬ 
photon  Rabi  oscillation. 

Very  recently,  Nakamura  et  al .30  investigated  the  temporal 
behavior  of  a  Cooper-pair  box  driven  by  a  strong  microwave 
field  and  observed  the  Rabi  oscillations  with  multiphoton 
exchanges  between  the  two-level  system  and  the  microwave 
field.  Different  to  the  case  studied  here,  the  microwave  field 
was  employed  there  to  drive  the  gate  voltage  to  oscillate. 
Here,  in  order  to  implement  quantum  computing,  we  con¬ 
sider  the  Cooper-pair  box  with  a  SQUID  loop  and  use  the 
microwave  field  to  change  the  flux  through  the  loop. 


1 

jd>0, 

then  cos  (77^6^ /d>0)  =  0,  which  yields 
f(a^a)  =  0. 

Furthermore,  the  gate  voltage  for  a  control  qubit,  say  /f,  is 
adjusted  to  have  the  qubit  on  resonance  with  the  cavity  mode 
(E  =  fnox)  for  a  period  of  time  (where  single  photon  is  in¬ 
volved  in  the  state  transition),  while  all  other  qubits  are  kept 
off-resonant.  The  interaction  Hamiltonian  (in  the  interaction 
picture  with  H0=jEpz)  is  given  by 

Htm=e~'e\e)A(g\  ag°)(flta)  +  H.c.,  (31) 

and  the  evolution  of  qubit  A  is  described  by 

UA(e,t)  =  exp(  —  iHxntt/h).  (32) 

This  unitary  operation  does  not  affect  state  Ig^lO),  but 
transforms  Ig^ll)  and  |e)j0)  as 

|g>Jl>—  cos(a/)|g}Jl}-/e-'tfsin(a/)|t>)JO>, 

k)JO)->  cos(a/)|e)-4|0)-/e"?sin(af)|g).<|l).  (33) 

where  a  =  g(l\l)/h.  To  obtain  the  controlled-phase-shift 
gate,  we  need  the  unitary  operation  with  0=0  and  interac¬ 
tion  time  f|  =  7r/2a,  which  gives 

Ig^llH-'le^lO), 

|e»H-/|g)Jl>.  (34) 


A.  Analogies  between  Rabi  oscillations  and  the  AC 
Josephson  effect 

Rabi  oscillations  have  been  observed  a  long  time  ago  in 
atomic  physics.  It  is  a  relatively  new  development  to  observe 
Rabi  oscillations  in  a  condensed-matter  system.  Since  the 
Josephson  effect  can  be  used  for  this  purpose,  it  is  instructive 
to  point  out  analogies  and  differences  between  Rabi  oscilla¬ 
tions  and  the  Josephson  effect. 


This  operation  swaps  the  qubit  state  and  the  state  of  the  QED 
cavity.  A  similar  swapping  transformation  was  previously 
used  for  the  quantum  computing  with  laser-cooled  trapped 
ions.1 

(ii)  While  all  qubits  are  kept  off-resonant  with  the  cavity 
mode  and  the  flux  <t>e  is  originally  set  to  <!><,=  for  each 
qubit,  we  change  <t>e  to  zero  for  only  the  target  qubit,  say  B. 
In  this  case,  the  evolution  of  the  target  qubit  B  is  described  in 
the  interaction  picture  by 
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U„(t)  =  exp(-iHintt/fi),  (35) 

where  the  Hamiltonian  is 


tfint=  (\e)B{e\ ~  |g>fl(g|)/(aM-  (36) 

This  Hamiltonian  can  be  used  to  produce  conditional  phase 
shifts  in  terms  of  the  photon  state  of  the  QED  cavity.  Ap¬ 
plying  this  unitary  operation  to  qubit  B  for  a  period  of  time 
t2  =  Trh/2[f(  1  )-/(0)|,  we  have35 

|g>*|0>— *e^|g>«|0>. 


J=(|e>*-ie  (1g)fl)-  (42) 

In  terms  of  this  one-bit  rotation,  the  controlled-phase-shift 
gate  UAB  can  be  converted  to  the  controlled-NOT  gate,1 


Cab 


7 t  t r  \ 

T’2sijUAB 


2  ’  2fl 


(43) 


|g)s|l)-»/e^|g)a|l), 

(37) 

where  ^=ir/(0)/2|/(l)— /(0)|. 

(iii)  Qubit  A  is  again  brought  into  resonance  for  t3 
=  Tr/2a  with  0=0,  as  in  step  (i).  Afterwards,  a  controlled 
two-bit  gate  is  derived  as  a  controlled-phase-shift  gate  com¬ 
bined  with  two  one-bit  phase  gates.  In  order  to  obtain  the 
controlled-phase-shift  gate  UAB,  which  transforms 

|g)Jg>s<  I g)A\e)B,  \e)A\g)B.  and  \e)A\e)B  as 


1  10  0  0 

\g)A\e)B 

0  10  0 

\g)A\e)B 

\e)A\ g)B 

0  0  10 

\e)A\ g)B 

\  \e)A\e)Bj 

\0  0  0  -1/ 

\e)A\e)Bl 

one  needs  to  further  apply  successively  the  unitary  operation 
given  in  step  (ii)  to  the  control  and  target  qubits  with  inter¬ 
action  times  /4  =  3  7t/L/4|/(0)|  and  r5  =  (2  7T- |/3|)ft/|/(0)|, 
respectively. 

In  analogy  with  atomic  two-level  systems,1,3  one  can  use 
an  appropriate  classical  microwave  field 36  to  produce  one-bit 
rotations  for  the  Josephson  charge  qubits.  When  the  classical 
microwave  field  is  on  resonance  with  the  target  qubit  B,  the 
interaction  Hamiltonian  becomes 


Win1  =  ^[^‘>k>8<gl  +  H.C.], 


(39) 


with 


1 

© 

S' 

1  <*>0  ) 

(40) 


where  the  value  of  the  phase  v  depends  on  the  chosen  mi¬ 
crowave  field  (see,  e.g.,  Chap.  2  in  Ref.  31)  and  <J>^  is  the 
flux  through  the  SQUID  loop  produced  by  the  classical  mi¬ 
crowave  field.  For  the  interaction  time  t6  =  tt/2CI  ,  the  unitary 
operation 


Vb(  v,t6)  =  exp(  -  i  H  int/6 Ih )  (41) 

transforms  |g)5  and  \e)B  as 


A  sequence  of  such  gates  supplemented  by  one-bit  rotations 
can  serve  as  a  universal  element  for  quantum  computing.37 

V.  DISCUSSION  AND  CONCLUSION 

For  microwaves  of  wavelength  I  cm,  the  volume  of  a 
planar  cavity  is  ~  1  cm3.  For  SQUID  loop  dimension 
—  10—  1  //, m,  then  1 03  —  1 04  charge  qubits  may  be  constructed 
along  the  cavity  direction.  Furthermore,  for  a  two- 
dimensional  (2D)  array  of  qubits,  1 06—  1 08  charge  qubits 
could  be  placed  within  the  cavity.38  This  number  of  qubits  is 
large  enough  for  a  quantum  computer.  For  practical  quantum 
information  processing,  one  needs  to  improve  the  experi¬ 
mental  setup  to  have  a  QED  cavity  with  a  high  enough  Q 
value  so  as  to  implement  more  quantum  operations  within 
the  long  photon  lifetime  of  the  cavity.  Alternatively,  one  can 
also  increase  the  number  of  permitted  quantum  operations 
within  the  given  photon  lifetime  of  the  cavity  by  strengthen¬ 
ing  the  coupling  between  the  charge  qubit  and  the  micro- 
wave  field.  Because  the  typical  interaction  energy  between 
the  charge  qubit  and  the  microwave  field  is  propositional  to 
<t>x,  the  qubit-photon  coupling  can  be  strengthened  by  in¬ 
creasing  the  area  enclosed  by  the  SQUID  loop  and  the  field 
intensity  (e.g.,  by  putting  a  high-//,  material  inside  the 
SQUID  loop). 

In  the  conditional  gates  discussed  above,  the  two  charge 
qubits  are  coupled  through  photons  in  the  QED  cavity.  Our 
approach  is  scalable,  but  similar  to  the  coupling  scheme  us¬ 
ing  an  LC-oscillator  mode,11,15  only  a  pair  of  charge  qubits  at 
a  time  can  be  coupled.  In  order  to  implement  parallel  opera¬ 
tions  on  different  pairs  of  qubits,  one  can  make  use  of  a 
multimode  QED  cavity  or  more  than  one  cavity,  where  dif¬ 
ferent  cavity  modes  couple  different  pairs  of  qubits  simulta¬ 
neously.  Moreover,  our  approach  might  have  potential  appli¬ 
cations  in  quantum  communications  using  both  the  qubit- 
photon  coupling  (to  convert  quantum  information  between 
charge  qubits  and  photons)  and  the  photons,  acting  as  flying 
qubits,  to  transfer  quantum  information  between  remotely 
separated  charge-qubit  systems. 

In  conclusion,  we  have  studied  the  dynamics  of  the 
Cooper-pair  box  with  a  SQUID  loop  in  the  presence  of  a 
nonclassical  microwave  field.  Rabi  oscillations  in  the  multi¬ 
photon  process  are  demonstrated,  which  involve  multiple 
photons  in  the  transition  between  the  two-level  system  and 
the  microwave  field.  Also,  we  propose  a  scheme  for  quantum 
computing,  which  is  realized  by  Josephson  charge  qubits 
coupled  through  photons  in  the  QED  cavity. 
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Based  on  the  interaction  between  the  radiation  field  and  a  superconductor,  we  propose  a  way  to  engineer 
quantum  states  using  a  SQUID  chaige  qubit  inside  a  microcavity.  This  device  can  act  as  a  deterministic  single 
photon  source  as  well  as  generate  any  Fock  states  and  an  arbitrary  superposition  of  Fock  states  for  the  cavity 
field.  The  controllable  interaction  between  the  cavity  field  and  the  qubit  can  be  realized  by  the  tunable  gate 
voltage  and  classical  magnetic  field  applied  to  the  SQUID. 

PACS  numbers:  42.50.Dv,  74.50.+r,  42.50.Ct 


The  generation  of  quantum  states  of  the  radiation  field 
has  been  a  topic  of  growing  interest  in  recent  years.  This 
is  because  of  possible  applications  in  quantum  communica¬ 
tion  and  information  processing,  such  as  quantum  networks, 
secure  quantum  communications,  and  quantum  cryptogra¬ 
phy  [1].  Based  on  the  interaction  between  the  radiation  field 
and  atoms,  many  theoretical  schemes  have  been  proposed  for 
the  generation  of  Fock  states  [2,  3]  and  their  arbitrary  super¬ 
positions  [4,  5].  Experiments  have  generated  single-photon 
states  in  quantum  dots  [6],  atoms  inside  a  microcavity  [7], 
and  other  systems  [8].  A  superposition  of  the  vacuum  and 
one-photon  states  can  also  be  experimentally  created  by  trun¬ 
cating  an  input  coherent  state  or  using  cavity  quantum  electro¬ 
dynamics  [9].  However,  how  to  generate  an  arbitrary  photon 
state  by  virtue  of  the  interaction  between  the  radiation  field 
and  solid  state  quantum  devices  seems  to  be  unknown  both 
theoretically  and  experimentally.  Recent  progress  in  super¬ 
conducting  quantum  devices  (e.g.,  [10,  11])  makes  it  possi¬ 
ble  to  do  quantum  state  engineering  experiments  in  these  sys¬ 
tems,  and  also  there  have  been  proposals  on  superconduct¬ 
ing  qubits  interacting  with  the  nonclassical  electromagnetic 
field  [12,  13,  14,  15,  16,  17]. 

Here,  we  present  an  experimentally  feasible  scheme  to  gen¬ 
erate  quantum  states  of  a  single-mode  cavity  field  in  the  mi¬ 
crowave  regime  by  using  the  photon  transition  between  the 
ground  and  first  excited  states  of  a  macroscopic  two- level  sys¬ 
tem  formed  by  a  superconducting  quantum  interference  de¬ 
vice  (SQUID).  This  artificial  two-level  “atom”  can  be  easily 
controlled  by  an  applied  gate  voltage  V9  and  the  flux  $c  gener¬ 
ated  by  the  classical  magnetic  field  through  the  SQUID  (e.g., 
[14,  18]).  The  process  of  generating  photon  states  in  this  de¬ 
vice  includes  three  main  steps:  (i)  The  artificial  atom  operates 
at  the  degeneracy  point  by  choosing  appropriate  values  for  Vg 
and  There  is  no  interaction  between  the  quantized  cavity 
field  and  “atom”  at  this  stage,  (ii)  Afterwards  new  Vg  and  $c 
are  selected  such  that  the  cavity  field  interacts  resonantly  with 
the  “atom”  and  evolves  during  a  designated  time,  (iii)  The 
above  two  steps  can  be  repeated  until  a  desired  state  is  ob¬ 
tained.  Finally,  the  flux  <f>c  can  be  adjusted  to  a  special  value. 


FIG.  1:  (a)  A  charge  qubit  formed  by  a  SQUID  device,  equivalent 
to  a  controllable  macroscopic  two-level  system,  is  placed  into  a  su¬ 
perconducting  microwave  cavity  in  (b).  The  coupling  between  the 
quantized  cavity  field  and  qubit  system  is  realized  via  the  magnetic 
flux  through  the  SQUID. 


then  the  interaction  is  switched  off,  and  the  desired  photon 
state  appears  in  the  cavity.  This  process  is  similar  to  that  of  a 
micromaser  [2]  and  it  is  described  below. 

Model . —  The  macroscopic  two-level  system  studied  here  is 
shown  in  Fig.  1  (a).  A  SQUID-type  superconducting  box  with 
nc  excess  Cooper-pair  charges  is  connected  to  a  superconduct¬ 
ing  loop  via  two  identical  Josephson  junctions  with  capacitors 
Cj  and  coupling  energies  Ej.  A  controllable  gate  voltage  Vg 
is  coupled  to  the  box  via  a  gate  capacitor  Cg.  We  assume 
that  the  superconducting  energy  gap  A  is  the  largest  energy. 
Then,  at  low  temperatures,  the  quasi-particle  tunneling  is  sup¬ 
pressed  and  no  quasi-particle  excitation  can  be  found  on  the 
island.  Only  Cooper  pairs  coherently  tunnel  in  the  supercon¬ 
ducting  junctions.  The  above  assumptions  are  consistent  with 
most  experiments  on  charge  qubits.  Then  the  standard  Hamil¬ 
tonian  [18]  is 

i/qb  =  4£’ch(nc  -  ng)2  -  2Ej  cos©,  (1) 

where  $x  is  the  total  flux  through  the  SQUID  loop  and  <fc0 
the  flux  quantum.  Thus,  the  superconducting  loop  is  used 
to  control  the  Josephson  coupling  energy  by  adjusting  the 
flux  through  this  loop.  Below,  we  show  that  it  can  also 
switch  on  and  off  the  qubit-field  interaction.  The  dimension¬ 
less  gate  charge,  ng  =  CgVg/2e,  is  controlled  by  Vg.  The 
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single-electron  charging  energy  is  Ec^  =  e2/2(Cg  +  2Cj). 
©  =  (<£!+  <p2)/ 2  is  the  quantum  mechanical  conjugate  of  the 
number  operator  nc  of  the  Cooper  pairs  on  the  box,  where  <t>i 
(i  =  1, 2)  is  the  phase  difference  for  each  junction.  The  su¬ 
perconducting  box  is  assumed  to  work  in  the  charging  regime 
with  condition  Ej  <£  E ch  <&  A  where  T  and  ks 

are  temperature  and  Boltzmann  constant  respectively.  If  the 
gate  voltages  is  near  a  degeneracy  point  ng  =  1/2,  the  super¬ 
conducting  box  is  a  charge  qubit  [18],  which  is  a  controllable 
two- level  system  characterized  by  the  two  lowest  charge  states 
\g)  (for  nc  =  0)  and  |e)  (for  nc  =  1).  However,  if  the  quasi¬ 
particle  excitation  cannot  be  completely  suppressed,  a  contin¬ 
uum  of  low-lying  quasi-particle  states  will  be  present,  and  the 
Hamiltonian  (1)  cannot  be  reduced  to  a  system  with  two  en¬ 
ergy  levels  even  when  the  gate  voltage  is  near  the  degeneracy 
point  [19]. 

Now  we  further  consider  that  the  qubit  is  placed  in  a 
single-mode  microwave  superconducting  cavity,  depicted  in 
Fig.  1(b),  the  flux  $x  through  the  SQUID  can  be  expressed 
as  [12,  13,  14]  =  <^c  +  <I>q  where  the  flux  $c  and 

<I>g  =  r\a  +  if  at  are  generated  by  a  classical  applied  mag¬ 
netic  field  and  the  quantized  cavity  field,  respectively.  Here 
77  =  fs  u(r)  ds  and  u(r)  is  the  mode  function  of  the  cavity 
field,  with  annihilation  (creation)  operators  a  (a*),  and  5  is 
the  surface  defined  by  the  contour  of  the  SQUID.  Considering 
the  above,  we  obtain 


H  —  hua^a  -f  Ezaz 
—  Ej(<T+  +  <7_)  cos 


(<M  +  I)a  +  if  of)j 


(2) 


where  the  first  two  terms  represent  the  free  Hamiltonians  of 
the  cavity  field  with  frequency  us  =  AE^/h  and  the  qubit 
with  the  energy  Ez  =  — 2£'ch(  1  -  2ng),  I  is  the  identity  oper¬ 
ator.  The  third  term  is  the  nonlinear  photon-qubit  interaction 
which  is  switchable  by  the  flux  $c.  The  charge  excited  state 
|e)  and  ground  state  |</)  correspond  to  the  eigenstates  | !)  and 
1 1)  of  the  spin  operator  cr2 ,  respectively.  The  cosine  in  Eq.  (2) 
can  be  further  decomposed  into  classical  and  quantized  parts, 
and  the  quantized  parts  sin[7r(r;  a+ H.c.)/$0]  and  cos[n(r)  a+ 
H.c.)/$ 0]  can  be  further  expanded  as  a  power  series  in  a  (a* ). 
Here,  the  single  photon  transition  between  the  states  |e,n) 
and  |0,  nil)  satisfies  the  condition  (7r|77|/$0)\/n_+"l  1, 

where  n  is  the  number  of  photons;  therefore  all  higher  or¬ 
ders  of  n\r]\/$o  can  be  neglected  and  only  a  single-photon 
transition  is  kept  in  the  expansion  of  Eq.  (2).  Using  the  no¬ 
tation  for  trapped  ion  systems  (e.g.,  [20]),  the  first  red  (blue) 
sideband  excitations  fia(T+  +  H.c.  (fiao-  -)-  H.c.)  for  inter¬ 
actions  of  the  cavity  field  and  the  qubit  [13],  with  photon- 
qubit  coupling  constant  /?  =  (irr]Ej/$o)  sin(7r<J>c/<&0),  can 
be  obtained  by  adjusting  the  gate  voltages  Vg  and  the  flux  $c. 
They  correspond  to  2 Ez  —  hu>  (2 Ez  —  -hu)  and  dimension¬ 
less  gate  charge  ng  =  1  (ng  =  0).  Also  £(0+  +  <r_ )  with 
£  =  Ej  co8(7r$c/<&o)  is  called  the  carrier  [13],  which  corre¬ 
sponds  to  ng  =  1/2.  The  Hamiltonian  (2),  with  the  above 
assumptions,  is  our  model. 


Preparation  process. —  We  choose  |0,</)  as  our  initial 
state,  where  the  cavity  field  is  in  the  vacuum  state  |0)  and 
the  qubit  is  in  the  ground  state  |<j).  The  goal  is  to  prepare  an 
arbitrary  pure  state  of  the  cavity  field 

N  N 

W>)  =  =  1$)®  Hc"ln)  (3) 

n=0  n=0 

where  | n)  denotes  the  Fock  states  of  the  cavity  field  with  ex¬ 
citation  number  n  =  0, 1, 2,  •  •  •.  A  Fock  state  |m)  with  m 
photons  is  a  special  case  of  Eq.  (3)  with  conditions  cn  =  0  for 
all  n  ^  m  with  0  <  m  <  N. 

Thermal  photons  in  the  cavity  have  to  be  suppressed  in  or¬ 
der  to  obtain  the  vacuum  state  |0).  In  the  microwave  region 
0.1  ~  15  cm,  the  mean  number  of  thermal  photons  (nt h)  sat¬ 
isfies  3.0  x  10-208  <  (nth)  <  0.043  at  T  =  30  mK,  and 
1.7  x  10~104  <  (nth)  <  0.26  at  T  =  60  mK.  These  tempera¬ 
tures  can  be  obtained  experimentally  (e.g.,  in  [1 1,  21]). 

After  the  system  is  initialized,  two  different  processes  are 
required  to  engineer  the  state  of  the  cavity  field.  The  first  pro¬ 
cess  involves  rotating  the  qubit  state,  but  keeping  the  cavity 
field  state  unchanged.  This  stage  can  be  experimentally  re¬ 
alized  by  tuning  the  gate  voltage  and  classical  magnetic  field 
such  that  ng  =  1/2  and  <I>C  =  0;  then  the  time  evolution  oper¬ 
ator  Uc(t)  of  the  qubit  in  the  interaction  picture  is 

Uc(t)  =  cos(Qif)/  +  »sin(fii<)(|0)(e|  +  |e)(</|)  (4) 

where  Cl\  =  Ej/h.  The  subscript  “C”  in  Uc(t)  denotes  the 
carrier  process,  which  can  superpose  two  levels  of  the  qubit, 
and  it  can  also  flip  the  ground  state  \g)  or  excited  state  |e)  to 
each  other,  after  a  time  t  =  7r(2p  —  l)/2Di,  with  positive 
integer  p. 

The  second  process  is  the  first  red  (blue)  sideband  excita¬ 
tion,  which  can  be  realized  by  tuning  the  gate  voltage  and 
classical  magnetic  field  such  that  ng  =  1  (ng  =  0)  and 
<fcc  =  4>q/2.  Thus,  in  the  interaction  picture,  the  time  evo¬ 
lution  operators  Un(t)  for  the  red  (£/b(0  for  the  blue)  of  the 
cavity  field  and  qubit  can  be  expressed  [22]  as 

Unit)  =  *ee(OIO<«l  +  Rgg(t)\g)(g\ 

-  iRge(t)\g)(e\  -  iR'g(t)\e)(g\  (5) 


or 


t/B(t)  =  flss(<)|e)<e|  +  flee(0l*><</l 

-  «'fl9e(<)le)(0l  -  *flea(t)|fl)<e|  (6) 


with  Reg(t)  =  [y*sin  /\/ao^|  a,  Rge(t)  = 

S]s(t).  Ree(t)  =  cos(|n2|*V^t).  and  Rgg(t)  = 


where  we  have  assumed  that  fi2  = 


nrjEj /h$o  =  \SI2W9  *  in  which  the  phase  9  depends  on  the 
mode  function  of  the  cavity  field  u(r).  The  red  sideband  exci¬ 
tation  described  by  operator  Ur(1)  can  entangle  \g,n  -|-  1) 
with  |e,n),  or  flip  |^,  n  -I-  1)  to  |e,n)  and  vice  versa,  by 
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choosing  the  duration  of  the  interaction  between  the  cavity 
field  and  the  qubit.  From  Eq.  (5),  it  is  easy  to  verify  that 
the  emission  probability  Pg  of  the  upper  level  for  the  qubit 
is  Pg  =  sin2(|fi2|<\/n  +  1).  We  find  that  Pg  =  1  when 
IQ2I ty/n  +  1  =  ?r(2fc  -  l)/2,  with  positive  integer  k.  So 
when  t  =  n(2k  —  1)/(2|Q2|\A*  +  1),  there  are  n  +  1  pho¬ 
tons  in  the  cavity  and  the  qubit  is  in  its  ground  state.  The 
first  blue  sideband  excitation,  denoted  by  {/b(<)»  can  entangle 
state  |e,  n- 1-1)  with  state  \g,  n),  or  flip  |e,  n  +  1)  to  \g,  n)  and 
vice  versa.  Below  we  use  the  carrier  and  the  first  red  sideband 
excitation,  represented  by  Uc(t)  and  £/r(<),  as  an  example 
showing  the  generation  of  an  arbitrary  quantum  state  of  the 
cavity  field. 

Using  the  quantum  operations  Uc(t)  and  Un(t)  in  Eqs.  (4) 
and  (5),  the  single  photon  state  |1)  can  be  generated  from 
the  initial  vacuum  state  |0).  That  is,  we  can  first  flip  the 
ground  state  of  the  qubit  to  the  excited  state  when  the  con¬ 
dition  Q\t\  =  tt/2  is  satisfied  for  the  carrier  f/c(<i),  then 
we  turn  on  the  first  red  sideband  excitation  Unfa)  and  let  the 
photon-qubit  system  evolve  a  time  satisfying  the  condition 
|Q2|*2  =  tt/2.  Finally,  we  adjust  the  classical  magnetic  field 
such  that  <l>c  =  0;  thus  the  interaction  between  the  cavity  field 
and  qubit  vanishes,  and  a  single-photon  state  exists  in  the  cav¬ 
ity,  that  is, 

|1)®|^>  =  J/r(<2|)£/c(<i)|0)®|^).  (7) 

Also  any  Fock  state  |m)  can  be  easily  created  from  the  vac¬ 
uum  state  |0)  by  alternatively  turning  on  and  off  the  quantum 
operations  in  Eqs.  (4-5)  to  excite  the  qubit  and  emit  photons 
during  the  time  interval  T.  The  latter  is  divided  by  2m  subin¬ 
tervals  n ,  r2,  •  •  •  ,  r2/_i ,  r2/  •  ,  r2m-i,  r2m  which  satisfy 

conditions  |Oi|r2/_i  =  tt/2  and  \Q2\T21Vl  4-  1  =  tt/2  where 
/  =  1, . .  •  ,  m.  This  process  can  be  described  as 

=  UR(T2m)Uc(T2m-l)  *  '  Ur(t2)Uc  (t\)\0)  ®\g) . 

(8) 

Finally,  the  classical  magnetic  field  is  changed  such  that  $c  = 
and  an  n-photon  state  is  provided  in  the  cavity. 

Our  next  goal  is  to  prepare  superpositions  of  different  Fock 
states  (e.g.,  ai|0)  -f  a2|l))  for  the  vacuum  |0)  and  single 
photon  |1)  states.  This  very  important  state  can  be  deter¬ 
ministically  generated  by  two  steps,  Uc(t\)  and  £/r(<2),  with 
t2  =  7r/2|fi2|;  that  is 

MO)  +  a2|l»  <g>  \g)  =  UK(tf2)Uc(t\)\0)  <8>  \g)  (9) 

where  the  operation  time  t\  determines  the  weights  of  the 
coefficients  of  the  superposition  q\  =  cos(f2i</1)  and  a2  = 
e~i$  sin(fiif'1).  If  the  condition  t\  =  7r/4f2i  is  satisfied,  then 
we  have  a  superposition  (|0)  +  e~'9  \  \))  /  V2  with  equal  prob¬ 
abilities  for  each  component  and  the  relative  phase  between 
them  can  be  further  specified  by  the  phase  of  the  mode  of  the 
cavity  field. 

An  arbitrary  target  state  (3)  can  be  generated  from  the  ini¬ 
tial  state  by  alternatively  switching  on  and  off  the  carrier  and 
first  red  sideband  excitation  during  the  time  7V,  which  can  be 


divided  into  2n  subintervals  r[ ,  •  •  •  >*2„-  That  is,  the  target 
state  can  be  deterministically  generated  as  follows 

N 

\iP)  =  '£cn\n,g)  =  U(r)\0,g),  (10) 

n=0 

where  U(Tf)  is  determined  by  a  sequence  of  time  evolu¬ 
tion  operators  associated  with  chosen  time  subintervals  as 
U(T)  =  UK{r2n)Uc{r!2n_])  •  •  •  Uk(T2)Uc(t\)*  Therefore, 
the  coefficients  cn  are 

cn  =  (9,rt\UR(r2n)Uc(T2n-i)  ■  •  •  tfR(Ta)l/c(»i)|0,  g). 

(11) 

Reference  [4]  has  explicitly  discussed  how  to  adjust  the 
rescaled  times  to  obtain  the  expected  state  by  solving  the  in¬ 
verse  evolution  of  Eq.  (10).  Ideally,  any  state  of  the  cavity 
field  can  be  created  according  to  our  proposal  by  adjusting 
the  gate  voltage,  classical  magnetic  field,  and  duration  of  the 
photon-qubit  interaction.  It  is  very  easy  to  check  that  the  state 
(3)  can  also  be  created  by  the  carrier  and  blue  sideband  exci¬ 
tation  whose  time  evolutions  Uc (t)  and  £/b(0  are  described 
by  Eqs.  (4)  and  (6). 

Environmental  effects. —  We  now  discuss  the  environmen¬ 
tal  effects  on  the  prepared  states,  which  are  actually  limited  by 
the  following  time  scales:  the  relaxation  time  T\ ,  the  prepara¬ 
tion  time  re  of  the  excited  state,  and  the  dephasing  time  T2  of 
the  qubit,  the  lifetime  rp  of  the  photon  and  an  effective  interac¬ 
tion  time  rjn)  which  corresponds  to  the  transition  from  |n,  e) 
and  |n  +  1  ,g).  If  7i,  rp  >  rc,  rjn\  then  the  Fock  states 
can  be  prepared.  If  the  condition  Ti,  T2,  tp  »  rc,  rjn)  is 
satisfied,  then  the  superposition  can  also  be  obtained. 

Now  let  us  estimate  the  photon  number  of  the  obtainable 
Fock  state  in  a  full-wave  cavity.  In  microwave  experiments, 
it  is  possible  to  obtain  very  high-Q  superconducting  cavi¬ 
ties,  with  Q  values  around  3  x  108  to  5  x  1010  [2,  23], 
which  correspond  to  the  lifetimes  of  the  microwave  region 
from  0.001  <  tp  <  0.15  s  to  0.167  <  rp  <  25  s.  The 
parameters  of  the  charge  qubit  [24]  without  the  cavity  are 
2 Ej/h  —  13.0  GHz  (so  the  operation  time  corresponding  to 
a  completely  excited  qubit  is  about  re  «  3.8  x  10“ 11  s).  The 
lifetime  of  the  excited-state  for  the  qubit  7\  =  1.3  x  10“6  s, 
i.e.  t€  T\.  For  an  estimate  of  the  interaction  coupling 
between  the  cavity  field  and  the  qubit,  we  assume  that  the 
cavity  mode  function  is  taken  as  a  standing-wave  form  such 
as  Bx  =  -i>s/hu/eoVc2{a  -  a*)cos(A:z),  with  polarization 
along  the  normal  direction  of  the  surface  area  of  the  SQUID, 
located  at  an  antinode  of  the  standing-wave  mode;  then  the 
interaction  between  the  cavity  field  and  the  qubit  reaches  its 
maximum  and  the  interaction  strength  can  be  expressed  as 
\P\  =  n\r)\Ej/$o  =  (nSEj/c$o)y/hij/eoV.  For  example, 
if  the  wavelength  of  the  cavity  mode  is  taken  as  Ai  =  0.1 
cm,  then  7r|r;|/<I>o  »  7.38  x  10“5  <  1,  where  the  dimen¬ 
sion  of  the  SQUID  is  taken  as  10  /im  and  the  mode  function 
u(r)  is  assumed  to  be  independent  of  the  integral  area  be¬ 
cause  the  dimension  of  the  SQUID,  10  /im,  is  much  less  than 
0.1  cm,  for  the  wavelength  of  the  cavity  mode.  In  this  case. 
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FIG.  2:  Ratio  ipn)/rin),  versus  photon  number  n  >  1,  of  the  life¬ 
time  of  the  photon  number  state  |n)  and  the  effective  operation 
time  rin).  The  latter  corresponds  to  the  transition  from  |r»,  e)  to 
|n  +  1,<;)  for  a  10/jm  x  10/im  SQUID  in  the  full-wave  cavity. 

Tc° ^  »  5.0  x  10_7s,  which  is  less  than  one  order  of  magni¬ 
tude  of  the  excited  lifetime  T\ .  This  means  that  the  qubit  in  its 
excited  state  can  emit  a  photon  before  it  relaxes  to  its  ground 
state.  But  if  we  take  the  dimension  of  the  SQUID  as  1  /im,  the 
coupling  between  the  cavity  field  and  the  qubit  is  two  orders 
of  magnitude  smaller  than  for  the  10  /im  SQUID,  and  then 
the  interaction  time  is  5.0  x  10“5  >  T\.  Therefore,  in  this 
case,  the  qubit  relaxes  to  the  ground  state  before  the  photon 
can  be  emitted  from  the  qubit,  and  thus  it  is  difficult  to  obtain 
a  photon  state.  In  Fig.  (2),  we  plot  the  ratio  rpn) /rc(n)  be¬ 
tween  the  lifetime  [25]  tp^  =  rp/n  (here,  rp^  =  rp)  of  the 
Fock  state  | n)  for  the  zero-temperature  environment  and  the 
effective  operation  time  rpn  ^  of  transitions  from  state  |n,  e)  to 
\n  +  1,  g)  for  different  values  of  Q  and  for  A  =  0.1  cm.  Fig.  2 
shows  that  the  photon  number  of  the  prepared  Fock  states  can 
reach  102  in  the  above  mentioned  high-Q  cavity.  But  if  the 
Q  values  are  less  than  107,  it  might  be  difficult  to  prepare  a 
photon  state  with  our  estimated  coupling.  We  also  find  that 
a  longer  microwave  in  the  full-wave  cavity  corresponds  to  a 
longer  rjn^  for  a  fixed  Q,  which  means  that  it  is  easy  to  cre¬ 
ate  photon  states  for  shorter  microwaves.  For  example,  if  the 
wavelength  is  taken  as  A  =  1  cm,  then  the  coupling  between 
the  qubit-photon  in  the  full-wave  cavity  might  not  be  strong 
enough  for  generating  Fock  states  within  the  currently  known 
experimental  data  for  T\ .  So  for  longer  microwaves,  we  can 
make  a  smaller  cavity  and  place  the  qubit  where  the  qubit- 
photon  interaction  is  maximum. 

If  we  want  to  prepare  a  superposition  of  different  Fock 
states  of  the  cavity  field,  we  need  to  consider  T2,  which  is 
of  the  order  of  a  few  ns  (e.g.,  5  ns  in  [11]).  Then  the  survival 
time  of  the  entangled  state  between  the  cavity  field  and  qubit, 
which  is  required  for  the  preparation  of  the  superposition  of 
the  Fock  states,  maybe  be  very  short.  With  the  improvement 
of  read-out  techniques,  a  longer  dephasing  time  can  make  our 
proposal  far  more  realizable. 

Discussions. —  We  propose  a  scheme  for  deterministically 
generating  nonclassical  photon  states  via  the  interaction  of 
photons  and  a  charge  qubit.  Indeed,  the  Fock  state  can  be 


prepared  with  current  technology.  The  superposition  would 
be  easier  to  obtain  by  increasing  the  dephasing  time  T2  and 
the  qubit-photon  coupling  strength.  Our  discussions  above  are 
based  on  experimental  values  for  T\  and  T2  without  the  cav¬ 
ity;  the  decoherence  may  become  shorter  when  the  SQUID  is 
placed  inside  the  cavity.  Further,  in  order  to  obtain  a  stronger 
coupling,  the  following  steps  would  help  to  increase  the  qubit- 
field  coupling  strength:  i)  decrease  the  volume  V  of  the  cavity; 
li)  increase  the  area  S  of  the  SQUID;  iii)  increase  the  Joseph- 
son  coupling  energy  Ej  under  the  condition  Ej  Ec h- 
We  can  also  put  a  high  permeability  p  material  inside  the 
SQUID  loop  [14],  then  the  qubit-field  coupling  strength  can 
increase  to  p\/3\.  because  the  relative  permeability  in  ferro¬ 
magnetic  materials  can  be  102  to  106,  and  might  partly  com¬ 
pensate  some  of  the  decoherence  effects  due  to  the  p  material 
itself.  Increasing  the  SQUID  dimension  and  decreasing  the 
cavity  volume  will  reduce  the  maximum  allowed  number  of 
SQUIDs  inside  the  cavity  making  it  unadvantageous  for  quan¬ 
tum  computing.  However,  one  qubit  is  enough  for  the  gen¬ 
eration  of  nonclassical  photon  states,  our  goal  here.  We  note 
that  Girvin  et  al.  [17]  proposed  a  different  system  in  which  the 
coupling  of  the  photon-qubit  can  reach  108  Hz,  corresponding 
to  rc0)  ~  10“9  s.  We  are  considering  how  to  generate  non¬ 
classical  photon  states  by  using  such  a  system.  This  scheme 
might  not  be  easy  to  generalize  in  a  straightforward  manner  to 
the  flux  qubit  case.  This  because  the  interaction  between  the 
flux-qubit  and  the  cavity  field  cannot  be  switched  on  and  off  in 
the  same  way  for  the  charge  qubit.  However  in  some  modified 
manner,  it  should  be  possible  to  generalize  this  scheme. 
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Based  on  the  measurement  of  charge  states,  we  show  that  the  superpositions  of  two  macroscopically  distin¬ 
guishable  coherent  states  (Schrfidinger  cat  states)  of  a  single-mode  cavity  field  can  be  generated  by  a  control¬ 
lable  interaction  between  a  cavity  field  and  a  SQUID-based  charge  qubit.  After  such  cat  states  of  the  cavity 
field  are  created,  the  interaction  can  be  switched  off  by  the  classical  magnetic  field  through  the  SQUID,  and 
there  is  no  information  transfer  between  the  cavity  field  and  the  charge  qubit.  We  also  discuss  the  generation  of 
superpositions  of  two  squeezed  coherent  states. 


I.  INTRODUCTION 

The  principle  of  linear  superposition  is  central  to  quantum 
mechanics.  However,  it  is  difficult  to  create  and  observe  su¬ 
perposed  states  because  the  fragile  coherence  of  these  states 
can  be  easily  spoiled  by  the  environment.  Typical  examples 
are  the  Schrddinger  cat  states  (SCSs),  which  are  superposi¬ 
tions  of  two  macroscopically  distinguishable  states.  Many 
theoretical  schemes  [1]  have  been  proposed  to  generate  SCSs 
in  optical  systems.  Also,  much  experimental  progress  has 
been  made  to  demonstrate  different  kinds  of  SCSs:  in  su¬ 
perconducting  systems  (e.g.  Ref.  [2]),  laser  trapped  ions  [3], 
optical  systems  constructed  by  Rydberg  atoms,  and  supercon¬ 
ducting  cavity  in  the  microwave  regime  [4].  The  SCSs,  which 
are  formed  by  two  optical  coherent  states,  e.g.  in  Ref.  [5], 
have  been  investigated  for  applications  in  quantum  informa¬ 
tion  processing  [5,  6,  7].  These  states  can  also  be  used  as 
a  robust  qubit  encoding  for  a  single  bosonic  mode  subject  to 
amplitude  damping.  They  can  also  be  used  to  study  both  the 
measurement  process  and  decoherence  by  coupling  the  sys¬ 
tem  to  the  external  environment  [5, 6, 7].  Thus,  generating  and 
measuring  cat  states  is  not  only  important  to  understand  fun¬ 
damental  physics,  but  also  to  explore  potential  applications. 

Superconducting  quantum  devices  [8,  9,  10,  12,  21]  allow 
to  perform  quantum  state  engineering  including  the  demon¬ 
stration  of  SCSs.  Theoretical  schemes  to  generate  SCSs  that 
are  different  from  the  above  experiments  [2]  have  also  been 
proposed  [13,  14,  15]  in  superconducting  quantum  devices. 
For  example,  the  scheme  in  Ref.  [13]  generates  a  SCS  of 
Bloch  states  for  the  current  of  a  Josephson  junction.  Mar- 
quardt  and  Bruder  [14]  proposed  ways  to  create  superposi¬ 
tions  of  two  coherent  states  for  a  harmonic  oscillator  approxi¬ 
mated  by  a  large  superconducting  island  capacitively  coupled 
to  a  smaller  Cooper-pair  box.  Armour  et  al.  [15]  proposed 
a  similar  scheme  as  in  Ref.  [14]  but  using  a  micromechani¬ 
cal  resonator  as  the  harmonic  oscillator.  A  review  paper  on 
micromechanical  resonators  [16]  can  be  found  in  Ref.  [17]. 
In  Ref.  [18],  a  scheme  was  proposed  to  generate  macroscopic 
quantum  superpositions  and  squeezed  states  for  a  supercon¬ 
ducting  quantum  interference  device  (SQUID)  ring  modelled 
as  an  oscillator.  Since  then,  several  proposals  have  been  made 


which  focus  on  superconducting  qubits  interacting  with  the 
nonclassical  electromagnetic  field  [19,  20,  21, 22,  23,  24]. 

Optical  SCSs  allow  a  fast  and  convenient  optical  transmis¬ 
sion  of  the  quantum  information  which  is  stored  in  charge 
qubits.  Compared  with  the  harmonic  system  [14,  15]  formed 
by  the  large  superconducting  junction  and  the  micromechani¬ 
cal  resonator,  optical  qubits  can  easily  fly  relatively  long  dis¬ 
tances  between  superconducting  charge  qubits.  Moreover,  the 
qubit  formed  by  SCSs  enables  a  more  efficient  error  correc¬ 
tion  than  that  formed  by  the  single  photon  and  vacuum  states, 
and  the  generation  and  detection  of  coherent  light  are  easy  to 
implement. 

In  contrast  to  [14,  15],  here  we  aim  at  generating  SCSs 
formed  by  two  optical  coherent  states  of  a  single-mode  mi¬ 
crowave  cavity  field  which  interacts  with  a  SQUID-based 
charge  qubit.  The  generation  of  such  states  has  been  studied 
theoretically  [25]  and  demonstrated  in  optical  cavity  QED  ex¬ 
periments  [4].  However,  in  these  cases:  i)  several  operations 
are  needed  because  atoms  must  pass  through  three  cavities, 
and  ii)  the  interaction  times  are  tuned  by  the  controlling  ve¬ 
locity  of  the  atoms  flying  through  the  cavity.  In  our  proposal, 
we  need  only  one  cavity,  and  interaction  times  are  controlled 
by  changing  the  external  magnetic  field. 

Although  our  scheme  is  similar  to  that  proposed  in 
Ref.  [15],  the  interaction  between  the  box  and  the  resonator 
in  Ref.  [15]  is  not  switchable.  Due  to  the  fixed  coupling  in 
Ref.  [15],  the  transfer  of  information  between  the  microme¬ 
chanical  resonator  and  the  box  still  exists  even  after  the  SCS 
is  produced.  In  our  proposal,  the  interaction  between  the  cav¬ 
ity  field  and  the  SQUID  can  be  switched  off  by  a  classical 
magnetic  field  after  the  SCS  is  generated.  Furthermore,  three 
operations,  with  different  approximations  made  in  every  op¬ 
eration,  are  required  in  Ref.  [15].  In  addition,  in  order  to 
minimize  the  environmental  effect  on  the  prepared  state,  the 
number  of  operations  and  instruments  should  be  as  small  as 
possible;  one  operation  is  enough  to  generate  SCS.  Thus  our 
proposed  scheme  offers  significant  advantages  over  the  pio¬ 
neering  proposals  in  Refs.  [14]  and  [15]. 
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II.  MODEL 


We  consider  a  SQUID-type  qubit  superconducting  box  with 
n  excess  Cooper-pair  charges  connected  to  a  superconducting 
loop  via  two  identical  Josephson  junctions  with  capacitors  Cj 
and  coupling  energies  Ej.  A  controllable  gate  voltage  Vg  is 
coupled  to  the  box  via  the  gate  capacitor  Cg  with  dimension¬ 
less  gate  charge  ng  =  CgVg/2e.  The  qubit  is  assumed  to 
work  in  the  charge  regime  with  kBT  <  Ej  <  Ec  <  A, 
where  kB ,  T,  Ec ,  and  A  are  the  Boltzmann  constant,  tem¬ 
perature,  charge  and  superconducting  gap  energies,  respec¬ 
tively.  We  consider  a  gate  voltage  range  near  a  degeneracy 
point  ng  —  1/2,  where  only  two  charge  states,  called  n  =  0 
and  n  =  1,  play  a  leading  role.  The  other  charge  states  with 
a  much  higher  energy  can  be  neglected,  which  implies  that 
the  superconducting  box  can  be  reduced  to  a  two-level  system 
or  qubit  [26].  This  superconducting  two-level  system  can  be 
represented  by  a  spin-^  notation  such  that  the  charge  states 
n  =  0  and  n  —  1  correspond  to  eigenstates  |  t)  and  |  j)  of  the 
spin  operator  az ,  respectively.  If  such  a  qubit  is  placed  into  a 
single-mode  superconducting  cavity,  the  Hamiltonian  can  be 
written  as  [21,  27] 


H  =  huja^a  +  Ezcrz  -  Ejax  cos  —  ($c/  +  77  a  +  77*  a*)  ,(1) 

<l>o 


where  the  first  term  represents  the  free  Hamiltonian  of  the  cav¬ 
ity  field  with  frequency  u>,  and  Ez  =  — 2i?ch(l  -  2 ng)  with 
the  single-electron  charging  energy  Ech  =  e1  j[Cg  +  2 Cj). 
Here  <F0  is  the  flux  quantum,  $c  is  the  flux  generated  by  the 
classical  magnetic  field  through  the  SQUID,  and  I  is  the  iden¬ 
tity  operator.  The  last  term  in  Eq.  (1)  is  the  nonlinear  photon- 
qubit  interaction.  The  parameter  77  has  units  of  magnetic  flux 
and  its  absolute  value  represents  the  strength  of  the  quantum 
flux  inside  the  cavity.  We  will  later  on  assume  this  “quan¬ 
tum  magnetic  flux”  77  to  be  small,  becoming  our  perturbation 
parameter.  The  parameter  77  can  be  written  as 

77  =  J  u(r)  •  ds,  (2) 

where  u(r)  is  the  mode  function  of  the  cavity  field,  with  an¬ 
nihilation  (creation)  operators  a  (a*),  and  S  is  the  surface  de¬ 
fined  by  the  contour  of  the  SQUID.  For  convenience,  here¬ 
after,  we  denote  1 1)  and  1 1)  by  |e)  and  |^),  respectively.  The 
cosine  in  Eq.  (1)  can  be  decomposed  into  classical  and  quan¬ 
tized  parts;  Eq.  (1)  can  then  be  expressed  as 


is  satisfied,  all  higher  orders  of  n\ri\/$0  can  be  neglected  in 
the  expansion  of  Eq.  (3).  To  estimate  the  interaction  coupling 
between  the  cavity  field  and  the  qubit,  we  assume  that  the 
mode  function  of  the  cavity  field  is  a  standing-wave 


/  »tW  X 

Bx  =  _IV  -  a  )  cos(*2)’ 

where  V,eo ,  c,  and  k  are  the  volume  of  the  cavity,  permittiv¬ 
ity  of  the  vacuum,  light  speed  and  wave  vector  of  the  cavity 
mode,  respectively.  The  magnetic  field  is  assumed  to  propa¬ 
gate  along  the  z  direction.  The  SQUID  is  placed  in  the  mid¬ 
dle  of  the  cavity  and  the  polarization  of  the  magnetic  field 
is  assumed  along  the  normal  direction  of  the  surface  area  of 
the  SQUID.  If  the  mode  function  u( r)  is  assumed  to  be  in¬ 
dependent  of  the  integral  area  (because  the  dimension  of  the 
SQUID,  such  as  10  /im,  is  much  less  than  the  microwave 
wavelength  of  the  cavity  mode),  then 

1,1  =  sv5Wc“(t2)l 

which  shows  that  the  parameter  [77!  depends  on  the  area  S  and 
the  position  z  of  the  SQUID,  the  wavelength  A  of  cavity  field, 
and  the  volume  V  of  the  cavity.  It  is  obvious  that  a  larger  S 
for  the  SQUID  corresponds  to  a  larger  [77!.  If  the  dimension 
of  the  cavity  is  equal  to  a  full  wavelength,  then  the  interaction 
between  the  cavity  field  and  the  qubit  reaches  its  maximum, 
and 


3.28  x  1(T9  <  jr|i?|/<&0  <  7.38  x  1(T5  1  (5) 

in  the  microwave  region  with  15  cm  >  A  >  0.1  cm.  The  linear 
dimension  of  the  SQUID  is  taken  as  10  /im,  and  the  mode 
function  u(r)  is  assumed  to  be  independent  of  the  integral  area 
because  the  dimension  of  the  SQUID,  10  /im,  is  much  less 
than  the  microwave  wavelength  A  of  the  cavity  mode.  For  a 
half-  or  quarter-wavelength  cavity,  the  condition  n\r]\/$o  < 
1  can  also  be  satisfied.  Therefore,  the  approximation  in  Eq.  (4) 
can  be  safely  made  in  the  microwave  regime,  and  then  Eq.  (3) 
can  be  further  simplified  (up  to  first  order  in  £  =  ttti/$o)  as 

Hi  —  hjja}a  +  Ezaz  -  Ejax  cos  f 

V  <*>o 

+Ejax  sin  (ta  +  C  flt)  >  (6) 


H  =  hujata  —  Ejax  cos  ( j  cos  (rja  +  77*  a*) 

V  $0  J  $0 

+  E2<tz  +  Ej(jx  sin  (  J  sin  (77  a  +  77*  af)  .(3) 
\  <Po  /  <Po 

The  factors  sin[7r(77  a  -f  H.c.)/$ 0]  and  cos[tt(t7  a  -1-  H.c.)/$0] 
can  be  further  expanded  as  a  power  series  in  a  (a*).  For  the 
single  photon  transition  between  the  states  |e,  n)  and  1 0,71  + 
1),  if  the  condition 


(4) 


where  £  is  a  dimensionless  complex  number  with  its  absolute 
value  equal  to  the  dimensionless  quantum  magnetic  flux,  and 
it  is  defined  by 

<=rJsair)d’=Z;’>  (7) 

UI.  GENERATION  OF  CAT  STATES 

We  assume  that  the  qubit  is  initially  in  the  ground  state  I#), 
and  the  cavity  field  is  in  the  vacuum  state  |0).  Now  let  us 


*0 
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adjust  the  gate  voltage  Vg  and  classical  magnetic  field  such 
that  rig  =  1/2  and  $c  =  $0/2,  and  then  let  the  whole  system 
evolve  a  time  interval  r.  The  state  of  the  qubit-photon  system 
evolves  into 

iV’(r))  =  expl-tfwa^a  +  <7x(fla  +  Q’a^JrjlO)!^) 

=  \[(\a)+\-a))\9)  +  (\a)-\-a))\e)),  (8) 

where  the  complex  Rabi  frequency  fi  =  £Ej,  and  |  ±  a) 
denotes  coherent  state 

|  ±  a)  =  «-""■»  |„)  (9) 

^0  vn! 


with 


a  =  ^——(e~iuT  —  1). 
rko 

In  the  derivation  of  Eq.  (8),  we  use  the  formula  exp[0(/?i  a  + 
/?2afa  +  £3^)]  =  exp[/iaf]  exp[/2<jta]  exp[/3a]  exp[/4] 
with  the  relations  /1  =  /33(e(/M)  -  l)/fa,  h  =  exp (faO), 
h  =  P\ (eWa#)  -  \)/fa,  and  /4  =  -fa-  l)/0». 

After  the  time  interval  r,  we  impose  <£c  =  0  by  adjusting 
the  classical  magnetic  field,  thus  the  interaction  between  the 
charge  qubit  and  the  cavity  field  is  switched  off  (e.g.,  the  last 
term  in  Eq.  (6)  vanishes).  Eq.  (8)  shows  that  an  entanglement 
of  the  qubit  and  the  cat  states  can  be  prepared  for  an  evolution 
time  r  ^  2mn  with  the  integer  number  m.  If  the  condition 
e-^r  ^  1  is  satisfied  in  Eq.  (8),  the  SCSs  of  the  cavity  field 

|Cat)*  =  (|q)±I~q))  (10) 

can  be  obtained  by  measuring  the  chaige  state  |e)  or  |(/),  by 
using,  for  example,  a  single-electron  transistor  (SET). 

If  we  initially  inject  a  coherent  light  |a'),  then  by  using  the 
same  method  as  in  the  derivation  of  Eq.  (8),  we  can  also  obtain 
the  time-dependent  cat  states  formed  by  two  different  optical 
coherent  states  |a±)  with  the  evolution  time  77: 

Mn)>  =  \  [(|a+>  +  |a_»| g)  +  (|a+>  -  |a_»|e>] ,  (11) 
where 


a±  =  a,e(-u,Tl)  ±  k[1  -  e<-*a'T*>] 


with 


After  a  time  interval  n,  we  can  switch  off  the  interactions 
between  the  charge  qubit  and  the  cavity  field  by  setting  <hc  = 
0  and  ng  =  1/2.  Measuring  the  charge  states,  we  can  obtain 
the  cat  states  denoted  by  |SCS) 

|SCS)  =  Nil(  |a+)±|o_» 
with  normalized  constant 

^±  =  N/2±((a+|a_)  +  (a_|a+», 


where  (a^  \a±)  can  be  easily  obtained  [30]  by  the  above  ex¬ 
pression  of  ct±,  for  example, 

(a+|a_)  =  exp  {  — 4/c2 [1  —  cos(u;ri)]  —  i2/ca; sin(a;ri) }  , 

here  we  assume  that  the  injected  coherent  field  has  a  real  am¬ 
plitude  a'.  In  Eq.  (11),  we  entangle  two  different  superposi¬ 
tions  of  coherent  states  with  the  ground  and  excited  states  of 
the  qubit.  We  can  also  entangle  two  different  coherent  states 
\a±)  with  the  qubit  states  by  applying  a  classical  flux  such 
that  $c  =  $o.  Then  with  the  time  evolution  t  =  n/AEjy  we 
have 

l^(ri)>  =  ^(|a-)|ff)  +  |a+)|e».  (12) 

From  a  theoretical  point  of  view,  if  we  can  keep  the  ex¬ 
pansion  terms  in  Eq.  (3)  up  to  second  order  in  £  =  7rr//<I>o, 
we  can  also  prepare  a  superposition  of  two  squeezed  coherent 
states ,  which  could  be  used  to  encode  an  optical  qubit  [29]. 
To  obtain  this  superposition  of  two  squeezed  coherent  states, 
we  can  set  ng  —  1/2  and  $c  =  0,  and  derive  the  Hamiltonian 
from  Eq.  (3)  to  get  (up  to  second  order  in  £) 

H,  =  -  |{|sBJ.,)o'a  -  Ej  (l  +  H!i)  <r, 

-  Eja,  (13) 


If  the  system  is  initially  in  the  coherent  state  I7),  and  if  the 
charge  qubit  is  in  the  ground  state  | g),  we  can  entangle  qubit 
states  with  superpositions  of  two  different  squeezed  coherent 
states  with  an  evolution  time  t  as 


M*)>  =  5 


-iSt 


Is) 


1 

+  2 
where 


;C2Ej4K  JtU..sV3Ej 


I7i  — * 


t) 


S=£J(l  +  !f), 

It,  =  ^±WIt), 


|c>,  (14) 

(15a) 

(15b) 


and 


U±(t)  =  exp  j-tf  (^j  T  ^  flta| 

x  +  (15c) 


Here,  I7,  ^i£m2Ejt/h)  denote  squeezed  coherent  states,  and 
the  degree  of  squeezing  [31,  32]  is  determined  by  the  time- 
dependent  parameter  \£\2Ejt/h.  A  superposition  of  two 
squeezed  coherent  states  can  be  obtained  by  the  measurement 
on  the  charge  qubit.  However,  we  should  note  that  if  we  keep 
to  first  order  in  |£ |  =  7r|r/|/$0  the  expansions  of  Eq.  (3),  the 
interaction  between  the  cavity  field  and  the  charge  qubit  is 
switchable  (e.g.,  the  last  term  in  Eq.  (6)  vanishes  for  4>c  =  0). 
But  if  we  keep  terms  up  to  second  order  in  |£|  for  the  expan¬ 
sions  of  Eq.  (3),  then  the  qubit-field  coupling  is  not  switch- 
able. 
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IV.  DISCUSSIONS 

The  analytical  expressions  in  Eqs.  (8),  (11),  and  (14)  show 
how  to  prepare  two  macroscopically  distinguishable  states  by 
measuring  the  charge  states.  However,  similarly  to  the  optical 
cavity  QED  [25],  prepared  superpositions  of  states  are  lim¬ 
ited  by  the  following  physical  quantities:  the  Rabi  frequency 
|Q|  =  \Z\Ej  (which  determines  the  quantum  operation  time 
tq  of  two  charge  qubit  states  through  the  cavity  field),  the  life¬ 
time  id  of  the  cavity  field,  the  lifetime  7\  and  dephasing  time 
T2  of  the  charge  qubit,  as  well  as  the  measurement  time  rm  on 
the  charge  qubit. 

We  now  estimate  the  Rabi  frequency  \Q\  in  the  microwave 
regime  for  a  standing-wave  field  in  the  cavity.  A  SQUID 
with  a  typical  linear  dimension  of  about  10  /im  is  assumed 
to  be  placed  in  the  middle  of  the  cavity.  In  the  microwave 
regime  with  different  ratios  of  Ec^/Ejy  we  provide  a  numer¬ 
ical  estimate  of  \Q\ /h  for  u>  =  2ECh/h  in  a  full-wavelength 
cavity,  shown  in  Fig.  1(a),  and  a  quarter- wavelength  cavity, 
shown  in  Fig.  1(b).  The  results  reveal  that  a  shorter  wave¬ 
length  of  cavity  field  corresponds  to  a  larger  Rabi  frequency 
|Q|.  For  example,  in  the  full-wavelength  cavity,  |Q| /h  with 
microwave  length  0.1  cm  is  of  the  order  of  106  Hz,  and  yet 
it  is  about  10  Hz  for  a  microwave  wavelength  of  15  cm.  In 
both  cases,  the  transition  times  from  |0)|e)  to  \  l)\g)  are  about 
10"6  s  and  0.1  s  respectively,  where  |0)  (|1))  is  the  vacuum 
(single-photon)  state.  The  experiment  for  this  scheme  should 
be  easier  for  shorter  wavelengths  than  for  long  wavelengths. 
For  a  fixed  wavelength,  the  effect  of  the  ratios  £ch/ Ej  on  the 
coupling  between  the  cavity  field  and  the  charge  qubit  is  not 
so  large.  However,  decreasing  the  volume  V  of  the  cavity  can 
efficiently  increase  the  coupling. 

In  order  to  obtain  a  cat  state,  the  readout  time  rm  of  the 
charge  qubit  should  be  less  than  the  dephasing  time  T2  of  the 
charge  qubit  (because  the  relaxation  time  T\  of  the  charge 
qubit  is  longer  than  its  dephasing  time  T2)  and  the  lifetime 
time  id  of  the  cavity  field.  For  example,  in  Ref.  [15]  with  a 
set  of  given  parameters,  the  estimated  time,  rm  =  4  ns,  is 
less  than  T2  =  5  ns  [9].  For  a  good  cavity  [33],  the  quality 
factor  Q  can  reach  very  high  values,  such  as  Q  =  3  x  108, 
and  then  the  lifetimes  of  the  microwave  field  would  be  in  the 
range  0.001  s  <  td  <  0.15  s,  which  implies  tm  <  td.  So  the 
readout  is  possible  within  current  technology.  It  is  easier  to 
prepare  a  cat  state  in  such  a  system  even  when  the  coupling 
between  the  charge  qubit  and  the  cavity  field  is  weak  because, 
in  principle,  two  different  coherent  states  could  be  obtained 
with  a  very  short  time  tq  such  that  tq  <  T2. 


V.  CONCLUSIONS 

In  conclusion,  we  have  analyzed  the  generation  of 
SchrOdinger  cat  states  of  a  single-mode  microwave  field  by 


FIG.  1:  Rabi  frequency  |f2|  versus  the  microwave  wavelength  A  for 
a  full-wavelength  cavity  (a)  and  a  quarter-wavelength  cavity  (b)  with 
ratios  £ch/£j  =  4  (top  solid  line),  7  (dashed  line),  10  (dashed- 
dotted  line),  15  (bottom  dotted  line),  respectively. 


coupling  it  to  a  controllable  SQUID-type  charge  qubit.  Based 
on  our  scheme,  the  SCS  can  be  generated  by  using  one  quan¬ 
tum  operation  together  with  the  quantum  measurement  on  the 
charge  qubit.  After  the  SCS  is  created,  the  coupling  between 
the  charge  qubit  and  the  cavity  field  can  be  switched  off  if  the 
coupling  constant  |f|  =  n\ri\/$o  <  1  because,  in  such  a  con¬ 
dition,  all  interaction  terms  of  higher  order  in  £  =  nij/Qo  are 
negligible.  This  results  in  a  switchable  qubit-field  interaction. 

We  have  also  proposed  a  scheme  to  generate  superpositions 
of  two  squeezed  coherent  states  if  we  can  keep  the  expansion 
terms  in  Eq.  (3)  up  to  second  order  in  £  =  ttt;/4>o.  How¬ 
ever,  in  this  case  the  interaction  between  the  cavity  field  and 
the  charge  qubit  cannot  be  switched  off.  By  using  the  same 
method  employed  for  trapped  ions  [34],  we  can  measure  the 
decay  rate  of  the  SCS  and  obtain  the  change  of  the  Q  value 
due  to  the  presence  of  the  SQUID. 

Also,  the  generated  SCSs  can  be  used  as  a  source  of  optical 
qubits.  Our  suggestion  is  that  the  first  experiment  for  generat¬ 
ing  nonclassical  states  via  the  interaction  with  the  charge  qubit 
should  be  the  generation  of  superpositions  of  two  macroscop¬ 
ically  distinct  coherent  states.  It  needs  only  one  quantum  op¬ 
eration,  and  the  condition  for  the  coupling  between  the  cavity 
field  and  the  charge  qubit  can  be  slightly  relaxed.  This  pro¬ 
posal  should  be  experimentally  accessible  in  the  near  future. 
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We  have  analyzed  the  entanglement  of  a  system  of  two  coupled  charge  qubits.  We  cal¬ 
culate  the  amount  of  entanglement  using  several  different  approaches.  We  show  that  in 
the  ideal  case  the  system  remains  entangled  most  of  the  time  and  the  amount  of  entan¬ 
glement  reaches  almost  unity,  i.e.  the  system  becomes  maximally  entangled  at  certain 
instances. 

Keywords :  quantum  computation;  quantum  bits;  entanglement. 

1.  Introduction 

Entanglement  is  a  peculiar,  yet  natural,  nonclassical  correlation  that  is  possible 
between  separated  quantum  systems.  Although  entanglement  has  been  known  for 
many  years  as  a  purely  theoretical  subject,  it  turned  into  a  practical  issue  recently 
after  it  was  realized  that  it  plays  a  crucial  role  in  quantum  computation  and  quan¬ 
tum  comunication. 

Entanglement  of  two  quantum  systems  can  be  understood  by  using  the  following 
example.  Let  us  consider  two  single  qubits  A  and  B  whose  states  can  be  presented  as 
a  superposition  of  the  basis  states:  |Vu)  =  ai|0)i  +  a2|l)i  and  |  ips)  =  &i|0)2  +  b2|l)2> 
where  |0)  1(2)  and  1 1)  i(2)  are  the  basis  states  of  the  first  (second)  qubits  and  <11,2 
and  61 12  are  the  corresponding  amplitudes.  In  the  unentangled  case,  the  state  \ip) 
of  a  composite  two-qubit  system  can  be  described  as  a  product  of  two  single-qubit 
states: 


IV’}  =  HaMb)  =  ci|00)  +c2|10)  +  c3|01)  +  c4|ll) 


(1) 
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where  ct  ( i  =  1,2,  3, 4)  are  the  amplitudes  of  the  two-qubit  states  that  are  the 
product  of  the  corresponding  amplitudes  of  the  single-qubit  states  (e.g.  c\  =  a\b\ , 
etc).  Here  we  use  the  following  notations:  |00)  =  |0)i|0)2,  1 10)  =  |l)i|0)2,  |01)  = 

1 0) 1 1 1)2  and  1 1 1)  =  1 1)  1 1 1)2 -  There  exist  certain  two-qubit  states  for  which  | \jj)  ^ 
|Vm)|V>b)-  For  example,  the  state  | ip)  =  l/>/2(|00)  +  1 1 1))  cannot  be  reduced  to  a 
product  of  two  single-qubit  states  described  by  Eq.  (1).  Such  a  state  is  called  an 
entangled  state. 

For  practical  purposes,  one  needs  to  quantify  entanglement.  A  few  measures 
of  entanglement  have  been  introduced:  negativity ,  concurrence ,  entanglement  of 
formation  and  entropy  of  entanglement. 

Here  we  consider  a  system  of  two  coupled  charge  qubits  and  calculate  the  time 
evolution  of  entanglement  using  these  criteria. 


2.  Measures  of  Entanglement 

Let  us  note  first  that  there  is  a  simple  qualitative  test  for  entanglement  provided 
by  Peres1  and  Horodecki.2  For  2x2  systems  like  the  one  we  consider  here,  the 
necessary  and  sufficient  condition  for  entanglement  is  the  negativity  of  the  partial 
transposition  of  a  state  of  the  system.  That  is,  if  the  partially  transposed  density 
matrixa 


p = 5>i*n*i 

i 

has  negative  eigenvalues  then  the  system  is  entangled,  if  the  eigenvalues  are  zero  or 
positive  then  the  system  is  unentangled. 

Based  on  the  qualitative  partial  transpose  approach,  a  quantitative  entangle¬ 
ment  measure,  called  negativity,  can  be  introduced:3 


N(p)  =  max(0,  -2Amin) ,  (2) 

where  Amin  is  the  smallest  eigenvalue  of  the  partial  transpose  of  the  state  p. 

The  concept  of  concurrence  originates  from  Ref.  4  and  is  defined  for  a  pair  of 
qubits  as5 


C(p)  =  max(0,  Ai  -  A2  -  A3  -  A4) ,  (3) 

where  the  Aj’s  are  the  square  roots  of  the  eigenvalues  of  pp  in  descending  order. 
Here  p  is  the  result  of  applying  the  spin-flip  operation  to  p:  p  =  (ay<g>cry)p*(<7y<8)ay), 
where  p*  is  a  complex  conjugate  of  p. 

For  a  pure  state  | ip)  of  a  composite  system  (see  Eq.  (1)),  the  concurrence  can 
be  expressed  as6  C(xp)  =  2|cic4  —  C2C3|. 


( Pi  are  the  state  probabilities  satisfying  the  normalization  condition  X)iP»  =  !)■ 
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For  a  pair  of  qubits,  there  exists  an  explicit  formula  for  the  entanglement  of 
formation  Ej  based  on  the  concept  of  concurrence.  For  a  pure  state  p,  the  entan¬ 
glement  of  formation  is  related  to  concurrence  as6 


Ef  =  £(C(p)) , 

(4) 

where  the  function  £  is  defined  by 

f(0)-*(1  +  ^  C!); 

(5) 

h(x)  =  -x  log2  x  —  (1  —  x)  log2(l  -  x) . 

(6) 

This  definition  can  be  further  extended  to  the  more  general  case  of  mixed  states.7 
The  simplest  case  of  an  entangled  system  is  a  pair  of  qubits  in  a  pure  but 
nonfactorizable  state.  In  this  case  the  entanglement  can  be  defined  via  the  von 
Neuman  entropy  of  either  qubit  A  or  B :8 

Et  =  -TV pA  log2  Pa  =  — Tr pB  log2  pB  ,  (7) 

where  pA  =  \iPa)(iPa\  and  pB  =  U)b){^b\  are  the  density  matrices  of  subsystem 
A  and  B,  respectively.  For  such  a  sytem,  the  entanglement  of  formation  defined  in 
Eq.  (4)  coincides  with  the  entropy  of  entanglement. 


3.  Circuit  and  Model 


We  consider  a  system  of  two  coupled  charge  qubits.9  Each  qubit  is  a  Cooper-pair 
box  whose  charge  states  are  quantized  when  the  charging  energy  of  the  box  Eci,%  = 
(2e)2 /2C\ t2  exceeds  the  Josephson  energy  £j1>2  of  its  coupling  to  a  reservoir.  Here 
C\}2  is  the  total  capacitance  of  the  corresponding  Cooper-pair  box  and  2e  is  the 
Cooper-pair  charge.  The  qubits  are  coupled  by  an  on-chip  capacitor  giving  a  mutual 
coupling  energy  Em.  At  low  temeperature  and  in  a  proper  voltage  range,  each  qubit 
is  reduced  to  a  two- level  system  and,  under  condition  Ej\2  ~  Em ,  the  whole  system 
can  be  described  by  the  two-qubit  Hamiltonian 

#=  £  ^ini|n,na)(»,n9|-^-^(|0>(l|  +  |l)<0|)®|na)<»»2| 

m,n2=0  ri2=0 


where 


~  £  lni)(nil  ®  (|o)(i|  +  |i)(o|) 

m=o 


(8) 


En\n2  Ecl(ngi  rii)  EC2(n92  ri2)  ■+■  £/m(riy1  n\ )(riy2  ^2) 

are  the  electrostatic  energies  corresponding  to  different  charge  configurations,  ngi 
and  ng2,  are  the  normalized  gate-induced  charges  on  the  corresponding  qubit. 
The  system  has  double  degeneracy  of  electrostatic  energies  at  nsi  =  ny2  =  0.5: 
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Eqq  =  Eh  and  i?io  =  Eqi.  If  the  system  is  driven  nonadiabatically  from  the  |00) 
state  to  this  point,  it  evolves  coherently  as  was  demonstrated  in  Ref.  9.  The  values 
of  electrostatic  energies  at  the  double  degeneracy  point  as  well  as  Josephson  ener¬ 
gies  were  determined  from  the  independent  measurements:  Eqq  =  Eh  &  70.9  GHz, 
Eio  =  £?oi  ~  63.6  GHz  and  Eji  =  Ej2  «  9.1  GHz.  Josephson  energies  were  made 
equal  by  applying  an  external  magnetic  field  to  suppress  Eji  from  its  maximum 
value  of  13.4  GHz  at  zero  magnetic  field. 

Then  we  calculate  the  evolution  of  entanglement  using  the  criteria  described 
above. 


4.  Results  and  Discussion 

We  consider  an  ideal  case  of  a  pure  bipartite  system.  The  evolution  of  the  system 
starts  from  the  |00)  state,  po  =  |00)(00|.  Neglecting  decoherence,  we  calculate  the 
time  dependence  of  the  density  matrix  using  the  Hamiltonian  given  in  Eq.  (8): 

p(t)  =  UTC pqU  ,  (9) 

where  U  =  exp(— iHt/h)  and  UTC  is  a  transpose  conjugate  of  U.  Then  we  use  p(t) 
to  check  the  Peres-Horodecki  criteria  and  to  calculate  the  amount  of  entanglement 
using  Eqs.  (2)-(4)  and  (7). 

The  result  of  the  Peres-Horodecki  test  is  shown  in  Fig.  1.  It  is  clear  that  most 
of  the  time  the  product  of  eigenvalues  is  negative,10  therefore  our  system  passes  the 
test.  We  then  proceed  with  the  calculation  of  the  amount  of  entanglement. 


Fig.  1.  Peres-Horodecki  test  for  a  coupled  qubit  system.  Here  the  product  has  been  normalized 
to  the  interval  [0,  1]. 
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Fig.  2.  Amount  of  entanglement  in  a  system  of  two  coupled  charge  qubits  calculated  by  negativity, 
concurrence,  entanglement  of  formation  and  entropy  of  entanglement.  Dotted  line  —  negativity 
and  concurrence;  solid  line  —  entanglement  of  formation  and  entropy  of  entanglement. 


Dependence  of  the  amount  of  entanglement  on  time  is  presented  in  Fig.  2.  All 
four  criteria  have  been  used,  however,  only  two  curves  are  seen  in  Fig.  2.  This 
is  due  to  the  fact  that  for  the  considered  case  of  pure  states  different  approaches 
give  similar  results.  For  example,  negativity  coincides  with  concurrence  and  entan¬ 
glement  of  formation  coincides  with  the  entropy  of  entanglement.  Note  that  the 
results  in  Fig.  2  are  consistent:  despite  small  difference  in  absolute  value  the  amout 
of  entanglement  basically  coinsides  and  reaches  maxima  and  minima  at  the  same 
time  instances.  The  results  in  Fig.  2  are  also  consistent  with  the  results  in  Fig.  1. 
Amount  of  entanglement  in  Fig.  2  reaches  maximum  values  when  the  product  of 
eigenvalues  in  Fig.  1  reaches  minimum  values  and  vice  versa. 

Comparing  the  time  evolution  of  the  amount  of  entanglement  with  the  time 
evolution  of  the  state  probabilities  poo,  Pio>  etc.,  we  can  conclude  that  the  amount 
of  entanglement  reaches  maximum  values  when  the  probabilities  poo  and  pn  are 
close  to  1/2  while  the  probabilities  of  the  states  1 10)  and  |01)  almost  vanish.  On 
the  other  hand,  the  amount  of  entanglement  is  close  to  zero,  when  the  probability 
of  only  one  state,  |00)  or  1 1 1),  approaches  unity  while  the  rest  three  being  almost 
zero. 

We  stress  finally  that  entanglement  of  two  qubits  is  a  result  of  their  interaction 
described  by  the  Em(ngi  -n\)(ng2  -TI2)  term  in  the  Hamiltonian  given  in  Eq.  (8).  If 
we  switch  off  the  interaction,  i.e.  set  Em  equal  to  zero,  then  entanglement  vanishes. 
With  the  non-zero  interaction  between  the  qubits,  entanglement  oscillates  with  the 
same  frequencies  as  do  other  quantities  of  the  system  like  state  probabilities. 
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5.  Conclusions 

Our  results  show  that  the  ideal  coupled  two-qubit  system  remains  entangled  most 
of  the  time  during  its  coherent  evolution.  The  amount  of  entanglement  oscillates 
between  zero  (completely  unentangled  qubits)  and  unity  (maximally  entangled 
qubits).  This  is  an  optimistic  scenario  for  entanglement  because  we  considered  only 
pure  states  and  neglected  decoherence.  Still  these  results  are  basically  true  at  least 
for  the  first  100, . . . ,  200  picoseconds  when  decoherence  is  weak.  In  a  more  realistic 
approach,  one  should  consider  mixed  states  and  take  into  account  decoherence  and 
real  pulse  shape. 
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Abstract-  We  have  analyzed  the  entanglement  of  two  capacitively  coupled  Josephson-j unction  qubits 
under  various  pulse-induced  regimes.  Using  Wootters  concurrence  we  calculate  the  amount  of  entanglement 
produced.  We  show  that,  under  specific  pulse  shapes,  the  qubits  remain  entangled  most  of  the  time  and 
that  the  amount  of  entanglement  reaches  almost  unity,  i.e.,  the  qubits  are  effectively  maximally  entangled, 
at  certain  instances. 

Keywords:  Implementation  of  Quantum  Computation,  Entanglement  and  Entanglement  Measures 


1  Introduction 

Entanglement  is  a  peculiar,  yet  natural,  non-classical 
correlation  that  is  possible  between  separated  quantum 
systems.  Although  entanglement  has  been  known  for 
many  years  as  a  purely  theoretical  subject,  it  recently 
turned  into  a  practical  issue  after  it  was  realized  that  it 
plays  a  crucial  role  in  quantum  computation  and  quan¬ 
tum  communication.  For  practical  purposes  then,  one 
needs  to  quantify  the  entanglement  in  such  systems; 
in  this  case,  two  capacitively-coupled,  superconducting, 
charge  qubits.  To  do  this,  we  have  chosen  Wootters  con¬ 
currence  [1]  as  the  practical,  quantitative  measure  of  en¬ 
tanglement  between  our  two  qubits,  and  have  calculated 
its  time  evolution  under  various  voltage  pulse  shapes. 

2  Concurrence 

The  concurrence,  C ((/>),  of  a  pair  of  qubits  is  defined 
as  [1] 

C{<j>)  =  max(0,Ai  -  A2  -  A3  -  A4),  (1) 

where  the  Ai’s  are  the  square  roots  of  the  eigenvalues  of 
4>  =  pp  in  descending  order.  Here  p  is  the  result  of  apply¬ 
ing  the  spin-flip  operation  top:  p  =  (ay ®ay)p*(ay ®ay), 
where  p*  is  the  complex  conjugate  of  p.  For  a  pure  state 
|t/>)  =  ci  |00)+  c2  |10)+C3  |01)+C4  1 11),  such  as  that  found 
in  our  composite  system,  the  concurrence,  C(ip)  can  be 
expressed  as  [5]:  C[ip)  =  2  |cic4  —  C2C3|. 

3  Circuit  and  model 

In  this  work,  we  consider  a  system  of  two  coupled 
charge  qubits  [6].  Each  qubit  is  a  Cooper-pair  box  whose 
charge  states  are  quantized  when  the  charging  energy  of 
the  box  I£c1(2)  =  (2e)2/2C1(2)  exceeds  the  Josephson  en¬ 
ergy  E 2)  of  its  coupling  to  a  reservoir.  Here  2)  is  the 
total  capacitance  of  the  corresponding  Cooper-pair  box 
and  2e  is  the  Cooper-pair  charge.  The  qubits  are  cou¬ 
pled  by  an  on-chip  capacitor  giving  a  mutual  coupling 
energy  Em.  At  low  temperatures  and  in  the  proper  volt¬ 
age  range,  each  qubit  behaves  as  a  two-level  system,  and 
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under  the  condition  Eji^)  ~  Em  the  whole  system  can 
be  described  by  the  following,  two  qubit,  Hamiltonian 

l 

H  =  £f»i»a  |nin2)  (nin2| 

ni  ,n2=0 

~^T  E(|0)<l|  +  Il)<0|)®l«a><na| 

n2=0 

£  l»i><ni|®(|0>(l|  +  |l){0|)  (2) 

m=o 

where  jEnina  =  Ecl{ngi  -ni)+£c2(nya  -n2)  +  £m(nyi  - 
ni)(nS2  ”  n2)  are  the  electrostatic  energies  correspond¬ 
ing  to  different  charge  configurations,  and  nyi  and  ng2 
are  the  normalized,  gate-induced  charges  on  the  corre¬ 
sponding  qubit.  The  system  has  a  double  degeneracy  of 
electrostatic  energies  at  ng\  =  ng 2  =  0.5:  Eq0  =  Eu  and 
Ei 0  =  Eqi.  If  the  system  is  driven  from  the  |00)  state 
to  this  point,  it  evolves  coherently  as  was  demonstrated 
in  Ref.  [6].  The  values  of  the  electrostatic  energies  at 
the  double  degeneracy  point  as  well  as  Josephson  ener¬ 
gies  were  determined  from  independent  measurements  to 
be  [6]:  Eqq  —  Eu  «  70.9  GHz,  £10  —  E$\  «  63.6  GHz 
and  Eji  =  Ej2  «  9.1  GHz.  The  Josephson  energies 
were  made  equal  by  applying  an  external  magnetic  field 
to  suppress  Ej  1  from  its  maximum  value  of  13.4  GHz  at 
zero  magnetic  field. 

4  Numerical  simulations 

As  the  model  indicates,  ng  1  and  ng2 ,  are  the  normal¬ 
ized,  gate-induced  charges  on  qubits  1  and  2  respectively. 
Now,  one  can  calculate  the  time  evolution  of  the  system 
by  first  setting  ng  1  and  ng2  to  specific  values  (in  this  case 
0.5)  and,  ignoring  decoherence  [7],  use 

p(t)  =  UpoU\  (3) 

where  U  =  exp  (— and  W  is  the  transpose  conjugate 
of  U .  Alternatively,  one  can  assume  that  ng  1  and  ng2  are 
also  time-dependent  functions,  hereafter  referred  to  as 


“pulses”  and  use 

Pit)'  =  ^  =i[H,p\+l-[K(a)p,K(a)  t] 

+  i[if(a)1pA'(a)t]  (4) 

where 

£>(a)*(a)t  =  1  (5) 

a=l 

and  the  K(a)' s  are  the  standard  Choi-Krauss  operators 
used  to  describe  dissipative  effects  [8], 

5  Results  and  discussion 

We  considered  the  ideal  case  of  a  pure  bipartite  sys¬ 
tem.  The  evolution  of  the  system  starts  from  the  |00) 
state,  po  =  |00)  (00|.  First  neglecting  decoherence,  we 
calculated  the  time  dependence  of  the  density  matrix  via 
the  Hamiltonian  given  in  (2)  and  equation  (4)  using  three 
specific  pulse  shapes:  square,  trapezoidal,  and  hyperbolic 
with  the  latter  two  having  various  rise  and  fall  times. 
Then  we  used  p(t)'  to  calculate  the  average  concurrence 
while  the  system  was  at  ng\  =  0.5  and  ng2  =  0.5,  the 
degeneracy  point,  and  the  final  state  of  the  system  sifter 
the  pulse  was  concluded.  The  result  of  the  simulations 
for  each  pulse  shows  that  both  the  rise  time  and  the  pulse 
shape  affects  the  instantaneous  and  overall  concurrence 
of  the  system  at  the  degeneracy  point. 

The  square  and  trapezoidal  pulses,  with  rise  times  less 
than  a  few  tens  of  picoseconds,  yield  large  amplitude  os¬ 
cillations  in  the  concurrence,  with  periods  of  maximal 
and  minimal  entanglement.  Oscillation  amplitudes  de¬ 
crease  as  the  rise  time  increases  from  tens  of  picoseconds 
to  hundreds  of  picoseconds,  but  they  are  still  quite  pro¬ 
nounced.  In  contrast,  the  hyperbolic  tangent  pulse  yields 
a  much  more  suppressed  oscillatory  behavior  in  the  con¬ 
currence;  the  minimal  and  maximal  values  are  pushed 
up  and  down,  respectively,  towards  what  could  be  con¬ 
sidered  a  “mid-range”  entangled  state.  This  behavior 
becomes  more  pronounced  at  comparable  rise  times  in 
the  hundreds  of  picoseconds  with  the  trapezoidal  pulse 
shape. 


Rise  Time  (x  100  picoseconds) 
Although  different  pulse  shapes  yield  different  oscilla¬ 
tory  behavior  in  the  concurrence,  both  trapezoidal  and 
hyperbolic  pulses  yield  similar  average  concurrence  val¬ 
ues,  at  the  degeneracy  point,  in  the  very  short  and  long 
pulse  rise/fall  time  regimes;  as  the  previous  figure  shows. 
However,  between  10  picoseconds  and  150  picoseconds, 


the  trapezoidal  pulse  shape  shows  much  higher  average 
concurrence  values  than  the  corresponding  hyperbolic 
pulse  shape.  Thus,  in  this  regime,  the  pulse  shape  makes 
a  significant  impact  on  the  operational  usefulness  of  this 
system. 

As  has  been  shown  in  Ref.  [9],  the  quicker  the  system 
moves  to  the  degeneracy  point,  the  greater  the  overall 
fidelity  of  the  corresponding  quantum  operation.  Our 
calculations  not  only  confirm  this,  but  also  show  that, 
when  selecting  the  gate-voltage  pulse  shape  to  use,  one 
must  choose  between  the  following  two  physical  regimes: 

•  long-term,  steady  (read:  low-amplitude  oscilla¬ 
tions)  concurrence  values  but  reduced- fidelity  (the 
system  remains  at  a  “mid-level”  entangled  state  for 
a  long  period)  when  slowly  driven  to  the  degener¬ 
acy  point,  or 

•  long-term,  unsteady  (read:  high- amplitude  oscil¬ 
lations)  concurrence  values  but  high-fidelity  (the 
system  can  be  used  to  do  quantum  operations, 
such  as  a  CNOT  gate,  while  the  system  is  in  a 
“near- maximally”  entangled  state  for  a  short  pe¬ 
riod)  when  rapidly  driven  to  ng\  =  ng 2  =  0.5. 

The  inter-qubit  coupling  strength  as  well  as  pulse  shaping 
can  also  lead  to  other  difficulties,  as  has  been  pointed  out, 
for  example,  in  Ref.  [10]  and  Ref.  [11]. 
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Quantum  information  processing  requires  the  effective 
measurement  of  quantum  states.  However,  a  single  quan¬ 
tum  measurement  can  only  obtain  partial  information  of  a 
quantum  state.  The  reconstruction  of  a  quantum  state  re¬ 
quires  measuring  a  complete  set  of  observables  on  an  en¬ 
semble  of  identically  prepared  copies  of  the  system.  This 
method  called  quantum  state  tomography  [1],  is  very  impor¬ 
tant  because  any  unknown  state  can  be  ascertained  by  to¬ 
mographic  measurements.  Moreover,  the  full  description  of 
qubit  states  can  increase  the  accuracy  of  quantum  operations. 
Tomographic  measurements  have  been  experimentally  imple¬ 
mented  for,  e.g.,  the  nuclear  spin  state  of  an  NMR  system  [2], 
the  electromagnetic  field  and  photon  state  [3],  the  vibration 
state  of  molecules  [4],  the  motional  quantum  state  of  a  trapped 
atom  [5],  and  atomic  wave  packets  [6]. 

Experimental  investigations  on  solid  state  qubits  are  very 
promising,  especially  in  superconducting  [7,  8]  and  quantum 
dot  structures  [9].  These  recent  achievements  make  it  nec¬ 
essary  to  experimentally  determine  quantum  states  in  solid 
state  systems.  Although  there  are  many  theoretical  studies 
on  tomography  (e.g.,  references  [10]  and  references  therein), 
to  our  knowledge,  these  are  not  specific  to  solid  state  sys¬ 
tems.  Here,  we  focus  on  this  question  for  quantum  com¬ 
puting  models  using  standard  spin  representations  for  solid 
state  qubits.  Our  proposal  is  related  to  tomographic  measure¬ 
ments  using  NMR.  The  measurements  of  the  density  matrix 
in  NMR  experiments  are  obtained  from  the  NMR  spectrum  of 
the  linear  combination  of  “product  operators”,  i.e.  products 
of  the  angular  momentum  operators  [11].  However,  experi¬ 
ments  in  solid  state  systems  usually  involve  the  local  single¬ 
qubit  projective  operator  measurement  (POM)  or  spin  mea¬ 
surement.  So,  we  study  the  method  of  tomographic  recon¬ 
struction  of  solid  state  qubits  by  POM  or  spin  measurement 
for  a  number  of  promising  solid-state  quantum  computing 
models  [12,  13,  14,  15,  16,  17,  18,  19].  We  will  investigate 
how  the  multi-qubit  correlation  measurements  can  be  realized 
by  virtue  of  an  appropriate  two-qubit  operation  combined  with 
single  qubit  operations. 

Stale  and  measurements .  —  Using  the  density  matrix  form, 


an  n-qubit  state  p  can  be  expressed  as 


p  = 

1 

2n 

y.  n,  i.  <*■/, 

(1) 

/i. 

,ln=0,x,y,z 

where 

rh  In 

are  4"  real  parameters,  <r/„=JC>y>2 

and 

<7/m=  o  (0  <  m  <  n)  are  the  Pauli  spin  and  identity  opera¬ 
tors  of  the  mth  qubit  respectively.  We  adopt  the  convention 
|0)  =  1 1)  and  |1)  =  1 1)  to  denote  the  computational  basis 
states  of  each  qubit.  The  normalization  condition  Trp  =  1 
makes  r0,  ,o  =  1  which  means  that  p  can  be  specified  by 
(4n  -  1)  real  parameters.  These  parameters  correspond  to 
the  expectation  values  of  the  measurements  given  by  the  op¬ 
erators  ojj  ®  •  •  •  ®  (Tjn;  that  is,  Tr{p(ajl  0  •  •  •  0  (tjn)}  = 
rh  in^jih  •  *  where /i,  ••  •  ,/n  are  not  simultaneously 

taken  as  zero.  If  there  art  n  —  m  identity  operators  among 
<7/j  0  •  •  •  0  <r/n,  the  measurement  is  really  done  by  the  m 
qubits  and  it  can  be  abbreviated  by  the  tensor  product  of 
only  the  m  Pauli  operators,  which  is  denoted  hereafter  by 
<r\ix  0  •••  0  <rm/m.  The  (4n  -  1)  measurements  required 
to  reconstruct  the  n-qubit  state  can  be  decomposed  into  a 
summation  from  the  single-qubit  to  n-qubit  measurements  as 
Y^=  1 3*  (") ;  where  3-*  (")  is  the  number  of  j-qubit  measure¬ 
ments  and  (")  is  the  binomial  coefficient. 

To  reconstruct  the  n-qubit  state  p,  we  need  to  determine  all 
of  its  expanded  coefficients  {rix  In  solid  state  systems, 

the  correlated  multi-qubit  measurement  is  not  realizable  now, 
and  the  experimental  readout  is  often  done  via  single-qubit 
POM  (e.g..  Refs.  [12, 13, 14, 15])  or  single  spin  measurement 
(e.g..  Refs.  [16,  17]).  Without  loss  of  generality,  we  assume 
that  the  POM  is  denoted  by  |1)(1|  and  the  spin  measurement 
is  presented  by  ax  or  ay .  Below,  we  will  discuss  how  to  deter¬ 
mine  the  (4n  -  1)  coefficients  of  an  n-qubit  state  by  using  ex¬ 
perimental  data  of  the  POM  and  then  generalize  it  to  the  spin 
case.  Our  goal  is  to  build  a  correspondence  between  above  the 
measurements  and  actual  measurements  done  via  |1)(1|. 

Single-qubit  measurements. —  The  single-qubit  measure¬ 
ments  (Tiz  (/  =  1, 2,  •  •  •  ,  n)  can  be  done  by  the  projectors 
(|1)(1|)/  due  to  the  equivalence  aiz  =  <r/0  -  2(|1)(1|)/,  with 


2 


identity  operators  <r/0.  Thus  the  POM  experiments  can  di¬ 
rectly  determine  n  coefficients  via  n  outcomes  of  the  mea¬ 
surements  (|l)(l|)j.  The  measurements  corresponding  to  the 
remaining  (4”  -  n  -  1)  coefficients  cannot  be  directly  per¬ 
formed  because  of  limitations  of  current  experiment.  In  order 
to  obtain  these  coefficients,  a  sequence  of  quantum  operations 
W  is  needed  such  that  each  coefficient  can  be  transformed  to  a 
position  that  is  measurable  by  a  POM  experiment.  The  prob¬ 
ability  p  of  the  /th  single-qubit  measurement  (|l)(l|)i  on  the 
operated  state  p  can  be  expressed  as 

p  =  TrJlVpV^fllXll),}  =  Tr{/>W't(|l)(l|),W'})  (2) 

which  means  that  the  experimental  POM  ( 1 1) ( 1 1)/  on  the  state 
W  pW^  can  be  equivalently  described  as  fVt(|l)(l|)/M/  = 
[i  -  W]  on  the  original  state  p.  Because  the  POM 

experiment  is  equivalent  to  W^<tiz  W,  we  can  call  it  an  equiv¬ 
alent  m-qubit  measurement  of  (|l)(l|)j,  if  the  largest  num¬ 
ber  of  Pauli  operators  in  the  operator  product  expansion  of 
W^vizW  is  an  m-qubit.  Thus  the  (4"  -  n  -  1)  coefficients 
can  be  obtained  by  the  single-qubit  projection  ( 1 1 )  ( 1 1 )/  on  the 
state  p  with  appropriate  operations  W  implemented  by  the  dy¬ 
namical  evolution  of  the  system  with  experimentally  control¬ 
lable  parameters. 

For  all  universal  quantum  computing  proposals,  the  most 
general  Hamiltonian  of  the  system  can  be  described  as 

n  n 

H  =  X]  J“m  VlaQOmfi, 

l  — l  azzx,y,z  1  =/<m  a  ,fi=x  ,y  ,x 

(3) 

where  {ei  a}  and  {J^}  are  controllable  and  tunable  system- 
specific  one-qubit  and  exchange  coupling  parameters,  which 
are  required  by  the  universality  of  quantum  computing  [20], 
(7/  a=xtytz  denote  the  Pauli  operators  of  the  /th  qubit.  Without 
loss  of  generality,  all  parameters  are  assumed  to  be  positive 
real  numbers. 

In  order  to  obtain  each  coefficient  corresponding  to  single¬ 
qubit  measurements  <r/x  or  <r/y,  all  single-qubit  operations 
need  to  be  performed  separately  by  controlling  the  one-qubit 
parameters  ei  a  while  turning  off  all  interactions  in  the  Hamil¬ 
tonian  (3),  that  is,  Jf*£  =  0.  For  n  single-qubit  measurements 
{<7/y},  each  (Tiy  can  be  equivalently  obtained  by  (|1)(1|)/, 
after  the  /th  qubit  is  rotated  tt/2  about  the  x  axis,  the  lat¬ 
ter  expressed  as  Xi  =  exp{-i7r<7/x/4}.  This  rotation  can 
be  realized  within  the  evolution  time  t  =  hn/4eiXJ  after  the 
one-qubit  parameters  eiy  and  eu  are  adjusted  to  zero.  Other 
n  single-qubit  measurements  {<r/x}  can  also  be  obtained  by 
measuring  (|1)<1|)/  on  the  state,  within  the  evolution  time 
t  =  hn/4eiy,  after  eix  and  eu  are  set  to  zero.  This  quan¬ 
tum  operation  is  equivalent  to  a  7r/2  rotation  of  the  /th  qubit 
about  the  y  axis,  which  is  denoted  by  Y/  =  exp{-in<Tiy/4}. 
However,  not  all  of  the  three  one-qubit  parameters  £/x,  eiy 
and  £iz  appear  in  the  Hamiltonian  of  most  physical  sys¬ 
tems.  For  example,  the  parameter  eiy  is  always  zero  in  the 
charge  qubit  system  [12].  For  this  case,  to  obtain  the  rota¬ 
tion  angle  6  about  the  y  axis  we  need  to  alternatively  turn 


TABLE  I:  Quantum  operation  and  two-qubit  measurements. 


XV  model 

Heisenberg  model 

EM 

Operations 

Equivalent  measurement  (EM) 

Operations 

0Xy  +  0Xx0Xx 

XxUxYx 

0X*  +  O2*  +  <7ly<?3x  —  0Xx02y 

U2 

—  0\t  -J-  O  \x  O  2y 

YXUXYX 

0Xy  4-  02*  —  O  X  f  O  2x  —  O  Xx  O  2y 

u2xx 

—  0 1*  —  0Xx02* 

YlUlYlX2 

O  2*  ~  O  ix  4-  0Xy02x  —  O  XxO  2y 

U2Yx 

—  <7i,  —  0\v02x 

XxUxXx 

0 1*  4-  02*  4-  0Xx02x  4-  0Xy02y 

V2ZX 

—  <7ix  -  O  lyOQy 

Y\U\X\ 

0Xt  ~  O  2x  4-  O  X  y  O  2*  —  O  Xx  O  2y 

U2Y2 

—  (Tix  +  (7X y(?2t 

Y\U \X \X2 

O  lx  ^3x  0XxO  2y  4"  O  \  yO  2X 

YXU2 

0Xy  —  <J\t02x 

XxUx 

0  ly  4-  02y  —  0  X%  O  2x  4-  0Xx02t 

XxU2 

—  <7ix  —  0\t02y 

YXUX 

O  ly  4-  02*  4"  0Xt02y  —  0Xz02x 

U2XxZ2 

—  <7ix  +  0\t02» 

YxUxX2 

0X*  —  O  2x  4-  0Xx02*  4-  O  1  yO  2y 

u2zxy2 

on  and  off  the  single-qubit  quantum  operations:  (1)  Xi  = 
exp{-ieix(Tixti/h},  with  the  operation  time  /i  =  Zhn/4eix\ 

(2)  Zi(6)  =  exp{—i6aiz/2},  with  0  =  eizt2/h\  and  (3) 
Xi  =  exp{-ieix(Tixt3/h},  with  /3  =  hn/4eix.  These  can 
be  expressed  as  Y/(0)  =  XiZi(9)Xi  =  exp{-i0<rly/2}.  Es¬ 
pecially,  we  denote  the  rotation  tt/2  about  the  z  axis  by  Z\  = 
exp{-incriz/4}.  In  principle,  if  the  /th  qubit  system  has  only 
two  controllable  one-qubit  parameters  ea  and  then  the  ro¬ 
tation  angle  about  the  axis  7  can  be  obtained  by  first 
doing  a  rotation  of  7r/4  about  the  axis  a,  then  a  rotation  of  0 
about  the  axis  /3,  and  finally  a  rotation  by  -n/4  about  the  axis 
a;  that  is,  exp{—itap10(r1l2}  =  e~xir0a^e~xd0p/* 2exl(0a^ , 
where  a,  /?,  7  can  be  x,  y,  or  z  and  the  Levi-Civita tensor 
is  equal  to  +  1  and  - 1  for  the  even  and  odd  permutation  of  its 
indices,  respectively.  To  reconstruct  a  single-qubit  state,  three 
single-qubit  measurements  aa  (a  =  x,  y  z)  are  sufficient  to 
obtain  r2,  which  determines  the  probabilities  of  finding  0  and 
1,  as  well  as  rx  and  ry  which  determine  the  relative  phase  of 
|0)  and  |1). 

Two-qubit  measurements. —  The  above  discussions  show 
that  all  the  single-qubit  measurements  can  be  experimentally 
implemented  by  POMs  (|1)(1|)/  on  the  given  state  with  or 
without  single-qubit  quantum  operations.  However,  the  im¬ 
plementation  of  multiple-qubit  measurements  needs  non-local 
two-qubit  operations.  The  basic  two-qubit  operation  can  be 
derived  from  the  time-evolution  operator  UX2(t)  of  a  pair  of 
coupled  qubits,  labelled  by  1  and  2,  whose  Hamiltonian  HX2 
can  be  obtained  from  Eq.  (3)  with  n  =  2.  Without  loss 
of  generality,  we  assume:  (i)  eXa  =  e2a  =  ea\  and  (ii) 
=  J^Sap  in  the  Hamiltonian  (3),  because  by  applying 
local  unitary  operations,  e.g.,  [21],  the  Hamiltonian  (3)  can  al¬ 
ways  be  transformed  into  a  diagonal  form — which  is  actually 
used  for  a  number  of  promising  solid-state  quantum  comput¬ 
ing  models  [12,  13,  14,  15,  16,  17,  18,  19].  Then  in  the  basis 
{ |0i ,  02),  |0i,  12),  1 1 1 , 02),  111,  12)}.  the  time-evolution  oper¬ 
ator  is 

4 

Un{t)  =  exp  {  —  iH\^t/h}  =  ^  e~,E’t/h\ipg)(ipg\  (4) 

9=1 

where  \i>g)  (g  =  1,2, 3, 4)  are  four  eigenvectors  of  the 
Hamiltonian  H 12.  The  corresponding  eigenvalues  E\  = 
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-Jn  -  Jf2  ~  J\2'  Ei'  E3  and  E4  are  given  [22]  by  the  solu¬ 
tions  of  the  cubic  equation  of  the  parameter  E.  Here,  we  only 
focus  on  two  typical  Hamiltonians  which  play  an  important 
role  in  the  process  of  two-qubit  operation  for  the  most  repre¬ 
sentative  solid  state  quantum  computing  models.  One  is  that 
all  of  the  one-qubit  parameters  are  switchable,  for  example, 
quantum  dots  in  cavities  [23].  However,  due  to  technical  con¬ 
straints  and  difficulties,  it  was  found  [24]  that  not  all  the  one- 
qubit  parameters  are  switchable  in  the  two-qubit  operation,  for 
instance,  for  spin-coupled  quantum  dots  [14],  donor-atom  nu¬ 
clear  or  electron  spins  [18],  and  quantum  Hall  systems  [19], 
two  one-qubit  parameters  such  as  ex  and  ey  are  switchable, 
but  ez  is  fixed.  The  basic  two-qubit  operation  with  fixed  ez  is 

Unit)  =  ^(e*cos7  +  cos  p)I  +  i^1  ~ 

x  sin/?(<Tij  +  <r2z)  +  i(e“’*cos/?  -  e’*cos7)  cru  ®  <t22 

-i'i(e‘*sin7  +  2ace-‘*sin/3)  <rlx  ®  <r2x 

-|i(e**sin7  —  2ace-,*sin/9)  crly  <g>  <r2y  (5) 

where  7  =  i  Vfi  +  P  =  t  ^  +  (J[2  -  Jyn)\  <f>  = 
yin,  a  =  2b  +  >/462  +  1,  with  6  =  Ez/(Jf2  -  Jf2),  and 
c  =  l/(  1  +  a2).  We  also  assume  in  Eq.  (5)  that  the  parameters 
satisfy  conditions  [2  Jf2  ±  ( Jf2  +  Jn)]2  /  4e2  +  ( Jf2  -  Jf2)2 
and  2 Jf2  ±  v/4e2  +  (Jf2  -  J?2)2  *  (Jf2  +  Jf2)2. 

Examples  of  two-qubit  measurements. —  Using  Eq.  (5), 
we  can  obtain  the  two-qubit  operations  by  choosing  system- 
specific  parameters.  For  example,  the  two-qubit  operation 
with  fixed  ez  for  the  Heisenberg  model,  XX  Z  model,  and 
the  XY  model  can  be  obtained  from  Eq.  (5)  by  setting  pa¬ 
rameters  Jmn  Jmn  J mn '  J mn  J mn  ^  Jmn  and 
Jmn  ~  Jmn  >  Jmn  -  0,  respectively.  If  all  one-qubit  param¬ 
eters  are  switchable,  then  the  two-qubit  operation  can  be  ob¬ 
tained  from  Eq.  (5)  by  only  setting  ez  =  0.  Other  effective 
spin  quantum  computing  models  presented  up  to  now  can  be 
reduced  by  single-qubit  operations  to  Eq.  (5).  For  instance, 
i)  the  two-qubit  operations  of  the  superconducting  charge 
qubit  [12]  can  be  reduced  to  Eq.  (5)  with  Jf2  =  J[2  —  0  by  a 
conjugation-by-(jr/4)(criy-t-<T2y)  [25]  on  the  Hamiltonian;  ii) 
the  two-qubit  operation  for  the  models  in  Refs.  [17]  and  [26] 
can  be  reduced  to  Eq.  (5)  with  Jf2  =  J\2  =  0  and  model  [12] 
by  the  conjugation-by-(jr/4)((rly  +  <r2y)  and  conjugation-by- 
(jr/4)(«rlx  +  <x2l)  on  the  Hamiltonian  of  the  system.  Combin¬ 
ing  the  basic  two-qubit  operations  Unit)  with  the  single-qubit 
operations,  we  can  obtain  any  desired  two-qubit  operation  by 
choosing  the  evolution  time  t  and  the  system-specific  param¬ 
eters  {ea,  Jn  ■<*  =  x,y,  z). 

Now,  let  us  consider  the  XY  exchange  coupling  system 
with  switchable  one-qubit  parameters  as  an  example  to  an¬ 
swer  how  to  obtain  the  expectation  values  of  two-qubit  mea¬ 
surements.  If  we  want  to  obtain,  for  example,  the  expectation 
value  rzy  of  <t\z  <g>  <r2y  in  such  system,  we  can  first  switch  off 
all  the  one-qubit  parameters  ei  a,  then  let  the  two-qubit  system 


evolve  during  the  time  r  =  Ajt/8  Jf2  with  the  evolution  oper¬ 
ator  Unix),  then  switch  off  the  exchange  coupling  and  only 
make  the  first  qubit  have  a  n/2  rotation  Yi  =  exp{-t><riy/4} 
around  the  y  axis,  that  is 

P  Un(r)pUl3(r)  ^4  Y.Uni^pUUi^  =  p. 

(6) 

Afterwards  we  make  the  measurement  (|l)(l|)i  on  the  ro¬ 
tated  state  p  obtaining  the  probability  p  =  Tr[j?(|l)(l|)1]  = 
(■v/2  +  rx0  +  rzx)/2\/2,  corresponding  to  the  equivalent  two- 
qubit  measurement  -<rlr  -  <t1;  ®  o2x.  Because  rr0  has  been 
obtained  by  the  equivalent  single-qubit  measurement  crlr,  rzx 
is  completely  determined  by  the  above  result.  Eight  other 
values  of  equivalent  two-qubit  measurements  for  this  pair 
can  also  be  obtained  by  projecting  (|l)(l|)i  on  the  measured 
state  with  the  quantum  operations  summarized  in  Table  I. 
Each  measured  value  is  related  to  the  expectation  values  of 
a  single-qubit  and  a  two-qubit  measurements.  For  a  two-qubit 
state  in  this  system,  the  above  9  two-qubit  and  6  single-qubit 
measurements  are  enough  to  obtain  15  unknown  parameters 
(h,h  =  0 ,x,y,z)  where  l\,l2  are  not  simultaneously 
taken  as  zero.  The  16  matrix  elements  of  the  two-qubit  state 
are  obtained  by  combining  the  15  parameters  n,(3  with  the 
normalization  condition  and  finally  the  two-qubit  state  can  be 
completely  reconstructed. 

The  implementation  of  equivalent  two-qubit  measurements 
with  a  well-chosen  two-qubit  operation  for  a  pair  of  cou¬ 
pled  two-qubit  system  plays  a  significant  role  in  the  recon¬ 
struction  of  a  state.  For  the  XY  and  Heisenberg  models 
with  switchable  one-qubit  parameters,  the  equivalent  mea¬ 
surements  y/2W^aizW  and  2W^trizW,  to  obtain  the  expec¬ 
tation  values  of  9  two-qubit  measurements,  are  summarized 
in  table  I,  where  the  non-local  two-qubit  operation  operators 
U\  and  Ui  for  the  XY  and  Heisenberg  models  are  chosen  by 
Eq.  (5)  with  the  system  specific  parameters  and  the  evolution 
time  t  =  firr/8  Jf2  as 

2y/2Ui  =  (>/2+l)/+  (v^  -  l)  <7*  ®  <r2 

-  ivly  <S>  <r2  -  »<t‘  <g>  <r2 ,  (7) 

2V2.U2  =  (2  -  *)  /  -  io\  ®  <r2  -  »'<ry  ®  <Ty 

-  i<r*  <g>  <r2 .  (8) 

The  reconstructions  of  the  qubit  states  in  these  models  with 
fixed  ez  are  the  same  with  switchable  one-qubit  parameters,  if 
the  ratios  e,/Jf2  =  4m/(2n-l)  (m,  n  =  1,2,  •  •  )are  appro¬ 
priately  chosen  and  the  operation  time  is  r  =  (nfijr)/(2e, ). 

We  also  find  that  the  tomographic  measurement  steps  for 
most  systems  can  be  reduced  to  the  same  steps  needed  for 
the  XY  model.  For  example,  i)  by  choosing  appropriate  val¬ 
ues  of  J[2,  Jf2  (  Jn,  Jn,  and  £*)  and  operation  time  r  for 
the  XX Z  model  with  the  switchable  one-qubit  parameters 
(fixed  e*)  such  that  «/f2r//»  =  2nn,  Jf2r/h  =  (2m  -  1)tt/8 
(Jf2r/fi  =  2nn,  JnT/k  =  (2m  -  1)tt/8,  Ezr/h  =  ln/2) 
with  /,  m,  n  =  1, 2  •  •  •,  then  we  can  obtain  the  same  two- 
qubit  operation  as  for  the  XY  model  and  the  qubit  state  can 
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be  reconstructed  by  using  the  same  steps  as  the  XY  model, 
ii)  the  qubit  state  of  the  superconducting  charge  qubit  model 
can  also  be  reconstructed  by  using  the  same  steps  as  the  XY 
model  when  the  parameters  and  evolution  time  are  appropri¬ 
ately  chosen  [27],  iii)  the  qubit  states  in  the  systems  modelled 
in  Refs  [17]  and  [26]  can  also  be  reconstructed  by  using  the 
same  steps  used  for  the  XY  model. 

It  should  be  emphasized  that  the  different  qubit  measure¬ 
ments  on  the  quantum  state  with  fixed  quantum  operations 
produce  different  results  and  the  quantum  operations  are  not 
unique  to  obtain  each  expectation  value  of  the  measurement. 
In  table  I,  we  only  discuss  the  procedure  for  the  first  qubit 
POM,  if  we  can  make  all  single-qubit  measurements,  then 
the  operation  steps  to  obtain  some  of  the  expectation  val¬ 
ues  of  the  multiple-qubit  measurements  can  be  decreased. 
For  example,  if  we  can  experimentally  perform  the  second 
qubit  projection  (|1)(1|)2  in  the  XY  model,  the  expectation 
value  of  <rly  <g>  (t2z  can  be  obtained  by  using  two  steps  of 
operations  U\2(r)  and  Y2,  that  is  U\2(t)Y}  a2z  Y2U\2(t)  = 
-(<r2x  +  & iy  ®  <t2 z)/V%-  But  four  steps  are  needed  for  the 
first  qubit  measurement.  The  price  paid  is  that  noise  may  be 
increased  because  the  system  is  in  contact  with  more  probes. 

Multi-qubit  measurements. — These  measurements  can  also 
be  obtained  by  designing  step-by-step  single-  and  two-qubit 
operations.  In  principle,  to  obtain  the  expectation  value  of  an 
/-qubit  (2  <  /  <  n)  measurement,  we  need  at  least  /  -  1  two- 
qubit  operations  for  different  pairs  of  the  /-qubit.  For  example, 
let  us  obtain  the  expectation  value  rzzx  corresponding  to  the 
three-qubit  measurement  <j\z  ®  g2z  <g>  a3x  for  the  XY  inter¬ 
action  system  with  switchable  one-qubit  parameters.  We  can 
replace  the  first  qubit  by  the  third  qubit  in  the  two-qubit  oper¬ 
ation  U\2(t)  and  perform  an  operation  U23(t)  on  the  second 
and  third  qubits,  followed  by  another  operation  U\2(r)  on  the 
first  and  second  qubits,  followed  by  a  n/2  rotation  Y\  about 
the  y  axis  for  the  first  qubit,  followed  finally  by  the  measure¬ 
ment  (|l)(l|)i.  That  is,  an  equivalent  three-qubit  measure¬ 
ment  can  be  obtained  as 


Ul3(r)Ul2(T)Yi'<rl2Y1Ul2(T)Ui3(T) 


1 

2\/2 


<T\x  ~  T Viz  ®  <?2y  +  7<7U  <8>  022  <8>  <^3x,  (9) 
4  4 


where  the  assumption  of  exchange  couplings  are  the  same  for 
all  qubit  pairs  used.  The  probability  of  measuring  (|  1)(1  |)i 
on  the  above  rotated  three-qubit  state  is  p'  =  (2\/2  4-  2rr0o  + 
y/2rzyo  -  y/2rzzx)/4\/2.  Then  rzzx  can  be  determined  by  the 
p,  rr0o*  an d  rzy0,  the  latter  two  parameters  have  been  obtained 
by  single-  and  two-qubit  measurements.  We  can  also  obtain 
other  probabilities  of  the  equivalent  three-qubit  measurements 
related  to  the  expectation  values  of  the  three-qubit  measure¬ 
ments  by  projecting  ( 1 1 ) ( 1 1 )/  on  the  final  operated  state.  For  a 
three-qubit  state,  we  can  solve  the  equations  for  all  probabil¬ 
ities  of  equivalent  one-,  two-,  and  three-qubit  measurements 
to  obtain  expectation  values  of  all  measurements,  finally  all 
matrix  elements  of  a  three-qubit  state  are  obtained  by  these 
expectation  values,  and  the  state  is  reconstructed.  Any  n- 
qubit  measurement  can  be  obtained  in  a  similar  way  to  the 


three-qubit  measurement,  then  the  n-qubit  state  can  also  be 
reconstructed. 

Discussion. —  In  summary,  we  have  proposed  a  scheme 
for  tomographic  reconstruction  of  qubit  states  for  a  class  of 
promising  solid-state  quantum  computing  models.  We  find 
that  elemental  logic  gates,  such  as  CNOT  gate,  control  phase 
gate,  etc.  are  not  necessary  in  this  process.  An  appropriate 
non-local  two-qubit  operation  is  enough  to  realize  this  pur¬ 
pose.  The  generalization  of  the  above  discussion  to  the  spin 
measurement  [  16,  17]  is  straightforward  because  of  the  equiv¬ 
alence  between  |1)(1|  =  ^(<r0  -  az)  and  crx  (ay)  by  a  tt/2 
(— 7t/2)  rotation  about  the  y  ( x )  axes.  Using  present  technol¬ 
ogy,  our  proposal  is  experimentally  feasible  in  these  solid  state 
qubit  systems.  Ideally,  the  reconstructed  qubit  state  p  should 
satisfy  the  properties  of  the  normalization,  positivity,  and  Her- 
miticity.  However,  we  always  deal  with  a  limited  amount  of 
experimental  data,  which  are  also  affected  by  noise  and  im¬ 
perfect  quantum  measurements.  To  overcome  problems  due 
to  unavoidable  statistical  errors,  we  can  use  the  maximum- 
likelihood  estimation  of  the  density  matrix  [28]  to  obtain  a 
more  accurate  reconstructed  qubit. 
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We  propose  an  approach  to  reconstruct  any  superconducting  charge  qubit  state  by  using  quantum  state  to¬ 
mography.  This  procedure  requires  a  series  of  measurements  on  a  large  enough  number  of  identically  prepared 
copies  of  the  quantum  system.  The  experimental  feasibility  of  this  procedure  is  explained  and  the  time  scales 
for  different  quantum  operations  are  estimated  based  on  experimentally  accessible  parameters.  The  state  to¬ 
mography  allows  the  characterization  of  a  quantum  “black  box”  connected  to  an  unknown  external  reservoir. 
This  “black  box”  transfers  any  known  input  state  to  an  unknown  output  state.  The  determination  of  the  quantum 
transfer  function  for  this  ‘black  box”  is  called  quantum  process  tomography.  This  procedure  needs  to  input  a 
laige  enough  number  of  different  known  states  into  the  “black  box”,  then  to  make  tomographic  measurements 
on  output  states,  finally  to  obtain  the  quantum  transfer  function,  which  determines  the  “black  box”. 

PACS  numbers:  03.65.Wj,  74.50.+r,  03.67.-a,  85.25.Cp 


I.  INTRODUCTION 

The  generation  of  superpositions  of  macroscopic  quantum 
states  in  superconducting  devices  [1,  2,  3,  4,  5]  have  moti¬ 
vated  further  research  on  quantum  information  processing  in 
these  systems.  Two  types  of  superconducting  qubits  based  on 
Josephson  junction  devices  have  been  proposed  and  experi¬ 
mentally  demonstrated.  One  involves  two  Cooper-pair  charge 
states  in  a  small  superconducting  island  connected  to  a  cir¬ 
cuit  by  a  Josephson  tunnel  junction  and  a  gate  capacitor  (see, 
e.g.,  [2,  3,  6]).  An  alternative  approach  is  based  on  the  phase 
states  of  a  Josephson  junction  or  the  flux  states  in  a  ring  su¬ 
perconducting  structure  [4,  5,  7].  Further,  experimental  ob¬ 
servations  on  quantum  oscillations  and  the  demonstration  of 
conditional  gate  operations  in  two  coupled  charge  qubits  [3] 
are  necessary  first  steps  towards  future  realizations  of  quan¬ 
tum  information  processors. 

A  crucial  step  in  quantum  information  processing  is  the 
measurement  of  the  output  quantum  states.  However,  a  quan¬ 
tum  state  cannot  be  ascertained  by  a  single  quantum  measure¬ 
ment.  This  is  because  quantum  states  may  comprise  many 
complementary  features  which  cannot  be  measured  simulta¬ 
neously  and  precisely  due  to  uncertainty  relations.  However, 
all  complementary  aspects  can  in  principle  be  observed  by  a 
series  of  measurements  on  a  large  enough  number  of  identi¬ 
cally  prepared  copies  of  the  quantum  system.  Then  we  can 
reconstruct  a  quantum  state  from  such  a  complete  set  of  mea¬ 
surements  of  system  observables  (i.e.,  the  quorum  [8]).  Such 
a  procedure  is  called  “reconstruction  of  quantum  states”  or 
Quantum  State  Tomography  (QST). 

Quantum  state  tomography  is  not  only  important  for  quan¬ 
tum  computation,  which  requires  the  verification  of  the  accu¬ 
racy  of  quantum  operations,  but  it  is  also  important  for  fun¬ 
damental  physics.  Many  theoretical  studies  for  tomographic 
reconstruction  of  quantum  states  have  been  done,  e.g.  ref¬ 
erences  [9,  10,  11].  Experimentally,  tomography  has  been 
investigated  for  a  variety  of  systems,  including:  the  vibra¬ 


tional  state  of  molecules  [12],  the  motional  quantum  state  of  a 
trapped  atom  [13,  14],  two-photon  states  [15]  and  the  electro¬ 
magnetic  field  [16].  The  quantum  states  of  multiple  spin-  ^  nu¬ 
clei  have  also  been  measured  in  the  high-temperature  regime 
using  NMR  techniques  [17,  18,  19]. 

For  continuous  variable  cases  (e.g.,  the  molecular  vibra¬ 
tional  mode  [12],  motional  quantum  states  of  a  trapped 
ion  [13,  14],  a  single-mode  [16]  of  the  electromagnetic  field), 
the  quantum  states  can  be  known  by  the  tomographic  mea¬ 
surement  of  their  Wigner  function.  For  the  discrete  variable 
case  (e.g.,  in  NMR  systems),  the  measurements  on  the  density 
matrix  in  NMR  experiments  are  realized  by  the  NMR  spec¬ 
trum  of  the  linear  combinations  of  “product  operators”,  i.e. 
products  of  the  usual  angular  momentum  operators  [19]. 

To  our  knowledge,  there  is  no  adequate  theoretical  anal¬ 
ysis  or  experimental  demonstration  for  the  reconstruction  of 
qubit  states  in  solid  state  systems,  besides  our  recent  work  in 
Ref.  [20].  There,  we  considered  a  very  general  class  of  spin 
Hamiltonians  used  to  model  generic  solid  state  systems  [20]. 
Here,  the  emphasis  is  not  on  a  general  model  but  on  specific 
system:  superconducting  qubits.  Recent  technical  progress 
makes  it  possible  to  realize  quantum  control  in  superconduct¬ 
ing  quantum  devices  and  ascertain  either  the  charge  [2,  3]  or 
the  flux  [4]  qubit  states.  Further,  practical  experiments  on 
quantum  computing  require  us  to  know  the  full  information 
of  the  quantum  state,  so  the  reconstruction  of  quantum  states 
in  solid  state  systems  is  a  very  important  issue. 

In  this  paper,  we  analyze  how  to  reconstruct  charge  qubit 
states  using  superconducting  circuits.  Although  our  analy¬ 
sis  of  the  tomographic  reconstruction  of  charge  qubit  states 
might  seem  somewhat  similar  to  the  one  used  for  NMR  sys¬ 
tems  [17,  18,  19],  there  are  significant  differences  on  how  to 
realize  the  state  tomography  in  Josephson  junction  (JJ)  charge 
qubits.  A  question  we  will  focus  on  is  the  following:  is  it 
possible  to  do  QST  with  current  experimental  capability  on  JJ 
qubits?  In  view  of  the  limitation  of  the  relaxation  and  decoher¬ 
ence  times,  it  is  also  necessary  to  estimate  quantum  operation 
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times  required  for  reconstructing  charge  qubit  state.  In  partic¬ 
ular,  it  is  not  trivial  to  find  an  appropriate  two-qubit  operation 
to  realize  all  two  and  multiple  qubit  measurements. 

Here,  we  theoretically  analyze  in  detail  the  necessary  ex¬ 
perimental  steps  for  the  tomographic  reconstruction  of  dc- 
SQUID-controlled  charge  qubit  states.  This  analysis  can  be 
easily  generalized  to  other  proposals  of  controllable  super¬ 
conducting  qubits  (e.g.,  flux  qubits).  In  Sec.  II,  the  recon¬ 
struction  of  single-qubit  states  is  described  in  detail.  The  time 
scales  of  operations  for  measurements  of  all  three  unknown 
matrix  elements  are  also  estimated  by  using  currently  acces¬ 
sible  experimental  parameters.  The  basic  idea  of  this  sec¬ 
tion  on  single-qubit  rotation  is  known  to  QST  optics  special¬ 
ists,  but  here  we  specify  a  detailed  description  of  the  steps 
needed  for  the  experimental  realization  of  the  tomographic 
reconstruction  for  charge  qubit  states.  This  should  be  help¬ 
ful  to  solid  state  experimentalists  who  are  not  specialists  on 
quantum  state  tomography  in  quantum  optics.  In  Sec.  Ill,  all 
operations  required  to  reconstruct  two-qubit  states  are  given, 
the  time  scales  for  the  first  and  second  qubit  measurements 
are  estimated  using  experimentally  accessible  parameters.  In 
Sec.  IV,  using  an  example,  we  generalize  our  two-qubit  to¬ 
mography  to  the  multiple-qubit  case.  Finally  in  Sec.  V,  we 
discuss  the  “process  tomography”  of  singe-qubit  charge  sys¬ 
tems  based  the  “state  tomography”.  Sections  III,  IV,  and  V 
contain  our  most  important  results.  The  conclusions  and  fur¬ 
ther  discussions  are  given  in  sections  VI  and  VII,  respectively. 


II.  RECONSTRUCTION  OF  SINGLE-QUBIT  STATES 


Any  single-qubit  state  (mixed  or  pure)  can  be  represented 
by  a  density  matrix  operator  in  a  basis  { |0)  =  1 1),  |1)  =  1 1)} 
as 


P  = 


(  Poo  Poi 
\  Pio  Pn 


^2  nak’ 
k=0,x,y,z 


(2a) 


or 


P  -  Poo  |0)(0|  +  poi  |0)(1|  -f  pio  |1)(0| 

+  Pn|l><l|,  (2b) 

where  ak=xyz  are  Pauli  operators  and  crk- o  is  an  identity 
operator.  Four  real  parameters  rk  (k  =  0,  x,  y,  z)  can  be  ex¬ 
pressed  as 


ro  =  Poo  +  Pn,  rx  =  poi  +  Pio, 

ry  —  i(poi-pio),  rz  —  Poo  ~  Pn- 

The  normalization  condition  p0 0  -f  pn  =  1  ensures  that  the 
qubit  (2)  can  actually  be  determined  by  three  real  parameters 
rx,  ry,  rz  corresponding  [21]  to  a  Bloch  vector  "r\  which  sat¬ 
isfies  the  condition  |7*|  <  1  (see  Fig.  1(a)).  The  state  p  is  pure 
if  and  only  if  |~r^|  =  1.  When  the  state  p  is  pure,  the  Bloch 
vector  !>  defines  a  point  on  the  unit  three-dimensional  sphere. 

These  three  coefficients  rk  (k  =  x,  y,  z)  can  be  obtained 
from  measurements  of  crr,  <ry,  <jz.  The  correspondence  be¬ 
tween  these  three  measurements  and  the  coefficients  rk  is 
given  by 


rk  =  Tr (p  <rk ), 


A.  Theoretical  model  and  single-qubit  states 

We  consider  a  controllable  dc-SQUID  system  which  con¬ 
sists  of  a  small  superconducting  island  with  n  excess  Cooper- 
pair  charges,  connected  by  two  nominally-identical  ultra¬ 
small  Josephson  junctions;  each  having  capacitance  Cj  and 
Josephson  coupling  energy  Ej.  A  control  gate  voltage  Vg  is 
coupled  to  the  Cooper-pair  island  by  a  gate  capacitance  Cg. 
The  qubit  is  assumed  to  work  in  the  charge  regime,  e.g.,  the 
single-electron  charging  energy  Ec  —  e2/2(Cg  -I-  2C°)  and 
Josephson  coupling  energy  Ej  satisfy  the  condition  Ec  ^ > 
Ej.  If  the  applied  gate  voltage  range  Vg  is  near  a  value 
Vg  =  e/Cg ,  only  two  charge  states,  denoted  by  n  =  0  and 
n  =  1,  play  a  key  role,  then  this  charged  box  is  reduced  to 
a  two-level  system  (qubit)  whose  dynamical  evolution  is  gov¬ 
erned  by  the  Hamiltonian  [6,  22] 

H  =  -\sE*(n%)<rt  -  \ej(*x)ctx,  (1) 

where  we  adopt  the  convention  of  charge  states  |0)  =  1 1)  and 
|1)  =  ||).  The  charge  energy  dBCh(ng)  =  4  £c(l-2ng)  with 
ng  =  CgVg/2e  can  be  controlled  by  the  gate  voltage  Vg.  The 
Josephson  coupling  energy  Ej($x)  =  2  Ej  cos(tt$x/$o)  is 
adjustable  by  the  external  flux  <$r,  and  $o  =  hc/2e  is  the 
flux  quantum.  Our  goal  here  is  to  determine  any  single  charge 
qubit  state  by  the  controllable  dynamical  operation  governed 
by  the  Hamiltonian  (1). 


due  to  the  relation  Tr(<Ji<rj)  =  2 <$,j,  where  is  the  Kro- 
necker  delta. 


B.  Quantum  operations  and  measurements  on  single-qubit 
states 

In  principle,  the  state  of  the  charge  qubit  can  be  read  by  a 
single-electron  transistor  (SET)  [2, 3, 22]  coupled  capacitively 
to  a  charge  qubit.  Here  we  consider  the  ideal  case  in  which 
the  SET  is  coupled  to  the  qubit  only  during  the  measurement. 
When  the  SET  is  coupled  to  the  qubit,  the  dissipative  current 
/  flowing  through  the  SET  is  proportional  to  the  probability 
of  a  projective  operator  measurement  1 1)(1 1  on  the  qubit  state, 
which  has  actually  been  applied  by  the  experiment  [2,  3].  The 
1 1)(  1 1  measurement  is  equivalent  to  a  az  measurement  on  the 
state  py 

Pi  =  Tr(p |1)(1|)  =  ^[1  -  Trfpa,)]  =  pn 
due  to  the  relation 

|1}(1|  =  ^(<ro  -<rz). 

The  parameters  r0  and  rz  can  be  determined  by  the  result  of 
the  measurement  |1)(1|,  together  with  the  normalization  con¬ 
dition. 


FIG.  1 :  (Color  on  line)  The  black  Bloch  vector  indicates  a  qubit  state; 
the  (yellow  arrows)  rx,  ry  and  rz  represent  the  three  components  of 
the  Bloch  vector  along  the  x,  y  and  z  axes.  The  0  and  1  in  the  north 
and  south  poles  of  the  Bloch  sphere  denote  the  measured  states  |0) 
and  |1),  respectively.  The  measurement  instrument  is  attached  to  a 
pole  (e.g.,  “1”)  of  the  sphere.  A  — 7r/2  rotation  of  the  qubit  state 
along  the  x  direction  is  equivalent  to  a  7r/2  rotation  of  the  measuring 
instrument  along  the  x  direction. 


We  can  also  relate  the  two  other  measurement  operators, 
t tx  and  (Tyy  to  the  operator  |1)(1|  (essentially  az ),  which  is 
the  measurement  experimentally  realized  in  the  charge  qubits. 
This  is  because  the  current  I  flowing  through  the  SET  is  sen¬ 
sitive  to  the  charge  state  |1),  so  the  single  qubit  operations 
have  to  be  performed  so  that  the  desired  parameter  rx  or  ry  is 
transformed  to  the  measured  diagonal  positions. 

Now,  we  describe  the  steps  to  measure  rx  or  ry.  Let  us  first 
choose  the  external  flux  $x  =  0  and  suddenly  drive  the  qubit 
to  the  degeneracy  point  for  a  time 

bn  bn 

tx  =  2 ~Ej (0)  =  4£$ 

such  that  the  qubit  state  can  be  rotated  — 7t/2  along  the  x  di¬ 
rection,  here  Ej(0)  =  Ej($x  =  0). 

The  probability  p2  of  the  measurement  1 1)(1 1  on  the  rotated 
state  is 

VI  =  Ti  (Rx(tx)  P  Rl(tx)  |1)(1|) 

=  Tr  (exp  {i^Vx}  p  exp  |1>(1|) 

=  Tr  (p  exp  |-i  |1)(1|  expji^cr*}) 

=  +  (3) 

where  Rx(tx)  =  exp  {iEj(0)(rxtx/2b},  Eq.  (3)  means  that 
the  measurement  |1)(1|  on  the  state  rotated  —n/2  along  the  x 
direction  is  equivalent  to  the  measurement  ay ,  and  the  rotation 
— 7t/2  of  the  qubit  is  equivalent  to  an  inverse  rotation  of  the 
measuring  instrument,  see  Fig.  1 . 

In  order  to  make  the  third  measurement  axt  the  qubit  state 
needs  now  to  be  rotated  —  n/2  (or  tt/2)  along  the  y  direction. 
This  can  be  done  (e.g.,  — 7t/2  rotation)  as  follows: 


FIG.  2:  (Color  on  line)  The  Bloch  vector  is  the  same  as  Fig.  1.  A 
—  7r/2  rotation  of  the  qubit  along  the  y  direction  is  equivalently  re¬ 
alized  by  the  rotation  7r/2  of  the  measuring  instrument  along  the  z 
direction  (from  (a)  to  (b)),  then  a  tt/2  rotation  along  the  x  direction 
(from  (b)  to  (c)),  and  a  37t/2  rotation  along  z  direction  (from  (c)  to 
(d)). 


(i)  Set  $x  =  $o/2  and  ng  =  0;  let  the  system  evolve  a  time 
tZ)i  =  bn/8Ec  such  that  a  rotation  of  -tt/2  along  the 
z  direction  is  realized. 


(ii)  After  the  time  t2)i,  set  $x  =  0  and  ng  =  1/2  and  let 
the  system  evolve  a  time  period  tx> i  =  ^7t/2^7j  (0)  = 
bir/AEj  such  that  the  system  rotates  -tt/2  along  the  x 
direction. 


(iii)  Set  $x  =  0  and  ng  =  1/2  again  and  let  the  system 
evolve  a  time  tZt 2  =  3bn/8Ec  and  a  rotation  — 37t/2 
along  the  z  direction  is  obtained. 


Combining  the  above  three  steps,  shown  in  Fig.  2,  a  -tt/2 
rotation  of  the  qubit  along  the  y  direction  is  realized. 


(iv)  After  the  above  rotations,  a  measurement  |1)(1|  on  this 
rotated  state  must  be  made,  which  is  equivalent  to  mea¬ 
suring  <rx.  Then,  the  measured  probability  becomes 

P3  =  Tr(RZiXt,pRlXi,\l)(l\) 

=  Tr  (exp  pexp  |1)(1| ) 

=  \(l  +  rx) 


with  RZ)X,Z  —  Rz  {tz,l  )Rx  {tx,\)Rz  {tz,2)y 


Rz{iz>  1) 


Rx  {tx,l  ) 


Rz  {tZ}  2) 


=  exp 

=  exp 

=  exp 


We  explained  how  to  measure  the  single  qubit  states  by  sin¬ 
gle  qubit  operations  and  measuring  |1)(1|.  Below,  we  give 
an  example  that  shows  a  reconstructed  single-qubit  state  can 
be  graphically  represented,  and  we  further  give  estimates  of 
the  operation  times  to  obtain  each  of  the  matrix  elements  of 
single-qubit  states. 


C.  An  example 

The  three  measurement  results  (pi ,  p2,  P3)  can  be  used  to 
obtain  four  coefficients  (ro,  rx ,  ry,  rz)  that  define  a  single¬ 
qubit  state.  A  single-qubit  state  can  be  reconstructed  follow¬ 
ing  the  steps  presented  above  and  an  example  is  described 
here.  If  we  obtain  rx  =  1,  ry  =  \/3>  rz  —  1  by  the  three 
experimentally  measured  probabilities  (pi,  p2  and  p3)  on  a 
quantum  ensemble  of  an  unknown  charge  qubit  state  p ,  then 

1 

POO  —  P 11  — 

Poi  =  \  (l  -  *V3)  , 

Pi 0  =  ^  (l  +  iVi)  ■ 

Thus,  the  reconstructed  state  p  can  be  written  as 

P  =  J(|0)<0|  +  |l)(l|)  +  i[(l  +  iV3)|l>(0|] 

+  |  [(1  — zVs)  I0)<1|] 

whose  real  p^  and  imaginary  p^  parts  are  graphically  rep¬ 
resented  in  Fig.  3. 


pJ|R)  <a>  pf  (b) 


FIG.  3:  Graphical  representation  of  the  density  matrix  p  for  single¬ 
qubit  states,  see  the  example  explained  in  section  II.  The  real  p^ 

and  imaginary  pfj  parts  of  the  density  matrix  elements  pXJ  =  (i\p\j) 
(i,  j  =  0, 1)  are  plotted  in  (a)  and  (b),  respectively. 


and 


ty  —  tZ)  1  +  tX)  1  +  tZ}2  &  7.1  x  10  11  s. 

These  time  scales,  required  to  reconstruct  the  single-qubit 
states,  are  within  the  measured  values  [2,  3]  of  the  decoher¬ 
ence  time  T2  (of  the  order  of  magnitude  of  ns)  of  single-qubit 
charge  states. 

Now  let  us  consider  another  set  of  experimental  values.  For 
example,  if  the  Josephson  and  charge  energies  are  taken  (sec¬ 
ond  paper  in  Ref.  [3])  as  2E3  =  45/ieV  (about  520  mK  or 
10.9  GHz)  and  4 Ec  =  580/ieV  (about  6.73  K  or  140  GHz), 
then  the  time  scales  required  to  reconstruct  single-qubit  states 
are  about  tx  «  2.3  x  10-11s  and  ty  «  3.0  x  10“"ns,  which 
are  within  the  decoherence  time  T2  =  5  ns  obtained  by  that 
experiment  [3]. 

If  we  take  the  Josephson  and  charge  energies  from  in 
Ref.  [23],  that  is,  2E°3/h  =  13.0  GHz  (about  625  mK  or  53.7 
peV)  and  4 Ec/h  =  149.1  GHz  (about  7.16  K  or  618  peV), 
then  the  time  scales  required  to  reconstruct  single-qubit  states 
are  about  tx  «  1.9  x  10“ns  and  ty  «  2.6  x  10_11s,  which 
are  also  less  than  one  order  of  magnitude  of  the  decoherence 
time  T2  =  325  ps  measured  by  that  experiment  [23]. 


D.  Operation  time  estimates 

The  coherent  operations  required  for  the  tomographic  mea¬ 
surements  are  limited  by  the  decoherence  time  T2.  Now  let 
us  explore  whether  the  single-qubit  state  can  be  reconstructed 
with  the  current  experiments.  To  estimate  the  corresponding 
time  scales  for  quantum  operations  to  obtain  the  measure¬ 
ments  of  <Ty  and  aXy  we  first  take  the  suggested  parameters 
from  Ref.  [22],  that  is,  E3  =  100  mK  (about  8.6  /xeV  or  2.08 
GHz)  and  Ec  =  1  K  (about  86  p6W  or  20.8  GHz).  Here,  we 
use  temperature  units  for  energies  as  in  reference  [22].  Thus 
the  approximate  time  scales  of  one-qubit  operations  to  obtain 
ry  and  rx  are 


III.  RECONSTRUCTION  OF  TWO-QUBIT  STATES 
A.  Theoretical  model  and  two-qubit  states 

In  this  section,  we  focus  on  the  reconstruction  of  two-qubit 
charge  states.  Our  task  is  to  find  a  non-local  two-qubit  oper¬ 
ation  and  use  this  operation  to  realize  all  necessary  two-qubit 
measurements  on  two-qubit  states.  Here  we  consider  a  model 
proposed  by  Makhlin  et  al.  [6],  where  two  charge  qubits  are 
coupled  in  parallel  to  a  common  inductor  with  inductance  L. 
The  Hamiltonian  [6]  is 

1  2 

H  =  -  -  ^2  [(SE'chin/.g)  au  +  £.>($/*)  vix] 

1  (=1 

—  ^int(^l*i  <^>2x)  ®  ^2yi 


tx  «  5.9  X  10  11  S 


(4) 
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where  it  is  assumed  that  both  qubits  are  identical,  so  the 
charge  energies  <5Ech(n/ig)  and  Josephson  coupling  energies 
£j(4>/x)  take  the  same  form  as  in  Eq.  (1),  but  now  6Ech(nitg) 
and  Fj($/x)  for  each  qubit  can  be  separately  controlled  by 
the  gate  voltages  and  external  fluxes.  The  interaction  energy 
Elnt  for  two  coupled  qubits  can  be  written  as 


E[nt  (^lr  >  ^2r) 


Ej($ix)Ej($2x) 

El 


with 


and  C~bl  =  (2Cj)_1  +Cg_1.  Thus,  the  interaction  between 
the  two  qubits  can  be  controlled  by  two  external  fluxes 
applied  to  each  qubit. 

Any  two-qubit  state  p\  can  be  characterized  by  a  density 
matrix  operator 


E 


j  (Tu  (g>  a2j 


(5) 


where  charging  energies  are  set  to  zero,  <S£ch(n/ig)  =  0  (/  = 
1,  2),  with  ni>g  =  n2fg  =  1/2,  and  the  external  magnetic 
fields  are  chosen  such  that 


#lr  =  $2*  ^  ^(2?+  1)*0 

with  the  positive  integer  number  q.  The  coupling 
,  $2x)  can  be  controlled  by  the  external  fluxes  4>lr 

and  $2x. 

The  basic  two-qubit  operation  can  be  given  by  the  time- 
evolution  operator  U(t)  =  exp{— iH't/h},  which  can  be 
written  by  using  the  Pauli  operators  as 

U(t)  =  1  (cos  <j>'  +  cos  0')  I  +  in2  (o-lr  +  a2x) 
.sin  <j)f  —  nx  sin0' 

+  * - - - (TU  ®(T2z 

.sin  <f)'  +  nx  sin  O' 

+  1 - 2 - aiy 

cos  <j> '  —  cos  0' 

- 2 - <Tlx  ®  °2x  »  (?) 

where 


where  the  16  parameters  r,  j  are  real  numbers.  The  normal¬ 
ization  property  of  the  quantum  state  requires  that  r0> 0  =  1,  so 
the  state  p\  in  Eq.  (5)  can  in  principle  be  reconstructed  [24]  by 
15  measurements  described  by  the  operators  crlt  ®  <r2j,  where 
all  i  and  j  are  not  simultaneously  taken  to  be  0.  If  one  of  au 
(t  =  0,  x,  y,  z)  or  a2j  (i  =  0,  x,  y,  z)  is  an  identity  operator 
among  the  measurement  operators  <rlf  ®  a 2j,  we  call  such  a 
measurement  a  single-qubit  measurement  and  only  write  out 
the  non-identity  Pauli  operator  in  the  following  expressions. 
For  example,  the  operator  cr\x  <8x720  is  called  ax  measurement 
of  the  first  qubit,  and  abbreviated  by  crlar.  Compared  with 
the  reconstruction  of  a  single-qubit  state,  we  cannot  obtain  all 
15  measurements  by  only  using  single-qubit  operations.  The 
two-qubit  operations  must  be  applied  according  the  general 
theory  of  quantum  computation  [25]. 


B.  Quantum  operations  and  measurements  on  two-qubit  states 

Now,  we  discuss  how  to  reconstruct  two-qubit  states  from 
the  experimental  measurements  (|l)(l|)j  (/  =  1,  2).  Single 
charge  qubit  operations  can  be  realized  by  controlling  the  gate 
voltage  and  Josephson  couplings.  However  the  two-qubit  op¬ 
erations  need  to  couple  a  pair  of  interacting  charge  qubits.  The 
realization  of  the  coupling  of  two  charge  qubits  have  to  simul¬ 
taneously  turn  on  the  Josephson  couplings  of  the  two  charge 
qubits  in  Eq.  (4),  then  (T\x  terms  have  to  be  included  in  the 
two-qubit  operation.  However  the  charge  energies  for  two 
qubits  can  be  switched  off  by  applying  gate  voltages  such  that 
n/>g  =  1/2  (/  =  1,  2),  so  a  two-qubit  operation  can  be  gov¬ 
erned  by  a  simpler  Hamiltonian 

H  =  —  ^  ^  £j(<M  *2*)  <riy®<r2y,  (6) 

1  1=1,2 


^  “  #-  ^int(^liT)  ^2x))  ™z  —  r- - =•> 

ri  V  1  +  a2 

=  1  £j 

\/l  -fa2’  Eint($ix,  $2x)  ’ 

$  =  j:  TSint^lr,  $2*)  \/ 1  +  a2  • 

Since  the  two  external  fluxes  satisfy  the  condition  4>lx  =  <I>2r, 
we  let  E'j(^ix)  =  £j($2*)  =  Ej  in  the  expression  Eq.  (7) 
for  the  two-qubit  operation.  The  physical  meaning  of  the  an¬ 
gles  O'  and  4 >'  becomes  clearer  by  virtue  of  the  “conjugation- 
by-^E”  operation  [26]  on  the  time  evolution  operator  U(t ), 
which  is  defined  as 

U'(t)  =  exp  ly  +  <r2y)|  f/(<)exp  j-i^((7ly  +  <r2y)}  , 

here,  E  =  crly  +  a2y.  In  the  conjugate  representation,  the 
time  evolution  U'(t)  corresponds  to  rotations  [27]  around  the 
y  axis  by  an  angle  </>'  and  the  (nx ,  0,  nz)  axis  by  an  angle  O' . 
By  choosing  the  duration  t  and  tuning  the  values  of  Ej  and 
^int(^ir,  ^2r)»  we  can  obtain  any  desired  two-qubit  opera¬ 
tion. 

From  Eq.  (5),  it  is  known  that  six  single-qubit  measure¬ 
ments  {an,  a2j)  with  i,  j  =  x,y,z  and  nine  two-qubit  mea¬ 
surements  {a i,  ®  a2j)  with  i,j  —  x,  y,  z  are  enough  to 
obtain  fifteen  parameters  r,j  of  the  two-qubit  state  p\  — 

4  ]Ci,j=o,r,y,z  r  *  ,j  ®  ^2j-  However,  experiments  now  per¬ 
form  the  single-qubit  measurements  (|1)(1|)/  =  \{<tio  -  (Tlz) 

(/  =  1,  2)  on  a  given  state  p\.  Moreover,  two  single-qubit 
measurements  g\z  and  a2z  can  be  implemented  by  the  di¬ 
rect  measurements  (|l)(l|)i  and  (|1)(1|)2  on  the  given  state 
p\.  Other  four  single-qubit  measurements  (corresponding  to 
(Tlx,  (t2x  ,  crly,  (r2y)  need  single-qubit  operations. 
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The  single-qubit  operations  corresponding  to  these  two 
kinds  of  measurements  aix  and  <r/y  on  two-qubit  states  are  the 
same  as  measuring  crx  and  ay  on  single-qubit  states.  How¬ 
ever,  in  the  single  qubit  operations,  we  need  to  switch  off  the 
interaction  of  the  two  qubits.  For  example,  in  order  to  obtain 
the  measurement  <rly,  we  need  to  switch  off  the  interaction 
between  the  two-qubit  system  by  setting  the  applied  external 
flux  $2x  =  7r/2,  and  setting  the  first  subsystem  at  the  de¬ 
generacy  point  and  evolving  a  time  t  =  hn/AEj.  Finally, 
we  make  a  measurement  (|l)(l|)i  on  the  rotated  state,  then 
the  coefficient  ry  0  can  be  obtained  by  this  measured  result. 
The  other  three  measurements  can  also  be  obtained  by  taking 
single-qubit  operations  similar  to  crly. 

The  single-qubit  measurements  have  been  obtained  by  the 
measurements  (|l)(l|)/(/  =  1,2)  on  given  states  by  using  ap¬ 
propriate  single-qubit  operations  as  described  above.  In  or¬ 
der  to  find  out  how  to  obtain  the  two-qubit  measurements  via 
(|  1)(1 1)/,  let  us  consider  the  measurements  (|1)(1|)/  on  the 
given  state  pi  performed  by  a  sequence  W  of  single-qubit  and 
two-qubit  operations.  The  corresponding  measured  probabil¬ 
ity  p  can  be  expressed  as 


(i)  We  switch  off  the  interaction  between  the  first  and  sec¬ 
ond  qubits  by  applying  an  external  flux  $2x  =  rr/2, 
which  means  Ej($2x)  =  0.  Now  we  only  manipu¬ 
late  the  first  qubit  such  that  a  rotation  tt/2  about  the  z 
axis,  defined  as  Z\  —  exp[inaiz/A]y  is  performed;  this 
single-qubit  operation  is  described  in  Section  II. 

(ii)  Following  the  single-qubit  rotation  Z\  of  the  first  qubit, 
the  gate  voltages  are  applied  such  that  nig  =  n2(g  = 
1/2,  which  means  that  the  two  qubits  work  at  the  de¬ 
generacy  points.  Simultaneously,  we  turn  on  and  ad¬ 
just  the  external  fluxes  so  that  the  external  fluxes  $/x, 
energies  El  and  Ej  in  the  two-qubit  operation  de¬ 
scribed  by  the  Hamiltonian  (6)  satisfy  the  conditions 
$ix  =  $2x  ^  7r(2<7  -f  l)/2  with  positive  integer  q  and 
El/E3  =  y/TE  =  3.87.  Afterwards,  we  let  the  system 
evolve  a  time  r  =  hny/l5/AEj;  which  means  that  a 
two-qubit  rotation  U (r)  has  been  performed. 

The  operation  sequence  W  —  U(r)Z\  described  above 
changes  state  pi  into 


p  =  TV  [Wp!  ^(11)01),]  =  W'auW],  (8) 


P  =  U(t)  Zi  pi  Z\U'(t). 


where  we  show  that  the  measurement  (|1)(1|)/  on  the  rotated 
state  W pi  W *  may  be  interpreted  as  an  equivalent  measure¬ 
ment  W 1(ri2  W  with  (/  =  1 , 2)  on  the  state  p\ .  So  our  task  now 
is  to  find  an  appropriate  two-qubit  operation  and  apply  this 
two-qubit  and  single-qubit  operations  to  the  measured  state 
pi ,  such  that  we  can  equivalently  obtain  the  desired  two-qubit 
measurement. 

Here,  the  required  two-qubit  operation  U(r)  can  be  ob¬ 
tained  by  choosing  the  evolution  time  r,  the  Josephson  cou¬ 
pling  energies  Ejy  and  El  in  Eq.  (7)  such  that  <j> '  =  (2m  - 
l)7r/4  and  O'  =  nn  where  m,  n  are  positive  integers.  The 
above  conditions  can  be  satisfied  if  the  ratio 


and  the  evolution  time  r  is  chosen  as 


r  = 


hn 
4 ~Fj 


vW 


(2m-  l)2. 


If  we  choose  the  integers  m  and  n  to  minimize  the  ratio 
El/Ej,  then  El/Ej  —  \/lE  =  3.87  when  0'  =  n  and 
<fi'  =  7t/4;  so  the  two-qubit  operation  time  r  is  chosen  as 
r  =  hny/lb/AEj.  Thus  Eq.  (7)  is  specified  by  the  time  evo¬ 
lution  operator 


-I-  i  CTXy  0  a2y  -f  i  <ri2  ®  v2z] . 


<7lx  02* 


(9) 


Combined  with  other  single  qubit  rotations,  U (r)  can  be  used 
to  obtain  all  the  desired  coefficients  rt  J  corresponding  to  the 
two-qubit  measurements  <t i,  ®  <r2jy  with  i,  j  =  x,  y,  z. 

Let  us  further  discuss  how  to  obtain  a  desired  coefficient, 
for  example,  ry  y  corresponding  to  the  two-qubit  measure¬ 
ment  (T iy  0  (T 2y .  We  can  take  the  following  steps: 


(iii)  Finally,  when  a  single-qubit  measurement  (|l)(l|)i  is 
performed  on  the  state  p,  a  two-qubit  measurement 
equivalent  to  crlz  0  cr2y  is  implemented: 


zluHr)(\l)(l\)1U(r)Z1  =  ±  +  -L(<Tu+<Tly®<r2y). 
The  corresponding  measurement  probability  p  can  be  given  as 
P  =  Tt{u(t)ZiPi  Z\  {/t(r)(|l)(l|)1} 

=  ^  +  a*v)] 

=  5  +  272(r>0  +  V‘')  001 

Because  the  coefficient  r2)0  =  Tr(pi  (?iz)y  corresponding  to 
the  operator  <rl2  0  a2Qy  has  been  given  by  the  single-qubit 
measurement  ai2y  then  the  coefficient  ry  y  =  Tr(pi  criy  0 
cr2y)  is  obtained  via  p  and  r2)0- 

In  table  I,  we  have  summarized  nine  equivalent  two-qubit 
measurements  described  by  —  y/2W^ <tizW  on  the  original 
state  pi,  which  are  obtained  by  the  first  qubit  measurement 
( 1 1)(  1 1)  i  on  the  rotated  state  W  pi  for  a  sequence  W  of  op¬ 
erations  with  appropriately-chosen  single-qubit  and  two-qubit 
operations.  We  can  use  the  results  corresponding  to  these  nine 
equivalent  two-qubit  measurements  together  with  the  other  six 
single-qubit  measurements  to  obtain  all  the  coefficients  corre¬ 
sponding  to  the  two-qubit  measurements,  and  then  obtain  any 
two  qubit  state. 

We  can  also  obtain  coefficients  r,j  (i,  j  ^  0)  correspond¬ 
ing  to  all  two-qubit  measurements  by  using  the  second  qubit 
measurement  (|1)(1|)2.  For  example,  if  we  make  a  measure¬ 
ment  (|1)(1|)2  on  the  rotated  state  p  considered  above,  we 
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D.  Operation  time  estimates 


FIG.  4:  Graphical  representation  of  the  density  matrix  p'  for  the  two- 
qubit  state  described  in  the  example  given  in  section  III.  The  real 
p'ijjli  imaginary  p^kl  parts  of  the  density  matrix  elements  for 
the  two-qubit  state  p '  in  the  basis  |00),  |01),  1 10),  1 11)  are  plotted 
in  (a)  and  (b)  respectively. 


obtain  another  equivalent  two-qubit  measurement,  which  is 
expressed  as 

Z\  tft(r)  (|l)(l|)a  U(t)  Zi  =  \  +  ±={*2z  -  <rlx  <8>  <r2x). 

Using  this  measurement,  combined  with  the  single-qubit  mea¬ 
surement  cr2*,  we  can  obtain  the  coefficient  rXjX  correspond¬ 
ing  to  the  two-qubit  measurement  <j\x  ®  cr2x.  Nine  equiv¬ 
alent  two-qubit  measurements  realized  by  the  second  qubit 
(|1)(1|)2  have  also  been  summarized  in  Table  II.  Compar¬ 
ing  tables  I  and  II  shows  that  different  operations  and  steps 
are  required  in  order  to  obtain  the  same  coefficient  for  dif¬ 
ferent  measurements.  For  example,  in  order  to  obtain  rX)2y 
two  operation  steps  are  needed  for  the  first  qubit  measurement 
( 1 1 )  ( 1 1 )  i ,  but  it  needs  four  steps  for  the  second  qubit  measure- 
ment(|l)(l|)2. 


C.  An  example 

We  can  also  give  another  schematic  example  for  a  recon¬ 
structed  two-qubit  state.  For  instance,  according  to  the  opera¬ 
tions  steps  discussed  above  for  the  reconstruction  of  any  two- 
qubit  state,  if  we  obtain  rX}X  =  1/8,  rX)V  =  rV)X  —  \/3/8, 
rz  z  =  1/4  and  ry>y  =  -1/8  from  the  sixteen  measured  prob¬ 
abilities  on  an  ensemble  of  identically  prepared  copies  of  a 
two-qubit  system  with  unknown  state  //,  then  we  can  recon¬ 
struct  this  unknown  state  as 

p'  =  i[|00><00|+ 111><11|]+ 1  (i  -  .-V5)  100X111 

+  1  (1  +  1V3)  |11)(00|, 

which  is  graphically  shown  in  Fig.  (4)  with  the  real  p^kl 

and  imaginary  p^\i  parts  of  the  reconstructed  state  pf>  where 
i,  jy  ky  l  can  take  the  values  0  or  1. 


We  can  also  estimate  the  operation  time  required  to  re¬ 
construct  two-qubit  states  for  the  Josephson  and  charge  en¬ 
ergies  [22]  Ej  =  100  mK  and  Ec  =  1  K.  We  assume  that 
the  ratio  El/Ej  =  \/l5  =  3.87  is  obtained  by  adjusting 
the  external  flux  (/  =  1,2)  such  that  <$/x  =  0,  which 
means  the  ratio  between  El  and  Ej  should  satisfy  the  con¬ 
dition  El/Ej  =  2\/l5  “  7.74  when  the  circuits  are  fabri¬ 
cated.  In  such  case,  the  realization  of  the  two-qubit  operation 
in  Eq.  (9)  requires  a  time  r  «  2.32  x  10“ 10  s.  Our  previous 
estimates  for  the  times  to  perform  n/2  rotations  about  the  x 
and  z  axes  are  5.9  x  10“n  s  and  3.0  x  10"12  s,  respectively. 
Then,  using  tables  I  and  II,  we  can  estimate  the  total  operation 
time  required  for  obtaining  the  coefficients  of  the  two-qubit 
measurements  corresponding  to  the  first  or  second  qubit  mea¬ 
surements,  respectively.  We  find  that  the  required  operation 
times  for  the  two-qubit  measurements  are  less  than  0.4  ns  for 
the  two-qubit  measurements.  The  decoherence  time  T2  (e.g., 
the  decoherence  time  of  charge  qubit  is  about  5  ns  in  refer¬ 
ence  [2])  experimentally  obtained  shows  that  it  is  possible  to 
reconstruct  two-qubit  states  within  the  current  measurement 
technology. 

At  present,  completely  controllable  multi-qubit  supercon¬ 
ducting  circuits  are  not  experimentally  achievable.  Here,  let 
us  consider  the  operation  time  estimates  based  on  another 
promising  controllable  theoretical  model  [28].  According  to 
calculations  [20]  of  tomographic  measurements  for  a  class 
of  representative  quantum  computing  models  of  solid  state 
systems,  the  two-qubit  operation  required  for  the  realization 
of  the  multi-qubit  measurements  in  this  circuit  can  be  eas¬ 
ily  obtained.  That  is,  if  the  ratio  between  the  Josephson  en¬ 
ergy  Ej  and  the  two-qubit  coupling  energy  x  is  =  2x, 
when  the  circuit  is  fabricated,  then  a  two-qubit  operation 
U(t')  =  —ia\x  0  <r2x  can  be  obtained  with  the  evolution 
time  r'  »  1.2  x  10” 10  s  when  the  Josephson  energy  is  taken 
as  jEj  =  100  mK.  Here,  we  assume  that  the  two  charge  qubits 
are  identical  and  the  Josephson  energies  are  maximum  when 
two-qubit  operation  is  performed  If  the  charging  energy  is 
taken  as  Ec  =  IK,  then  n/2  rotations  around  the  z  and  x 
axes  need  times  3.0  x  10”12  s  and  5.9  x  10"11  s,  respec¬ 
tively.  The  operations  to  get  each  of  the  sixteen  (single-  and 
two-qubit)  measurements  can  also  be  obtained  for  this  model 
by  using  an  approach  similar  to  the  one  described  above,  the 
estimated  operation  times  to  obtain  all  coefficients  of  the  two- 
qubit  measurements  are  less  than  0.3  ns,  which  is  also  within 
the  experimentally  obtained  decoherence  time  T2  =  5  ns. 


IV.  RECONSTRUCTION  OF  MULTIPLE  QUBIT  STATES 

In  the  above  two  sections,  we  focused  on  the  reconstruction 
of  the  single  and  two  qubits  states.  In  this  section,  we  dis¬ 
cuss  the  reconstruction  of  any  n-qubit  state.  In  the  multiple 
qubit  charge  circuit,  the  dynamical  evolution  is  governed  by 
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TABLE  I:  Equivalent  two-qubit  measurements  - y/2  W *  <rl2  W  ob¬ 
tained  by  measuring  ( 1 1 )  ( 1 1 )  i  on  the  state  W p i  W 1  with  a  sequence 
of  appropriately-chosen  quantum  operations  W . 


Two-qubit 

Quantum 

Equivalent  two-qubit 

measurement 

operation"  W 

measurement 

< Tlx  0  <T2y 

U(r) 

(Tlz  “1“  (Tlx  0  (T2y 

<T\x  0  (T2 z 

XiU(t) 

“(Tly  “f-  (T lx  0  (T2z 

(Tlx  <8  (T2x 

U(t)Z2 

<Tlz  —  (Tlx  0  (T2x 

<Tly  8)  <T2y 

U  (t)Zi 

(Tlz  +  (Tiy  <8  (T2y 

(Tly  ®  <T2z 

XiU(t)Zi 

(Tlx  +  (Tly  0  cr2z 

<Tly  8)  <T2x 

U (r)Zi  Z2 

(Tlz  <Tly  0  <T2x 

(T 1  z  0  (T2y 

U (t)Zi  X\ 

—  (Tly  -f  (Tlz  0  <T 2y 

(T 1  z  0  (T2z 

X\U(t)Z\X\ 

(Tlx  +  (Tlz  0>  <T2z 

<Tiz  <8  <T2x 

U(t)Z\Z2Xi 

—  <Tly  ~  (Tlz  0  (T2x 

aXi  and  Zi  denote  single  qubit  rotations  7r/2  of  /th  qubit  about  the  x  and  2 
axes,  respectively,  and  r  =  hn\/TE/4Ej. 


TABLE  II:  Equivalent  two-qubit  measurements  -\[2  W *  a2zW  ob¬ 
tained  by  measuring  (|  1)(1|)2  on  the  state  W  pi  W*  with  a  sequence 
of  appropriately -chosen  quantum  operations  W . 


Two-qubit 

Quantum 

Equivalent  quantum 

measurement 

operation  W 

measurement 

(Tlx  0  (T2x 

U(t)Z\ 

(T2z  —  <Tlx  0>  (T2x 

(Tly  0  (T2x 

U(t) 

(T2z  +  (Tly  0  (T2x 

(Tlz  0  (T2x 

U(t)X i 

—  (T2y  -1-  (Tlz  (0  <T2x 

<7l x  0  <T2y _ U(t)ZiZ2 _ <T2z  -  <T\X  0  (T2y 

<7\y  0  <r2y_ U(t)Z2_ a2z  +  <J\y  8  cr2y 


(Tlz  0  (T2y 

U(t)X\Z2 

<T2x  -1-  (Tlz  0  (T2y 

(Tlx  0  (T2z 

U{t)Z\Z2X2 

—  (T2y  -  (Tlx  0  <T2z 

<Tly  0  (T2z 

U(t)Z2X2 

—  <T2y  +  (Tly  0  (T2z 

<Tlz  0  (T2z 

U(t)XiZ2  X2 

(T2x  +  (Tlz  0  (T2z 

the  Hamiltonian  [6] 

1  n 

H  =  -  -  y^[SEch(nitg)  (T[z  -I-  Ej(^ix)aix] 

1  /  =  ! 

—  ^int  ($lx  )  $kx)  &ly  ®  (10 

Kk 

where  SEch(niig)  =  4£c(l  -  2 n/)g),  Ej($ix)  = 

2Ej  cos(7r^/r/<l>o),  and  Emt($ix ,  $kx)  take  the  same  form 
as  in  Eq.  (4).  We  also  assume  Ei,/2Ej  =  y/lb  ^  3.87  and  the 
single-qubits  are  nominally  identical.  By  virtue  of  the  control¬ 
lable  Hamiltonian  (11),  in  principle  we  can  use  (n  -  1)  two- 
qubit  operations  together  with  some  single-qubit  operations  to 
reconstruct  any  n-qubit  state,  which  can  also  be  described  by 
the  density  matrix  operator 

1  V — > 

p2  =  ^n  2L. 

lltht"'  ,/»=0,X,y,Z 


with  2n  real  parameters  riui2t  /n  corresponding  to  the  mea¬ 
surements  <r/1  0  <t/3  •  •  •  0  <Tin .  But,  here,  we  only  show  how  to 
obtain  a  coefficient  corresponding  to  a  three-qubit  measure¬ 
ment.  The  generalization  to  obtain  coefficients  of  multiple 
qubit  measurements  is  straightforward. 

In  order  to  determine  a  three-qubit  state,  we  need  to  make, 
single-qubit,  two-qubit,  and  three-qubit  measurements.  It  is 
known  that  all  coefficients  corresponding  to  single-qubit  and 
two-qubit  measurements  can  be  obtained  by  using  the  same 
operations  and  measurements  (|l)(l|)/=i, 23  as  in  section  I 
and  II.  When  we  make  two-qubit  operations  on,  for  exam¬ 
ple,  the  first  and  second  qubits,  the  interaction  of  the  third 
qubit  with  these  two  qubits  is  switched  off  by  the  applied  flux 
4>3r  =  n/ 2.  Now  let  us  show  how  to  obtain  the  coefficients 
corresponding  to  the  three-qubit  measurements.  For  example, 
for  the  coefficient  rr  2  >y  of  the  measurement  alx  0  a2z  0  <?3y » 
we  should  make  the  following  sequence  of  quantum  opera¬ 
tions: 

(i)  Switch  off  the  interaction  of  the  third  qubit  with  the  first 

and  second  qubits  by  applying  the  flux  4>3x  =  n/2. 
Then  make  a  two-qubit  operation  U\2(r),  with  the  same 
form  as  Eq.  (9).  We  use  the  subscript  “12”  to  denote 
two-qubit  operations  on  the  first  and  second  qubits. 

(ii)  Switch  off  the  interaction  between  the  first  and  second 
qubits  by  setting  $2x  =  7r/2,  and  making  a  tt/2  rotation 
about  the  2  axis  for  the  first  qubit. 

(iii)  Make  another  two-qubit  rotation  f/13(r)  on  the  first  and 
third  qubits  by  adjusting  the  external  fluxes  such  that 
<£lr  =  <J>3jc  =  0.  The  two-qubit  operation  (/i3(r)  takes 
the  same  form  as  Eq.  (9),  but  the  subscript  “2”  of  the 
Pauli  operators  in  Eq.  (9)  is  replaced  by  the  subscript 
“3”.  This  process  can  be  described  as 

P2  Ul2(r)  p2  U}2(t)  ^  Z!  Un(r)  p2  U\2[t)  z\ 

^  U13  Zx  Un(r)  p2  U'12(t)  Z\  U}3  .  (12) 

(iv)  Finally,  make  a  measurement  ( 1 1 ) ( 1 1 )  i  on  the  above  ro¬ 
tated  state,  and  obtain  the  equivalent  measurement 

u!2(t)  z\  U}3  ( 1 1)<  1 1 ) i  t/13  Zi  Un  =  \  -  \<rlz  + 

+  ^(0-1*  ®  <72y  +  & ly  ®  ~  ^lsr  ®  <r2z  ®  ^3»),  (13) 

and  corresponding  measurement  result  p"  is 

p"  =  I  -  r^.o,o  +  r*.y.°  ±  rV.o.y  ~  (14) 

Finally,  we  can  obtain  the  coefficient  rXtVtZ  based  on  p"  and 
the  single  and  two  qubit  measurement  results  rZf0,o.  rx,y,o 
and  ry  0,y,  which  can  be  obtained  by  using  the  same  way  de¬ 
scribed  in  sections  II  and  III.  Other  coefficients  correspond¬ 
ing  to  three-qubit  measurements  can  also  be  obtained  by  us¬ 
ing  a  similar  procedure.  According  to  the  estimated  time 
for  reconstructing  the  two-qubit  states,  we  believe  that  it  is 
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also  possible  to  reconstruct  the  three-qubit  states  using  cur¬ 
rent  technology.  Any  multiple-qubit  can  also  be  reconstructed 
by  sequentially  designing  the  single-qubit  and  two-qubit  op¬ 
erations.  The  generalization  to  multiple-qubit  is  an  extension 
of  the  procedure  that  we  outlined  above. 


V.  QUANTUM  PROCESS  TOMOGRAPHY 

It  is  worth  briefly  reviewing  that,  based  on  qubit  state  to¬ 
mography,  the  noisy  channel  (usually  denoted  as  the  “black 
box”)  of  the  controllable  charge  qubits  can  also  be  deter¬ 
mined.  This  experimental  determination  of  the  dynamics  of 
a  “black  box”  is  called  quantum  process  tomography  [30], 
which  can  be  described  as  follows:  i)  many  known  quantum 
pure  states  of  the  system  under  investigation  are  input  into 
the  “black  box”,  which  is  an  unknown  quantum  channel,  for 
example,  an  arbitrary  environment;  ii)  after  a  certain  time,  the 
output  states  evolve  into  unknown  states;  iii)  by  using  the  state 
tomography,  we  can  ascertain  these  unknown  states;  vi)  fi¬ 
nally,  an  unknown  quantum  channel  is  determined  by  the  data 
obtained  for  the  tomographic  measurements  on  these  states. 
Experimentally,  N2  pure  states  need  to  be  prepared  in  order 
to  determine  the  noisy  channel  of  the  studied  qubits,  which 
live  in  N  dimensional  space  [30]. 

We  have  shown  that  single-qubit  state  tomography  is  ex¬ 
perimentally  accessible.  In  order  to  perform  quantum  process 
tomography  for  a  single  charge  qubit.  Four  kinds  of  different 
charge  states  |0),  |1),  (|0)  +  |l))/\/2,  and  (|0)  -f  i|l))/\/2 
need  to  be  experimentally  prepared.  These  states  can  be  gen¬ 
erated  in  a  SQUID-based  charge  qubit  with  current  experi¬ 
ments  [2,  3,  23].  Thus,  the  process  tomography  of  a  single 
charge  qubit  is  achievable  using  current  technology.  With  fur¬ 
ther  developments  of  this  technique,  the  process  tomography 
of  multiple  charge  qubits  could  also  be  realized  when  data 
from  multi-qubit  state  tomography  is  obtainable. 


VI.  CONCLUSIONS 

In  conclusion,  we  discuss  how  to  reconstruct  charge  qubit 
states  by  using  controllable  superconducting  quantum  de¬ 
vices.  Detailed  operations  for  reconstructing  single-  and  two- 
qubit  states  are  presented.  Any  n-qubit  state  can  also  be  re¬ 
constructed  by  using  n  —  1  two-qubit  operations  similar  to 
Eq.  (9)  for  different  qubit  pairs  and  combining  these  with  re¬ 
quired  single-qubit  operations.  Thus  the  non-local  two-qubit 
operation  Eq.  (9)  plays  a  key  role  in  the  reconstruction  of 
the  multiple-qubit  states.  However,  this  two-qubit  operation 
is  not  unique  for  achieving  our  purpose.  We  should  note 
that  operations  to  obtain  a  fixed  coefficient  corresponding  to 
multiple-qubit  measurements  are  not  unique.  The  measure¬ 
ments  (|1)(1|)/  (/  =  1,  2,  . . . ,  n)  on  the  given  state  with 
fixed  operations  W  are  different  for  each  qubit  /,  because  W 
is  not  symmetric  when  exchanging  /.  Our  proposal  can  also  be 
generalized  to  other  superconducting  computing  circuits  with 
the  coupling  mediated  by  photons  or  a  tunable  oscillator,  e.g.. 
Ref.  [29,  31]. 


We  find  that  the  longest  operation  times  to  obtain  the  co¬ 
efficient  of  single-qubit  and  two-qubit  states  are  of  the  order 
of  0.01  ns  and  0.4  ns,  respectively,  which  is  less  than  the  de- 
coherence  time  [2]  =  5  ns.  Thus,  in  principle,  the  single¬ 

qubit  and  two-qubit  states  could  be  reconstructed  with  current 
experimental  capabilities.  We  should  also  note  that  larger  val¬ 
ues  of  the  charge  energy  £<*,  the  Josephson  energy  Ej ,  and 
coupling  energy  Eint  ($/r ,  )  can  make  the  operation  times 

shorter.  Thus  these  larger  values  should  be  realized  in  order 
to  facilitate  the  tomographic  reconstruction. 

Quantum  oscillations  and  conditional  gate  operations  have 
been  demonstrated  in  two  coupled  charge  qubits  with  the  in¬ 
teractions  [3]  always  turned  on.  Completely  controllable  two- 
qubit  charge  systems  have  not  been  realized  yet.  Because  the 
unswitchable  two-qubit  interaction  makes  single-qubit  opera¬ 
tions  impossible,  our  proposed  scheme  cannot  be  readily  used 
to  the  experimental  reconstruction  of  multiple-qubit  charge 
states  when  the  two-qubit  interactions  are  always  turned  on. 
However,  controllable  coupled  two  charge  qubits,  allowing  on 
and  off  switching  of  the  interaction  between  qubits,  might  be 
realizable  in  the  future  [32].  Then  our  proposal  will  become 
realizable.  However,  how  to  reconstruct  the  superconducting 
charge  qubit  states  with  the  two-qubit  couplings  always  turned 
on  will  be  presented  elsewhere  by  using  a  different  scheme. 


VII.  DISCUSSIONS 

Finally,  it  should  be  pointed  out  that:  here  we  discuss  an 
ideal  case  without  environmental  effects  on  the  circuit.  In 
practice,  errors  are  unavoidable  due  to  environmental  effects 
and  limited  statistical  data.  In  order  to  reconstruct  a  reason¬ 
able  qubit  state,  the  maximum  likelihood  estimation  of  den¬ 
sity  matrices  can  be  employed  [33]  to  minimize  experimental 
errors. 

When  the  tomography  is  processed,  the  external  flux  ap¬ 
plied  to  the  SQUID  needs  to  be  very  quickly  changed.  For  in¬ 
stance,  the  duration  for  changing  $0/2  within  a  SQUID  loop 
should  at  least  be  less  than  the  decoherence  time.  Thus  a  pulse 
field  magnetometer  with  a  rapid  sweep  rate  may  be  required 
in  this  experiment.  If  the  sweep  rate  [34]  of  the  pulse  field 
magnetometer  reaches,  e.g.  108  Oe/s,  then  the  time  to  change 
4>o/2  in  the  loop  needs  about  0.25  ns  for  a  SQUID  area  of 
20  x  20  {pm)2. 

We  also  notice  that  the  number  of  rotation  for  the  measured 
density  matrix  elements  to  a  preferable  direction  (e.g.  y  in¬ 
stead  of  z)  grows  exponentially  with  the  number  of  qubits. 
How  to  solve  this  problem  is  still  an  open  question. 
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Josephson  qubits  without  direct  interaction  can  be  effectively  coupled  by  sequentially  connecting 
them  to  an  information  bus:  a  current- biased  large  Josephson  junction  treated  as  an  oscillator  with 
adjustable  frequency.  The  coupling  between  any  qubit  and  the  bus  can  be  controlled  by  modulating 
the  magnetic  flux  applied  to  that  qubit.  This  tunable  and  selective  coupling  provides  two-qubit 
entangled  states  for  implementing  elementary  quantum  logic  operations,  and  for  experiment  ally 
testing  Bell’s  inequality. 

PACS.  74.50. +r  -  Proximity  effects,  weak  links,  tunneling  phenomena,  and  Josephson  effects. 

PACS.  03.67. Lx  -  Quantum  computation. 

PACS.  03.65. Ud  -  Entanglement  and  quantum  nonlocality  (e.g.  EPR  paradox,  Bell’s  inequalities, 

GHZ  states,  etc.). 


Superconducting  circuits  with  Josephson  junctions  of¬ 
fer  one  of  the  most  promising  candidates  for  realiz¬ 
ing  quantum  computation  [1,  2,  3,  4,  5,  6,  7,  8,  9, 
10,  11,  12,  13,  14,  15,  16].  These  superconducting 
qubits  can  be  either  charge-  [2],  flux-  [3],  mixed-  [4], 
current-biased  Josephson-j unction  (CBJJ)  qubits  [5,  6], 
and  others.  Much  attention  is  now  devoted  to  realiz¬ 
ing  controlled  couplings  between  superconducting  qubits 
and  implementing  quantum  logic  operations  (see,  e.g., 
[7,  8,  9,  10,  11]).  Two  qubits,  i  and  j ,  can  be  con¬ 
nected  by  a  common  inductor  or  capacitor,  with  Ising- 
type  couplings  ®  <Tq^  (a  =  x,y,  orz).  However,  in 
general,  (1)  the  capacitive  coupling  [8,  12]  between  qubits 
is  not  tunable  (and  thus  adjusting  the  physical  parame¬ 
ters  for  realizing  two-qubit  operation  is  not  easy),  and 
(2)  a  large  inductance  is  required  in  [7]  to  achieve  a 
reasonably  high  interaction  strength  and  speed  for  two- 
qubit  operations  [10].  Alternatively,  other  schemes  (see, 
e.g.,  [11,  13,  14])  use  sequential  interactions  of  individ¬ 
ual  qubits  with  an  information  bus.  These  provide  some 
advantages:  allow  faster  two-qubit  operations,  may  pos¬ 
sess  longer  decoherence  times,  and  are  scalable.  These 
schemes  are  similar  to  the  techniques  used  for  trapped 
ions  [17],  where  the  ions  are  entangled  by  exciting  and 
de-exciting  quanta  (data  bus)  of  their  shared  collective 
vibrational  modes. 

Compared  to  the  externally-connected  LC-resonator 
used  in  Ref.  [13]  and  the  cavity  QED  mode  proposed  in 
Ref.  [14],  a  large  (e.g.,  10  pm)  CBJJ  [6,  15]  is  more  suit¬ 
able  as  an  information  bus,  because  its  eigenfrequency 
can  be  controlled  by  adjusting  the  applied  bias  current. 
In  fact,  such  data  bus  to  couple  distant  qubits  has  been 
proposed  in  [11].  However,  there  all  non-resonant  inter¬ 
actions  between  the  qubits  and  the  bus  were  ignored. 
This  is  problematic  because  these  near-resonance  inter¬ 
actions  must  be  considered,  otherwise,  the  desired  cou¬ 
pling/decoupling  between  the  chosen  qubit  and  the  bus 
cannot  be  implemented  because  a  perfect  resonance  con¬ 


dition  is  not  always  achievable.  Also,  modulating  the 
bias  current  to  selectively  couple  different  qubits  changes 
the  physical  characteristics  (e.g.,  eigenfrequency)  of  the 
bus,  and  thus  may  yield  additional  errors  during  the  com¬ 
munication  between  qubits.  Finally,  an  effective  method 
still  lacks  for  refocusing  the  dynamical-phase  shifts  of  the 
qubits  to  realize  the  desired  quantum  operations. 

Here,  we  propose  an  effective  scheme  for  coupling  any 
pair  of  superconducting  qubits  without  direct  interaction 
between  them  by  letting  these  be  sequentially  connected 
to  a  large  CBJJ  that  acts  as  a  data  bus.  The  qubit 
in  Ref.  [12]  is  a  CBJJ,  while  here  we  consider  charge 
qubits.  Here,  a  large  CBJJ  acts  only  as  the  information 
bus  between  the  qubits.  Also,  in  contrast  to  Ref.  [11], 
in  the  present  circuit  any  chosen  qubit  can  be  coupled 
to  and  decouple  from  the  bus  by  switching  on  and  off 
its  Josephson  energy.  The  bias  current  applied  to  the 
bus  is  fixed  during  the  operations,  and  the  dynamical- 
phase  shifts  of  the  qubits  can  be  conveniently  refocused 
by  properly  setting  the  free-evolution  times  of  the  bus. 
Therefore,  an  entanglement  between  distant  qubits  can 
be  created  in  a  controllable  way  for  realizing  quantum 
computation,  and  also  for  testing  Bell’s  inequality.  Its 
experimental  realizability  is  also  briefly  discussed. 

Model. —  Without  loss  of  generality,  we  consider  the 
simplest  network  sketched  in  Fig.  1.  It  can  be  easily 
modified  to  include  arbitrary  qubits.  Each  qubit  con¬ 
sists  of  a  gate  electrode  of  capacitance  Cg  and  a  single- 
Cooper-pair  box  with  two  ultrasmall  identical  Joseph¬ 
son  junctions  of  capacitance  cj  and  Josephson  energy 
£  j ,  forming  a  superconducting  quantum  interference  de¬ 
vice  (SQUID)  ring  threaded  by  a  flux  $  and  with  a  gate 
voltage  V .  The  superconducting  phase  difference  across 
the  kth  qubit  is  represented  by  k  =  1,2.  The  large 
CBJJ  has  capacitance  C&,  phase  drop  <f>b ,  Josephson  en¬ 
ergy  Eby  and  a  bias  current  h.  The  qubit  is  assumed  to 
work  in  the  charge  regime  with  ksT  <&  Ej  Ec  C  A, 
wherein  quasi-particle  tunnelling  or  excitations  are  effec- 
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FIG.  1:  A  pair  of  SQUID-based  charge  qubits,  located  on 
the  left  of  the  dashed  line,  coupled  to  a  large  CBJJ  on  the 
right,  which  acts  as  an  information  bus.  The  circuit  is  divided 
into  two  parts,  the  qubits  and  the  bus.  The  dashed  line  only 
indicates  a  separation  between  these.  The  controllable  gate 
voltage  Vk  (k  =  1,  2)  and  external  flux  are  used  to  manip¬ 
ulate  the  qubits  and  their  interactions  with  the  bus.  The  bus 
current  remains  fixed  during  the  operations. 


tively  suppressed.  Here,  ks,  T,  A,  Ec ,  and  Ej  are  the 
Boltzmann  constant,  temperature,  superconducting  gap, 
charging  and  Josephson  coupling  energies  of  the  qubit, 
respectively.  The  present  mechanism  of  quantum  ma¬ 
nipulation  is  significantly  different  from  Refs.  [7,  10,  11], 
although  the  circuits  appear  to  be  similar.  The  Hamilto¬ 
nian  for  the  circuit  in  Fig.  1  is 
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with  [<j>k,hk]  =  b  Here,  Qb  —  2n Pb/$o  is  the  opera¬ 
tor  of  charges  on  the  CBJJ  and  [4>b,Pb\  =  Cjk^  = 
2 c(j\  Ejk)  =  2e|/t) cos(^<I>fc/<I>o), C*  =  C(gk)  +  C(k\ 

n{k)  =  Cgk)Vk/(2e),  and  Cb  =  Cb  +  E*=i  C(k)C(k)/Ck. 
#0  =  h/(2e)  and  nk  are  the  flux  quantum  and  the  excess 
number  of  Cooper  pairs  in  the  superconducting  box  of  the 
Arth  qubit,  respectively.  When  the  applied  gate  voltage 
Vk  is  set  near  the  degeneracy  points  (n^  =  (/+ 1/2),  /  = 
0,  1, 2, ...),  then  only  the  two  lowest-energy  charge  states, 
\nk  =  0)  =  |  tfc)  and  \nk  =  1)  =  |  |/c),  play  a  role. 
The  large  CBJJ  works  in  the  phase  regime  and  describes 
the  motion  of  a  “particle”  with  mass  m  =  C,6(<J>o/27t)2 
in  a  potential  U (<j>b)  —  -Eb (cos  <j>b  -f  h<t>b/Ic)  with  /c  = 
2nEb/$o-  For  /*>  <  7C,  there  exist  a  series  of  minima 
of  U(4>b)-  Near  these  points,  U (<t>b)  approximates  a  har¬ 
monic  oscillator  potential  with  characteristic  frequency 

[1  -  (h/Ic)2]1/4 ,  E(k)  =  e2/(2 Cb). 
The  approximate  number  of  metastable  quantum  bound 

states  [15]  is  N,  =  23>4\J  Eb/ E[c\\  -  /6//c)5/4.  For  a 
low  bias  current,  the  dynamics  of  the  CBJJ  can  be  safely 


restricted  [6]  to  the  Hilbert  space  spanned  by  the  two 
lowest  states  of  this  data  bus:  |06)  and  1 4). 

The  eigenenergy  hujic  of  the  bus  used  in  [7]  is  much 
higher  than  that  of  the  qubits.  Therefore,  adiabatically 
eliminating  such  a  bus  yields  a  direct  interbit  coupling. 
However,  the  energy  scale  of  our  proposed  data  bus  (i.e., 
the  CBJJ  oscillator)  is  ujb/2n  ~  10  GHz  [6],  which  is  of 
the  same  order  of  the  Josephson  energy  (e.g.,  Ej/h  ~  13 
GHz  [2]).  Therefore,  the  quanta  in  the  present  bus  can 
be  excited  or  de-excited  when  the  qubit  is  operated.  The 
Hamiltonian  (1)  clearly  shows  that  the  coupling  between 
the  chosen  Arth  qubit  and  the  bus  can  be  turned  on  and 
off  [18],  when  the  threaded  flux  <&k  differs  from  or  equals 
to  (/'  -I-  l/2)$o,  l'  =  0,  1,2, ....  For  simplicity,  hereafter 
we  let  /,  /'  =  0.  Two  qubits  can  be  indirectly  coupled 
by  independently  interacting  with  the  bus  sequentially 
when  exciting/de-exciting  the  vibrational  quanta  of  the 
bus.  Under  the  usual  rotating- wave  approximation,  the 
dynamics  for  such  a  coupling  mechanism  can  be  described 
by  the  following  effective  Hamiltonian 


Hkb  =  Hk  +  Hb  -F  i\k 


(2) 


Hk 


t>E(k] 

2 


r(*> 


Hb  =  hu>b 


with  a  — 


\J CWb/ A  (|£)  <pb  +  i  pb/ \/hwbCb 


/V2 


and  n  =  a^a  being  the  Boson  operators  of  the  bus.  Here, 
&E(k)  =  2e2(l  -  2 n(k))/Ck,  \k  =  Cfc  cos(7rd>fc/<l»o),  Oc  = 
£jk^Cgk>7r\/2h/ (C'k<&o\/ Cbuib  ).  The  pseudospin  opera- 
tors:  <rifc)  =  |lfc)(U|  -  |0fc)(0*|,  a(k)  =  |1*)(0*|,  and 

(k) 

o'-  =  |0)t)(U|  are  defined  in  the  subspace  spanned  by 

the  logic  states:  |0*)  =  (\U)  -f  |tfc))/>/2  and  \lk)  = 
( |  T/c )  —  |t *))/\/2.  Only  the  single-quantum  transition 
process,  approximated  to  first-order  in  <^>,  is  considered 
during  the  expansion  of  the  cosine-term  of  the  Hamil¬ 
tonian  (1),  as  the  fluctuation  of  <fib  is  very  weak.  In 

fact,  Cgk)\J{  <j>l)/Ck  <  10“2  «:  1,  for  typical  exper¬ 
imental  parameters  [2,  6,  8]:  Cb  ~  6pF,u>fc/27r  ^  10 
GHz,  and  Cgk^/Cjk^  ~  10“2  Once  the  bias  current  lb 
is  properly  set  up  beforehand,  various  dynamical  evolu¬ 
tions  can  be  induced  by  selecting  the  applied  flux  $k 
and  the  gate  voltage  Vk.  Considering  two  extreme  cases, 
the  strongest  coupling  (<&k  =  0)  and  the  decoupling 
($/c  =  $o/2),  several  typical  realizable  evolutions  de¬ 
duced  from  the  Hamiltonian  (2)  are  given  in  table  I. 


There,  hAk  =  ek  -  hub,  ek  =  \J[2e{jk)]2  +  [^P- 


Quantum  gates. —  The  physical  characteristic  (e.g.,  the 
eigenfrequency)  of  the  bus  in  the  present  circuit  does  not 
need  to  be  changed,  once  it  is  set  up  beforehand.  It  still 
undergoes  a  free  evolution  Uo(t)  ruled  by  a  non-zero  Hb 
during  the  operational  delay,  i.e.,  the  time  interval  when 
the  qubits  do  not  evolve  because  their  Hamiltonians  are 
temporarily  set  to  zero  (when  $k  =  $o/2,  Vk  =  e/C ^). 
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Controllable  Parameters 

Evolutions 

Vk  =  e/Cgk\  *k=*o/2 

U0(t) 

Vk*elC{k),  *k=*o/2 

0{k>(t) 

Vk  =  e/C[k\  $k  =  0,  hub  —  2e ^ 

K*#e/C’<*),  $*=0,  + 

U<k)(t) 

TABLE  I:  Typical  settings  of  the  controllable  experimen¬ 
tal  parameters  (V*  and  <£*)  and  the  corresponding  time 
evolutions  Uj(t)  of  the  qubit-bus  system.  Here,  Cgk ^  and 
2e^  are  the  gate  capacitance  and  the  maximal  Josephson 
energy  of  the  kth  SQUID-based  charge  qubit.  £ *  is  the 
maximum  strength  of  the  coupling  between  the  kth  qubit 
with  energy  £*  and  the  bus  of  frequency  Mb-  The  detuning 
between  the  qubit  and  the  bus  energies  is  hAk  =  £*  —  hu>6. 
n  =  0, 1  is  occupation  number  for  the  number  state  |n) 
of  the  bus.  The  various  time-evolution  operators  are: 
U0(t)  =  exp (-itflb/h),0<k)(t)  =  exp[-itSE(ck) a{xk) /(2h)]  ® 
Uo(t),U^  =  A(t)  cos  A„  |0fc )  (0*  |  —  (sin  An  )o/\/ ft  +  l|0*)(lfc|  + 
a’sin^/VnlUXO*!  +  coS£„|0*)<0*|,  and  t/jfc)(t)  = 

i(t)exp{-itC2[|lt)<U|(«  +  1)  -  |0*)(0*|n]/(fiA*)},  with 

A(t)  =  exp[-it(2Hb  +  Eik)aik))/(2h)],  \n  =  2CktV*TT/h, 
and  („  =  2(kt\/t/h. 


Before  and  after  the  desired  operations,  the  bus  should 
remain  in  its  ground  state  I0&).  In  principle,  the  time- 
evolutions  listed  in  table  I  are  sufficient  to  implement 
any  desired  operation  for  manipulating  the  quantum  in¬ 
formation  stored  in  the  present  circuit.  In  fact,  any 
single-qubit  rotation,  including  the  typical  Hadamard 
gate:  Hgk ^  +  <r^  +fr^]/ y/2,  on  the  kth  qubit  can 

be  easily  realized  by  selectively  using  U[k\t)  and  U^k\t). 
Any  single-qubit  operation  is  not  influenced  by  the  free 
evolution  of  the  bus  during  the  time  delay  between  suc¬ 
cessive  operations. 

In  order  to  realize  two-qubit  gates,  we  must  be  able  to 
couple  distant  qubits  via  their  sequential  interactions  to 
the  bus.  We  set  the  bias  current  Ib  such  that  hub  =  2e ^ 
and  then  perform  a  three-step  process.  First,  we  cou¬ 
ple  the  first  (control)  qubit  to  the  bus  by  switching  off 
its  applied  flux  and  produce  the  evolution  U2l\t\). 
After  a  duration  t\  determined  by  sin(2Ci<i//i)  =  —  1, 
the  control  qubit  is  decoupled  from  the  bus.  This  pro¬ 
cess  implements  the  evolutions:  |0fc)|0i)  — ►  |06)|0i)  and 
|0b)|li)  — ►  e”,u,6tl 1 15) |0i) .  Next,  we  let  the  second  (tar¬ 
get)  qubit  work  at  a  non-degenerate  point  (V2  ^  e/C^) 
and  couple  it  to  the  bus  by  switching  off  its  applied  flux 
$2  •  After  a  duration  <2  determined  by 


the  target  qubit  is  backed  to  its  degenerate  point  (V2  = 

/<y\ 

e/Cg  ')  and  decoupled  from  the  bus.  This  sequence  of 


operations  generate  the  evolutions: 

f  |06>|02>^6-%>|02),  |06>|l2)^e^|06)|l2>, 

\  |U)|02)  i (cos T72 1 lb) |02)  +  sin  772|l6}|l2»  , 
[  |U)|l2>  (sinr/2|l6)|02)  -  cos rj2 jU)!! 2)) , 


with  £  =  ub(ri  +  +  t-2)/2  +  tft2/(2h2A2),  and  tg  = 

Y13s=i  1  r*-  Finally,  we  couple  again  the  control 

qubit  to  the  bus  and  perform  the  evolution  U2l\ts)  with 
sm(2Ci<3/ft)  =  1,  yielding  evolutions:  |06)|0i)  -►  |06>|0i) 
and  1 1&) |0i)  — ►  e“,a;6t3|0fe)|li).  In  practice,  the  free  evo¬ 
lutions  Uo(ti)  and  £0(7-2)  exist  during  the  time  delays  be¬ 
tween  the  first  (second)  and  second  (third)  pulses.  If  the 
delays  are  further  set  accurately  such  that  the  total  dura¬ 
tion  tg  satisfies  the  condition  sin  ubtg  =  1,  then  the  above 
three-step  process  with  two  delays  yields  a  quantum  op- 
eration  U(tg)  =  U?\t3)U0to)U?)  (h)  = 

exp(-iO|06)<06|  ®  U(d12)m,  with 

1  0  0  0  \ 

01  °  .°  (4) 

0  0  cos  ^2  sin  ^2 

^0  0  sinft  —  cos /?2  ) 

being  a  universal  two-qubit  gate.  Here,  cos  fi2  =  2e^  /e2. 
This  gate  can  produce  entanglement  between  qubits  and 
also  realize  any  quantum  computation,  accompanied  by 
single-qubit  rotations. 

Testing  Bell's  inequality . —  Entanglement  is  a  key  in¬ 
gredient  for  computational  speedup  in  quantum  compu¬ 
tation.  Historically,  Bell’s  inequalities  were  seen  as  an 
entanglement  test:  its  violation  implies  that  entangle¬ 
ment  must  exist.  For  a  two-qubit  entangled  state  |^c), 
the  Clauser,  Horne,  Shimony  and  Holt  (CHSH)  form  of 
Bell’s  inequality  :  f{\rpe))  <  2  is  usually  tested  by  ex¬ 
perimentally  measuring  the  CHSH  function  f(\ipe))  = 
\E(0i ,  02)  +  E($ i ,  02)  +  E{0 1 ,  0'2) - E(0 i ,  0'2)\.  Here,  0k  are 
controllable  classical  variables  and  E(0\}02)  is  the  corre¬ 
lation  for  the  outcomes  of  separately  projected  measure¬ 
ments  of  two  qubits.  A  number  of  experimental  tests  [20] 
of  Bell’s  inequality  have  already  been  performed  by  using 
entangled  photons  and  atoms.  We  now  show  that  a  de¬ 
sired  entangled  state  can  be  created  in  a  repeatable  way 
and  thus  Bell’s  inequality  can  also  be  tested  experimen¬ 
tally  by  using  this  circuit. 

We  begin  with  an  initial  state  \ipo)  =  |0&)||i)||^=|06)® 
(|0i)  -f  1 1 1 ))  <g)  (IO2  +  1 12))  /2  with  two  qubits  decoupled 
from  the  bus  but  working  at  their  non-degenerate  points 

/  u  \ 

(i.e.,  Vk  ^  e/Cg  ’).  After  applying  a  Hadamard  gate 
Hg  '  to  the  second  qubit,  the  system  evolves  to  the  state 
\rpi)  =  |0 6)  ®  (|0i)  +  1 1 1))  <g>  |12>/V2.  The  desired  two- 
qubit  entangled  state  is  then  generated  as 

htfatyi,*a,A)>  =  u[l\ex)u[2\d7)u^2\h)\^),  (5) 

with  (j[k\6k)  =  exp  ,  0k  =  SE^tk/h.  The 

corresponding  correlation  function  is  E(0\,02) P2)  — 
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(fd2)(e  1>02,/32)|<’41)  <8>  V{z2)W’d2](0l,02,p2))  = 

sin  ^2  (sin  6\  sin  62 — sin  /?2  cos  6\  cos  62 )  •  For  certain 

chosen  sets  of  angles:  Ok  =  { —  tt/8,  3tt/8},  the  CHSH 
function  becomes 

/(lV'd12)(&)»  =  >/2 1  sin  /32  (sin  /92  +  1)|.  (6) 

It  is  easy  to  numerically  check  that  Bell’s  inequality, 

fi\fdl2\fo)))  <  2,  is  violated  when  E^/SE^  <  0.776, 
which  can  be  easily  satisfied  for  this  charge-qubit  system. 

Experimentally,  the  above  procedure  can  be  re¬ 
peated  many  times  at  each  of  the  four  sets  of  an¬ 
gles  and  thus  the  correlation  function  i?(0i ,  02»  $2)  — 
[N8ame(01,02)  “  Ndiff  (#1  ,  @2)]/ Ntot ,  with  N8ame(01 ,  0?) 
(^diff(^i ,  #2))  being  the  number  of  events  with  two  qubits 
being  found  in  the  same  (different)  logic  states  and 
Ntot  —  A^samel^i ,#2)  +  ^Vdiff^i,^)  being  the  total  ex¬ 
perimental  times  for  the  same  0\  and  0 2.  Finally,  Bell’s 
inequality  can  be  tested  by  calculating  the  experimen¬ 
tal  CHSH  function:  /(|^i12)(/?2)))  =  \E(0\ ,  62,  fa)  + 
E(0[ ,  02,  ft)  +  E(0X  ,  ^2,  ft)  -  ft) |. 

Discussion. —  Two  types  of  noise,  fluctuations  of  the 
applied  gate  voltage  V*  and  bias  current  /*>,  must  be  con¬ 
sidered  in  the  present  qubit-bus  system.  For  simplic¬ 
ity,  these  two  environmental  noises  are  treated  as  two 
separate  Boson  baths  with  Ohmic  spectral  densities  and 
assumed  to  be  weakly  coupled  to  the  qubit  and  CBJJ, 
respectively.  The  Hamiltonian  of  the  Arth  qubit  coupling 
to  the  bus,  containing  these  fluctuations,  can  be  written 
as 

PMk) 

H  =  Hkb+J2  + 

j  =  1,2  w,  * 

(af«2  +  dRl)  ,  Rj  =  ^9UjdU).  (7) 

2>Ct,Ub  v  u. 

Here,  is  the  Boson  operator  of  the  jth  bath  and  g its 
coupling  strength.  The  relaxation  and  decoherence  rates 
of  our  qubit-bus  system  can  also  be  calculated  by  using 
the  well  established  Bloch- Redfield  formalism  [16].  Un¬ 
der  the  usual  secular  approximation,  the  relaxation  and 


decoherence  rates  are  characterized  [21]  by  two  dimen¬ 
sionless  coupling  parameters,  ay  —  (Cgk^ /Ck)1 2  Ry  /  Rk 
and  ai  —  R e(Y/)/(CfcU>&),  which  describe  the  couplings  of 
the  voltage  fluctuations  to  the  qubit  and  the  bias-current 
fluctuations  to  the  bus,  respectively.  Here,  Rk  =  h/e 2 4  « 
25.8  kfi  is  the  quantum  of  resistance,  Rv  is  the  Ohmic 
resistor  of  the  voltage,  and  Re(Y/)  is  the  dissipative  part 
of  the  admittance  of  the  current  bias.  If  the  qubit  decou¬ 
ples  from  the  bus,  ay  (a/)  characterizes  the  decoherence 
and  relaxation  of  the  qubit  (bus).  It  has  been  estimated 
in  Ref.  [1]  that  the  dissipation  for  a  single  SQUID-based 
charge  qubit  is  sufficiently  weak  (ay  «  10“6 7),  which  al¬ 
lows,  in  principle,  for  106  coherent  single-qubit  manip¬ 
ulations.  However,  for  a  single  CBJJ  the  dimensionless 
parameter  aj  only  reaches  10“3  for  typical  experimen¬ 
tal  parameters  [6]:  l/Re(Y/)  ~  100  fi,  Cb  ~  6  pF, 

Ub/^n  ~  10  GHz.  This  implies  that  the  quantum  co¬ 
herence  of  the  present  qubit-bus  system  is  mainly  lim¬ 
ited  by  the  bias-current  fluctuations.  Fortunately,  the 
impedance  of  the  above  CBJJ  can  be  engineered  to  be 
l/Re(Y/)  ~  560  kft  [6].  This  lets  a/  reach  up  to  10-5  and 
allow  about  105  coherent  manipulations  of  the  qubit-bus 
system. 

In  summary,  we  have  proposed  a  scheme  for  coupling 
two  SQUID-based  charge  qubits  by  sequentially  using 
their  interactions  with  a  common  large  Josephson  junc¬ 
tion  biased  by  a  fixed  current.  Each  interaction  is  tun¬ 
able  by  controlling  the  external  flux  applied  to  the  cho¬ 
sen  SQUID-based  charge  qubit.  The  proposed  circuit  al¬ 
lows  the  possibility  of  implementing  elementary  quantum 
logic  operations,  including  arbitrary  single-qubit  gates 
and  universal  two-qubit  gates.  The  created  two-qubit 
entangled  states  can  be  used  to  test  Bell’s  inequality. 
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[21]  Only  a  few  lower-energy  eigenstates  of  Hkb , 
i.e.,  the  ground  state  |y)=|  —  ^ ,  0^)  and  the  first 
doublet,  |ti)=cosxfc|-ffc,06>-isinxfc|-fc,  lb)  and 
|u)=— *  sin  x*|+*,06)+cosxfc|-*,  H),  are  involved 
in  our  calculations.  Their  corresponding  eigen¬ 
values  are  hu>9,  hLjUy  and  huV)  respectively.  Here, 
|±/k)  ( |0f>) ,  |  lb) )  are  the  eigenstates  of  Hk  ( Hb ),  and 
cos xk=y/{pk  -Sk)/(2pk),  Pk=y/S2k  +  4Aj>,  6k=ek-hub- 
This  simplifies  the  calculation  of  the  rates  of  de- 
coherence  and  relaxation.  For  example,  the  deco¬ 
herence  rate  of  the  superposition  of  states  |ti)  and 
|t/)  can  be  estimated  as  7UV  ~  cry  Av  T  or/  A/, 
with  Av=B i  sin2  a*  -1-  B2  cos2  a*,  Ai=Qug  sin2  x*  T 
Qvgcos2Xk}  Bi  =  4cos2(2xfc)(2fcBT)/h-j-2nwusin2(2xfc), 
and  B2  =  Du<?cos2Xfc  +  QVgsm2  \k.  Also,  = 

ujug  coth[huug/(2kbT)],  Qvg  =  ujvg  coih[hijVg/(2kbT)]} 
coth[^Wj;u/(2^6^')]  and 

etc.  Specifically,  for  the  decoupling  case  with 
sin  x it  =  0,  the  qubit  and  bus  independently  de¬ 
phase  with  the  rate  7+-  ~  av{4sin2  a^ksT/h  + 

u>+_  cos2  ak  coth[huj+-/(2kbT)]}  and  710  ~ 

atiub  coih[hujb/(2kBT)]. 
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We  propose  an  effective  scheme  for  manipulating  quantum  information  stored  in  a  superconducting  nanocir¬ 
cuit.  The  Josephson  qubits  are  coupled  via  their  separate  interactions  with  an  information  bus,  a  large  current- 
biased  Josephson  junction  treated  as  an  oscillator  with  adjustable  frequency.  The  bus  is  sequentially  coupled  to 
only  one  qubit  at  a  time.  Distant  Josephson  qubits  without  any  direct  interaction  can  be  indirectly  coupled  with 
each  other  by  independendy  interacting  with  the  bus  sequentially,  via  exciting/de-exciting  vibrational  quanta  in 
the  bus.  This  is  a  superconducting  analog  of  the  successful  ion  trap  experiments  on  quantum  computing.  Our 
approach  differs  from  previous  schemes  that  simultaneously  coupled  two  qubits  to  the  bus,  as  opposed  to  their 
sequential  coupling  considered  here.  The  significant  quantum  logic  gates  can  be  realized  by  using  these  tunable 
and  selective  couplings.  The  decoherence  properties  of  the  proposed  quantum  system  are  analyzed  within  the 
Bloch-Redfield  formalism.  Numerical  estimations  of  certain  important  experimental  parameters  are  provided. 

PACS  numbers:  03.67.Lx,  74.50.+r,  85.25.Cp 


I.  INTRODUCTION. 

The  coherent  manipulation  of  quantum  states  for  realizing 
certain  potential  applications,  e.g,  quantum  computation  and 
quantum  communication,  is  attracting  considerable  interest 
[1].  In  principle,  any  two- state  quantum  system  works  as  a 
qubit,  the  fundamental  unit  of  quantum  information.  How¬ 
ever,  only  a  few  real  physical  systems  have  worked  as  qubits, 
because  of  requirements  of  a  long  coherent  time  and  operabil¬ 
ity.  Among  various  physical  realizations,  such  as  ions  traps 
(see,  e.g.,  [2,  3,  4]),  QED  cavities  (see,  e.g.,  [5,  6]),  quantum 
dots  (see,  e.g.,  [7,  8])  and  NMR  (see,  e.g.,  [9,  10])  etc.,  su¬ 
perconductors  with  Josephson  junctions  offer  one  of  the  most 
promising  platforms  for  realizing  quantum  computation  (see, 
e.g.,  [11,  12,  13,  14,  15,  16,  17,  18,  19,  20,  21,  22,  24,  25, 
26,  27,  28,  29,  30,  31]).  The  nonlinearity  of  Josephson  junc¬ 
tions  can  be  used  to  produce  controllable  qubits.  Also,  cir¬ 
cuits  with  Josephson  junctions  combine  the  intrinsic  coher¬ 
ence  of  the  macroscopic  quantum  state  and  the  possibility  to 
control  its  quantum  dynamics  by  using  voltage  and  magnetic 
flux  pulses.  In  addition,  present-day  technologies  of  integra¬ 
tion  allow  scaling  to  large  and  complex  circuits.  Recent  ex¬ 
periments  have  demonstrated  quantum  coherent  dynamics  in 
the  time  domain  in  both  single-qubit  (see,  e.g.,  [12,  13,  14]) 
and  two-qubit  Josephson  systems  [15]. 

There  are  two  basic  types  of  Josephson  systems  used  to  im¬ 
plement  qubits:  charge  qubits  [12]  and  flux  qubits  [13],  de¬ 
pending  on  the  ratio  of  two  characteristic  energies:  the  charg¬ 
ing  energy  Ec  and  the  Josephson  energy  Ej.  The  charge 
qubit  is  a  Cooper-pair  box  with  a  small  Josephson  coupling 
energy,  Ej  <  Ec,  and  a  well  defined  number  of  Cooper 
pairs  is  well  defined.  The  flux  qubit  operates  in  another  ex¬ 
treme  limit,  where  Ej  »  Ec  and  the  phase  is  well  de¬ 
fined.  A  “quantronium”  circuit  operating  in  the  intermedi¬ 
ate  regime  of  the  former  two  has  also  been  proposed  [14]. 
Voltage-biased  superconducting  quantum  interference  devices 


(SQUIDs),  which  work  in  the  charge  regime  and  with  con¬ 
trollable  Josephson  energies,  form  the  SQUID-based  charge 
qubits  that  we  will  consider  in  this  work.  Our  results  can  be 
extended  to  flux  and  flux-charge  qubits. 

The  key  ingredient  for  computational  speedup  in  quantum 
computation  is  entanglement,  a  property  that  does  not  ex¬ 
ist  in  classical  physics.  Thus,  manipulating  coupled  qubits 
plays  a  central  role  in  quantum  information  processing  (QIP). 
Heisenberg-type  qubit-couplings  are  common  for  the  usual 
solid  state  QIP  systems,  e.g.,  the  real  spin  states  of  the  elec¬ 
trons  in  quantum  dots  [7,  8].  However,  the  interbit  couplings 
for  Josephson  junctions  involve  Ising-type  interactions,  as  su¬ 
perconducting  qubits  with  two  macroscopic  quantum  states 
provide  pseudo-spin- 1/2  states.  Recently,  either  the  current- 
current  interaction,  by  connecting  to  a  common  inductor,  or 
the  charge-charge  coupling,  via  sharing  a  common  capacitor, 
have  been  proposed  to  directly  couple  two  Josephson  charge 
qubits:  the  ith  and  jth  ones.  These  interactions  implement 
®  cri^-type  [15,  16],  cr^  <g)  0y^-type  [17],  and  the 
<Tx^  ®0x  ^ -type  [18]  Ising  couplings,  respectively.  Compared 
to  the  single-qubit  operations,  the  two-qubit  operations  based 
on  these  second-order  interactions  are  more  sensitive  to  the 
environment.  Thus,  quantum  decoherence  can  be  more  prob¬ 
lematic.  In  addition,  capacitive  coupling  between  qubits  is 
not  easily  tunable  [15].  Thus  adjusting  the  physical  parame¬ 
ters  for  realizing  two-qubit  operation  is  not  easy.  In  order  to 
ensure  that  the  quanta  of  the  relevant  LC  oscillator  is  not  ex¬ 
cited  during  the  desired  quantum  operations,  the  time  scales 
of  manipulation  in  the  inductively  coupled  circuit  should  be 
much  slower  than  the  eigenfrequency  of  the  LC- circuit  [17]. 

Alternatively,  the  Josephson  qubits  may  also  be  coupled 
together  by  sequentially  interacting  with  a  data  bus,  instead 
of  simultaneously.  This  is  similar  to  the  techniques  used  for 
trapped  ions  [2,  3],  wherein  the  trapped  ions  are  entangled  by 
exciting  and  de-exciting  quanta  of  their  shared  center-of-mass 
vibrational  mode  (i.e.,  the  data  bus).  This  scheme  allows  for 


faster  two-qubit  operations  and  possesses  longer  decoherent 
times.  In  fact,  an  externally  connected  LC-resonator  [19]  and 
a  cavity  QED  mode  [20]  were  chosen  as  alternative  data  buses. 
However,  it  is  not  always  easy  to  control  all  the  physical  prop¬ 
erties,  such  as  the  eigenfrequencies  and  decoherence,  of  these 
data  buses. 

A  large  (e.g.,  up  to  10//m)  current-biased  Josephson  junc¬ 
tion  (CBJJ)  [21]  is  very  suitable  to  act  as  information  bus  for 
coupling  Josephson  qubits.  This  because:  i)  the  CBJJ  is  an 
easily  fabricated  device  [22]  and  may  provide  more  effective 
immunities  to  both  charge  and  flux  noise;  ii)  due  to  its  large 
junction  capacitance,  the  CBJJ  can  enable  to  be  capacitively 
coupled  over  relatively  long  distances;  iii)  the  quantum  prop¬ 
erties,  e.g.,  quantum  transitions  between  the  junction  energy 
levels,  of  the  current-biased  Josephson  junction  are  well  estab¬ 
lished  [23, 24];  and  iv)  its  eigenfrequency  can  be  controlled  by 
adjusting  the  applied  bias-current.  In  fact,  a  CBJJ  itself  can  be 
an  experimentally  realizable  qubit,  as  demonstrated  by  the  re¬ 
cent  observations  of  Rabi  oscillations  in  them  [25,  26].  Two 
logic  states  of  such  a  qubit  are  encoded  by  the  two  lowest 
zero-voltage  metastable  quantum  energy  levels  of  the  CBJJ. 
The  decoherent  properties  of  this  CBJJ-qubit  were  discussed 
in  detail  in  [27].  Experimentally,  the  entangled  macroscopic 
quantum  states  in  two  CBJJ-qubits  coupled  by  a  capacitor 
were  created  [28].  Also,  by  numerical  integration  of  the  time- 
dependent  Schrodinger  equation,  a  full  dynamical  simulation 
of  two-qubit  quantum  logic  gates  between  two  capacitively 
coupled  CBJJ-qubits  was  given  in  [29]. 

In  this  paper,  we  propose  a  convenient  scheme  to  selectively 
couple  two  Josephson  charge-qubits.  Here,  a  large  CBJJ  acts 
only  as  the  information  bus  for  transferring  the  quantum  in¬ 
formation  between  the  qubits.  Thus,  hereafter  the  CBJJ  will 
not  be  a  qubit,  as  in  [21,  25,  26,  27,  28,  29].  Two  cho¬ 
sen  distant  SQUID-based  charge  qubits  can  be  indirectly  cou¬ 
pled  by  sequentially  interacting  these  with  the  bus.  This  cou¬ 
pling  method  provides  a  repeatable  way  to  generate  entan¬ 
gled  states,  and  thus  can  implement  elementary  quantum  logic 
gates  between  arbitrarily  selected  qubits.  Our  proposal  shares 
some  features  with  the  circuits  proposed  in  [17,  18,  19,  21], 
but  also  has  significant  differences.  Our  proposal  might  be 
more  amenable  to  experimental  verification. 

The  outline  of  the  paper  is  as  follows.  In  Sec.  II  we  propose 
a  superconducting  nanocircuit  with  a  CBJJ  acting  as  the  data 
bus,  and  investigate  its  elemental  quantum  dynamics.  The  bus 
is  biased  by  a  dc  current  and  is  assumed  to  interact  with  only 
one  qubit  at  a  time.  There  is  no  direct  interaction  between 
qubits.  Therefore,  the  elemental  operations  in  this  circuit  con¬ 
sist  of:  i)  the  free  evolution  of  the  single  qubit,  ii)  the  free  evo¬ 
lution  of  the  bus,  and  iii)  the  coherent  dynamics  for  a  single 
qubit  coupled  to  the  bus.  In  Sec.  Ill  we  show  how  to  real¬ 
ize  the  elemental  logic  gates  in  the  proposed  nanocircuit:  the 
single-qubit  rotations  by  properly  switching  on/off  the  applied 
gate  voltage  and  external  flux,  and  the  two-qubit  operations  by 
letting  them  couple  sequentially  to  the  bus.  The  vibrational 
quanta  of  the  bus  is  excited/absorded  during  the  qubit-bus  in¬ 
teractions.  In  Sec.  IV  we  analyze  the  decoherent  properties 
of  the  present  qubit-bus  interaction  within  the  Bloch-Redfield 
formalism  [32],  and  give  some  numerical  estimates  for  exper¬ 


FIG.  1:  SQUID-based  chaige  qubits  coupled  via  a  laige  CBJJ. 


imental  implementations.  Conclusions  and  some  discussions 
are  given  in  Sec.  V. 


II.  A  SUPERCONDUCTING  NANOCIRCUIT  AND  ITS 
ELEMENTARY  QUANTUM  EVOLUTIONS. 


The  circuit  considered  here  is  sketched  in  Fig.  1.  It  con¬ 
sists  of  N  voltage-biased  SQUIDs  connected  to  a  large  CBJJ. 
The  kth  ( k  =  1, 2, ...,  N)  qubit  consists  of  a  gate  electrode 
of  capacitance  C9k  and  a  single-Cooper-pair  box  with  two  ul¬ 
trasmall  Josephson  junctions  of  capacitance  Cjk  and  Joseph¬ 
son  energy  Ejk,  forming  a  DC-SQUID  ring.  The  inductances 
of  these  DC-SQUID  rings  are  assumed  to  be  very  small  and 
can  be  neglected.  The  SQUIDs  work  in  the  charge  regime 
with  keT  <&  Ej  <&  Ec  <&  A,  in  order  to  suppress  quasi¬ 
particle  tunneling  or  excitation.  Here,  ks.  A,  Ec,T,  and  Ej 
are  the  Boltzmann  constant,  the  superconducting  gap,  charg¬ 
ing  energy,  temperature,  and  the  Josephson  coupling  energy, 
respectively. 

The  connected  large  CBJJ  biased  by  a  dc  current  works  in 
the  phase  regime  with  Ej  Ec •  It  acts  as  a  tunable  an- 
harmonic  LC-resonator  with  a  nonuniform  level  spacing  and 
works  as  a  data  bus  for  transferring  quantum  information  be¬ 
tween  the  chosen  qubits.  The  mechanism  for  manipulating 
quantum  information  in  the  present  approach  is  different  from 
that  in  [17,  18,  19,  21],  although  the  circuit  proposed  here 
might  seem  similar  to  those  there.  The  differences  are: 

(1)  a  large  CBJJ,  instead  of  LC- oscillator  [17,  18,  19] 
formed  by  the  externally  connected  inductance  L  and  the  ca¬ 
pacitances  in  circuit,  works  as  the  data  bus; 

(2)  we  modulate  the  applied  external  flux,  instead  of  the 
bias-current  [21],  to  realize  the  perfect  coupling/decoupling 
between  the  chosen  qubit  and  the  bus;  and  especially 

(3)  the  free  evolution  of  the  bus  during  the  operational  de¬ 
lays  will  be  utilized  for  the  first  time  to  control  the  dynamical 
phases  for  implementing  the  expected  quantum  gates. 

The  Hamiltonian  for  the  present  circuit  can  be  written  as 
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Here,  ngk  —  Cgk  l4/(2e),  Ck  —  Cgk  +  Cjk,  Cjk  —  2 Cjk, 

Cb  =  Cb  +  £*  1  CJkCgk/Ck,Ejk  =  2F$fc  cos(7r**/<&o), 
and  Ok  =  (0*3  +  flfcJ/2  with  0^  and  0*2  being  the  phase 
drops  across  two  small  Josephson  junctions  in  the  fcth  qubit, 
respectively.  Also,  Cyfc,  <J>0,  and  14  are  the  gate  capac¬ 
itance,  flux  quantum,  external  flux,  and  gate  voltage  applied 
to  the  Arth  qubit,  respectively.  Correspondingly,  Cb,  0b,Eb , 
and  Ib  are  the  capacitance,  phase  drops,  Josephson  energy, 
and  the  bias-current  of  the  large  CBJJ,  respectively.  Above, 
the  number  operator  hk  of  excess  Cooper-pair  charges  in  the 
superconducting  island  and  the  phase  operator  Ok  of  the  or¬ 
der  parameter  of  the  kth  charge  qubit  are  a  pair  of  canonical 
variables  and  satisfy  the  commutation  relation: 


[dk,nk  ]  =  i. 


The  operators  0b  and  pb  are  another  pair  of  canonical  variables 
and  satisfy  the  commutation  relation: 


[0b}pb]  =  ih, 


with  2npb/$0  =  2  nbe  representing  the  charge  difference 
across  the  CBJJ. 

The  CBJJ  works  in  the  phase  regime.  Thus,  Ecb  = 
e2/(2Cfc)  Eb  and  the  quantum  motion  ruled  by  the 
Hamiltonian  Hr  equals  to  that  of  a  particle  with  mass  m  = 
Cb($ o/2n)2  in  a  potential  U(0b)  =  -Eb(cosOb  +  IbOb/Ir ), 
Ir  =  2nEb/<t>0.  For  the  biased  case  Ib  <  7r,  there  ex¬ 
ists  a  series  of  minima  of  U(0b ),  where  dU(Ob)/dOb  = 
0,  d2U (Ob)/dO%  >  0.  Near  these  points,  U (0b)  approximates 
to  a  harmonic  oscillator  potential  with  a  characteristic  fre¬ 
quency 


depending  on  the  applied  bias-current  Ib.  Correspondingly, 
the  Hamiltonian  Hr  reduces  to 


The  approximate  number  of  quantum  metastable 
bound  states  [33]  of  the  quantum  oscillator  is 
N,  =  23/V£fc/£c,(l  -  Ib/Ir)5'4  . 

The  energy  scale  of  the  quantum  oscillator  (3)  is  Ljb/(2n)  ~ 
10  GHz  [25],  which  is  of  the  same  order  of  the  Josephson 
energy  in  the  SQUID.  Therefore,  the  oscillating  quantum  of 
the  information  bus  will  be  really  excited,  even  if  only  one  of 
the  qubits  is  operated  quantum  mechanically.  This  is  different 
from  the  case  considered  in  [17],  wherein  the  LC-oscillator 
shared  by  all  charge  qubits  are  not  really  excited,  as  the  eigen- 
frequency  of  the  LC-circuit  is  much  higher  than  the  typical 
frequencies  of  the  qubits  dynamics.  For  operational  conve¬ 
nience,  we  assume  that  the  bus  is  coupled  to  only  one  qubit 
at  a  time.  The  coupling  between  any  one  of  the  qubits  (e.g., 
the  kth  one)  and  the  bus  can,  in  principle,  be  controlled  by 
adjusting  the  applied  external  flux  (e.g.,  <14).  In  this  case,  any 
direct  interaction  does  not  exist  between  the  qubits,  and  the 
dynamics  of  the  CBJJ  can  be  safely  restricted  to  the  Hilbert 
space  spanned  by  the  two  Fock  states:  |06)  and  |U),  which 
are  the  lowest  two  energy  eigenstates  of  the  harmonic  oscil¬ 
lator  of  Eq.  (3).  Furthermore,  we  assume  that  the  applied 
gate  voltage  of  any  chosen  (kth)  qubit  works  near  its  degen¬ 
eracy  point  with  n9k  =  1/2,  and  thus  only  two  charge  states: 
\nk  =  0)  =  |  t*)  and  |n*  =  1)  =  |  i*),  play  a  role  during 
the  quantum  operation.  All  other  charge  states  with  a  higher 
energies  can  be  safely  ignored.  Therefore,  the  Hamiltonian 

Hkb  =  Hk  +  Hb  +  \k  (a*  +  a)  «■<*>,  (4) 

with 


Hk 


*(*)  _ 
2  2 


2  * 


(5) 


describes  the  interaction  between  any  one  of  the  qubits  (e.g., 
the  kth  one)  and  the  bus,  and  provides  the  basic  dynamics  for 
the  present  network.  Here,  SEck  =  2e2(  1  -  2 ngk ) /Ck ,  A k  = 

Cgk  {2n/$o)\Jh/(2Cbwb)/(2Ck),  and  the  pseudospin  opera¬ 
tors  are  defined  by: 

'  <r(r]  =  |t*)U*|+|<U)<t*|, 

<  4fc)  =  -*ltfc)<4*l  +  *|l*)(t*l, 


Hb  = 


(3) 


with 


and 


Above,  when  the  first  cosine-term  in  Hamiltonian  (2)  was  ex¬ 
panded,  only  the  single-quantum  transition  process  approxi¬ 
mated  to  the  first-order  of  0b  was  considered.  The  higher  or¬ 
der  nonlinearities  have  been  neglected  as  their  effects  are  very 
weak.  In  fact,  for  the  lower  number  states  of  the  bus,  we  have 
Cgk  \/(  0b  )/Ck  <10  2,  for  the  typical  experimental  param¬ 
eters  [11,  15,  24,  27]:  Cb  ~  lpF,  ub/2n  ~  10  GHz,  and 
CgJCjk~  10-2. 

Notice  that  the  coupling  strength  A k  between  the  qubit  and 
the  bus  is  tunable  by  controlling  the  flux  applied  to  the 
selected  qubit,  and  the  bias-current  Ib%  applied  to  the  informa¬ 
tion  bus.  For  example,  such  a  coupling  can  be  simply  turn  off 
by  setting  the  flux  as  $o/2.  This  allows  various  elemen¬ 
tal  operations  for  quantum  manipulations  to  be  realizable  in  a 


4 


controllable  way.  In  the  logic  basis  { |0/c) ,  |  Undefined  by 


|0*)  _  I  +*)  ±  I  tfc),  _  I  -U) - 1  tfc) 


V2 


V2 


and  under  the  usual  rotating-wave  approximation,  the  above 
Hamiltonian  (4)  can  be  rewritten  as 


Hkb  = 

+ 

with 


2  *  2  r 


+ 


(a'a+0 


-(fc) 

rr  —  a' CT_ 


aa 


(6) 


'  &ik)  =  |l*><0fc|  +  |0*)(l*|, 

<  =  — »|lfc)<0fc|  +  »|0*)(1*|, 

,  ^k)  =  luxui  -  |ofc><o*|. 


and  1  =  ( a'r  '  ±  ayk>)/2.  Here,  the  logic  states  |0fc)  and 
| Ik)  correspond  to  the  clockwise  and  anticlockwise  persistent 
circulating  currents  in  the  kth  SQUID-loop,  respectively. 

We  now  discuss  the  quantum  dynamics  of  the  above 
Josephson  network.  Without  loss  of  generality,  we  assume 
in  what  follows  that  the  bias-current  4  applied  to  the  CBJJ 
doesn’t  change,  once  it  is  set  up  properly  beforehand.  The 
quantum  evolutions  of  the  system  are  then  controlled  by  other 
external  parameters:  the  fluxes  applied  to  the  qubits  and  the 
voltages  across  the  gate  capacitances  of  the  qubits.  Depending 
on  the  different  settings  of  the  controllable  external  parame¬ 
ters,  different  Hamiltonians  can  be  induced  from  Eq.  (6)  and 


thus  different  time-evolutions  are  obtained.  Obviously,  during 
any  operational  delay  r  with  <J>x,  =  $0/2  and  14  =  e/C^, 
the  ith  qubit  remains  in  its  idle  state  because  the  Hamiltonian 
vanishes  (i.e.,  =  0)  as  Ejt  =  0,  n9t  =  0.  However,  the 

data  bus  still  undergoes  a  free  time-evolution: 

U0(t)  =  exp  ^4" 

This  evolution  is  useful  for  controlling  the  dynamical  phase  of 
the  qubits  to  exactly  realize  certain  quantum  operations.  For 
the  other  cases,  the  dynamical  evolutions  of  the  chosen  qubit 
depend  on  the  different  settings  of  the  experimental  parame¬ 
ters. 

1)  For  the  case  where  <!>*  =  4>0/2  and  14  ^  e/Cyfc,  the 
ith  qubit  and  the  bus  separately  evolve  with  the  Hamiltonians 
=  -8Eckcr^ /2  and  Ht>  determined  by  Eq.  (3),  re¬ 
spectively.  The  relevant  time-evolution  operator  of  the  whole 
system  reads 

uik)(t)  =  exp  ®  exp  .  (8) 


2)  If  the  Arth  qubit  works  at  its  degenerate  point  and  couples 
to  the  bus,  i.e.,  14  =  e/C9k  and  ^  $0/2,  then  we  have 
the  Hamiltonian 


Hkb  =  Ej,*W/2  +  Hb  +  i\k  [a^k)  - 


(9) 


from  (6).  The  corresponding  dynamical  evolutions  are 


J 


f  z  ~  _ 

|0i)|0fc)  -^4  e<A‘‘/2|06)|0.),  Ukb  =  exp (~iHkbt),  Ak  =  EjJh-u b, 

<  |0fe>|lfc)  -^4  e-iubt  |  [cos  (*4<)  sin(*4<)]  |0(,)|1*)  —  j^-sin  (^t)  |16)|0*)},  (10) 

k  |U)|0fc>  ^4  {  [cos  (^t)  +  sin  (^t)]  |lt)|0*)  +  sin  (Oft)  |06>|U)}  , 


with  fi*  =  y/Al  +  (2A*/fi)a. 


Specifically,  we  have  the  time-evolution  operator 


=  i(<) 


<  cos  +  1)  —  7^+Tsin  (^v'nTT)  a  \ 

cos(^v^)  ) 


(ID 


A(i)  —  exp 


-a  (  *  +  ^ 
\h  2  ft 


with 


for  the  resonant  case:  A k  =  0.  This  reduces  Eq.  (10)  to  the 
time  evolutions: 


5 


|06>|0fc>  |0t)|0fc), 

<  |06)|1*>  [co8(Y)|06>m>-sin(Y)lU)M, 

|U)|0*)  e~iWbt  [cos  (Y)  |U>|0*>  +  sin  (ft)  |0fc)|lfc>]  • 


r 


For  another  extreme  case,  i.e.,  the  system  works  in  the  dis¬ 
persive  regime  (far  from  the  resonant  point):  2A* /{h\ A*|)  < 
1,  we  have  the  time  evolution  operator 


with 


kb  =  A^(|i*><ifc|aat  -  |o*)(o*|afa)/(AA*). 


kk)(t)  =  a(<) 


(12)  It  reduces  to  the  following  time  evolutions: 


|0fc)|0fc)  (t)>  exp  (it  Of)  |06)|0,), 

I Ofe> 1 1  fc )  —  (°>  exp  [-it  (w6  +  ^  +  ^7)]  |06>|l/c), 
|U)|0fc)  (t)>  exp  [-it  (w6  -  ^  -  ft^)]  |l6>|0*), 

|U)|U)  exp  [-it  (2w6  +  ^  +  p£)]  |U)|1*>. 


3)  Generally,  if  /  4>0/2  and  K,t  ^  e/C3k,  then  the 
Hamiltonian  (6)  can  be  rewritten  as 


Hkb  =  +  #t>  +  iA*(atcr[fc)  -  a<4fc)),  (13) 


with 


<xifc*  =  -  sin  T)k  a[k)  -  cos  rjk  crik\ 

*(*>  -  _^(fc) 

—  0y  > 

-(*)  ~(fc)  •  -(*) 

trl  =  cos  rji  <t\  —  sin  rjk  a  x  , 


and  <7^  =  (aik^  ±  a^)/2.  Here,  cos rjk  =  Ejk/Ek ,  and 
Ek  =  yJ(&Ech)2  +  Ejk .  If  the  bias-current  /&  and  the  flux 


<J>/c  are  set  properly  beforehand  such  that  ~  < 

SEck ,  then  the  detuning  /iA*  =  Ek  —  hujt  is  very  large  (com¬ 
pared  to  the  coupling  strength  \k  <  10“ lEjh).  Therefore,  the 
time-evolution  operator  of  the  system  can  be  approximated  as 


^fe)(t)  =  B(<)exp 
with 


B(t)  —  exp 
This  implies  the  following  evolutions 


(m  «,»}*>' 

T  +  “2 S' 
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*  u^kUt) 

|0t)|0fc)  — - ¥  e~'^kt  {[cos(£fci)  +  i cos  t]k  sin(&<)]  |0fc)|0fc)  +  *sin  r)k  sin(£fc<)  |0b)|  1*)}  , 

U^k\t) 

|Ofr)|U)  — - ►  {[cos (£kt)  -  icosT)ksm(Zkt)]  |06>|  1*)  +  tsin  qk  sm(£kt)  |0fc)|0/c)} , 

|H)|0fc)  —  (t)>  e-,(c‘+a,,>)t  {[cos(f£t)  +  i cos  r]k  sin(£{<)]  |lb>|0fc)  +  isin  77*  sin(^<)  1 16)|  1*)} , 
.  life)!  l*r>  — e~'((*+a'l,)t  {i  sin  T)k  sin(Z'kt)  |lb)|0fc)  +  [cos(^<)  -  icos  »j,  sin(f*<)]  |lt)|l*)} , 


with 

a  =  w6/2  +  \l/(2h2Ak)  ,tk  =  Ek/(2h)  +  \l/(2h7Ak), 

and 

^=6  +  Al/(/i2Ai). 

In  what  follows  we  shall  show  that  any  process  for  ma¬ 
nipulating  the  quantum  information  stored  in  the  present  cir¬ 
cuit  can  be  effectively  implemented  by  selectively  using  the 
above  elementary  time-evolutions:  Uo{t),  u[k\t),  U ik\t)> 
0(k)(t),  and  0(k)(t). 

III.  QUANTUM  MANIPULATIONS  OF  THE 
SUPERCONDUCTING  NANOCIRCUIT. 

It  is  well  known  that  any  valid  quantum  transformation  can 
be  decomposed  into  a  sequence  of  elementary  one-  and  two- 
qubit  quantum  gates.  The  set  of  these  gates  is  universal,  and 
any  quantum  computing  circuit  comprises  only  gates  from  this 
set.  Several  schemes  [17,  18,  29]  have  been  proposed  for  im¬ 
plementing  one  of  the  universal  two-qubit  gates  with  Joseph- 
son  qubits  by  using  the  direct  interactions  between  them.  By 
making  use  of  the  data  bus  interacting  sequentially  with  the  se¬ 
lective  qubits,  Blais  et  al.  [21]  showed  that  the  two-qubit  gate 
may  be  effectively  realized.  Two  important  problems  will  be 
solved  in  our  indirect-coupling  approach: 

i)  when  one  of  two  qubits  is  selected  to  couple  with  the  data 
bus,  how  we  can  let  the  remainder  qubit  decouple  completely 
from  the  bus;  and 

ii)  the  phase  changes  of  the  bus’  and  qubit’s  states  during 
the  operations  are  very  complicated,  how  we  can  control  these 
phase  changes  in  order  to  precisely  implement  the  desired 
quantum  gate. 

The  scheme  in  [21]  assumed  that,  when  one  of  the  two 
qubits  is  tuned  to  resonance  with  the  bus,  then  the  other  qubit 
is  hardly  affected  because  of  its  different  Rabi  frequency.  Ob¬ 
viously,  this  decoupling  is  not  complete  and  thus  it  is  not  easy 
to  assure  that  the  bus  couples  only  one  qubit  at  a  time.  By 
controlling  the  external  flux  applied  to  the  qubits,  the  net¬ 
work  proposed  here  provides  an  effective  method  for  making 
the  remainder  qubit  completely  decouple  from  the  bus.  All  the 


desired  elementary  operations  for  quantum  computing  can  be 
exactly  implemented  by  properly  setting  the  experimentally 
controllable  parameters,  e.g.,  the  external  <£*,  the  gate  volt¬ 
age  14,  the  bias-current  4,  and  the  duration  t  of  each  selected 
quantum  evolution,  etc. 

Hereafter,  we  assume  that  each  of  the  selected  time- 
evolutions  can  be  switched  on/off  very  quickly. 

A.  single-qubit  operations 

First,  we  show  how  to  realize  the  single-qubit  operations 
on  each  SQUID-qubit.  This  will  be  achieved  by  simply  turn¬ 
ing  on/off  the  relevant  experimentally  controllable  parame¬ 
ters.  For  example,  if  ngk  ^1/2  and  Ejk  =  0  for  a  time 

span  U  then  the  time-evolution  0[k\t)  in  equation  (8)  is  real¬ 
ized.  This  operation  is  the  single-qubit  rotation  around  the  x 
axis: 

/  cos  i  sin  ^  \ 

f&Hvk)  =  ,  (15) 

y  x  sin  ^  cos  ^  ) 

with  <fk  =  SEckt/h.  Rotations  by  <pi  =  n  and  =  tt/2 
produce  a  spin  flip  (i.e.,  a  NOT-gate  operation)  and  an  equal- 
weight  superposition  of  logic  states,  respectively. 

The  rotation  around  the  z  axis  can  be  implemented  by  using 
the  evolution  (12).  This  operation  is  conditional  and  depen¬ 
dent  on  the  state  of  the  bus.  If  the  bus  is  in  the  ground  state 
|0&),  the  rotation  reads 

(e’o*‘  )  ,  (16) 

with  Qk  =  u>b/2  +  \l/(2H2Ak),  4>k  =  Ejkt/(2h)  + 
A£</(2/i2A*).  With  a  sequence  of  x-  and  z-rotations,  any 
rotation  on  the  single-qubit  can  be  performed.  For  example, 
the  Hadamard  gate  applied  to  the  kth  qubit: 


can  be  implemented  by  a  three-step  rotation: 

«<*>  (-§  (i)  - 

07) 
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Here,  the  relevant  durations  1 1,  <2»  and  <3  are  set  properly  to 
satisfy  the  conditions 

fSECkt2\  .  (SECkt2\ 
cos  (  - -T —  I  =  -Sin  (  — —  1 


V  * 


=  sin 


=  sin 


V 

E±h  (A*/ft)2<i 
2ft  +  2Afc 

gJt<3  (A,/ft)2<3 
2ft  2A* 


V2' 


B.  two-qubit  operations 


Second,  we  show  how  to  realize  two-qubit  gates  by  letting 
a  pair  of  qubits  (the  kth-  and  jth  ones)  interact  separately  with 
the  bus.  Before  the  quantum  operation,  the  chosen  qubits  de¬ 
couple  from  the  bus.  At  the  end  of  the  desired  gate  opera¬ 
tion  the  bus  should  be  disentangled  again  from  the  qubits,  and 
returned  to  its  ground  state.  For  operational  simplicity,  we 
assume  that  the  bus  resonates  with  the  control  qubit,  the  Arth 
one,  i.e..  A*  =  0.  We  now  consider  the  following  three-step 
operational  process: 

i)  Couple  the  control  qubit  to  the  bus  (i.e.,  the  applied  exter¬ 
nal  flux  is  varied  to  <J>0)  and  realize  the  evolution  U[k\t\ ) 
for  the  duration  t\: 

sin^^y^=-l.  (18) 


Then,  by  returning  the  <&k  to  its  initial  value,  i.e.,  4>fc  =  <J>0/2, 
the  kth  qubit  can  be  decoupled  from  the  bus  exactly.  Before 
the  next  step  operation,  there  is  an  operational  delay  7*1.  Dur¬ 
ing  this  delay  the  state  of  the  qubits  does  not  evolve,  while  the 
data  bus  still  undergoes  a  time-evolution  Uo(t\). 

ii)  Couple  the  target  qubit  (the  ;th  one)  to  the  bus  and  real¬ 
ize  the  time-evolution  U^j\t2).  This  is  achieved  by  letting  the 
chosen  qubit  work  near  its  degenerate  point  (i.e.,  n9j  ^  1/2) 
and  switching  on  its  Josephson  energy  (i.e.,  <1 >j  ^  <J>0/2).  Af¬ 
ter  the  time  <2  determined  by  the  condition 


cos(£,*2)  =  -sin(£'*2)  =  1,  (19) 


we  decouple  the  j th  qubit  from  the  bus  and  let  it  be  in  the 
idle  state  by  returning  its  gate-voltage  Vj  to  the  degenerate 
point  (n9j  —  1/2),  and  simultaneously  switching  off  the  rel¬ 
evant  Josephson  energy.  During  another  operational  delay  r2 
before  the  next  step  operation,  the  bus  undergoes  another  free- 
evolution  Oofa). 

iii)  Repeat  the  first  step  and  realize  the  evolution  (7^(<3) 
with 

sin  ( =  l-  (20) 

Diagrammatically,  the  above  three-step  operational  process 
with  two  delays  can  be  represented  as  follows: 


10.0*0,)  e— /2|060fc0i)  e--*|0b0fc0,> 

(0.0*1,)  e-«w6T,/2|0.o*i,)  e~ *x |0.0*1,)  e“'x|0.0fcl,), 


|0.1*0,)  t/°(Tl)t>^)(tl)>  c— »"»(‘i+3tj/2)|i6o*0,) 

U  ie-,x-,a'*^l+t3+T,+r3)(cos»;j|l60fc0j)  4-  sin  r/, 1 1.0*  1,)) 
—  (‘3)>  +  sin  »7,  |0.1*  1,)), 


Oo(r3)6^(ta)^ 


|0.1*1,)  c-^(*1+3rl/2)|lb0fcl^ 

,e-«x-»u>»(t,.Hj+T,+Tj)(8jn  |j^|l60*0j)  —  COS  T7, 1 1.0*  lj)) 
3  >  ie-'x-,fa't-r(sin  T/jlOfcl/tOj)  —  cos T7, |0.1*  1,)) , 


operations.  If  the  total  duration  T  is  satisfied  as 

sin(u,6r)  =  1,  (21) 


with  T  =  i\  -I-  <2  +  *3  +  T\  +  T2  being  the  total  duration 
of  the  process,  and  \  =  -|-  u;&(r \  -|-  T2)/2.  Obviously, 

the  information  bus  remains  in  its  ground  state  \0b)  after  the 


the  above  three-step  process  with  two  delays  yields  a  two- 
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qubit  gate  expressed  by  the  following  matrix  form 


V[k%j)  = 


1  0  0  0  \ 
0  10  0 
0  0  cos  r)j  sin  rj: 

0  0  sin  T) j  —  cos  r}j  / 


with  Tj  =  exp 2 ),Aj  =  exp(»cj<2),  Kj  =  EjJ(2h)  + 
AJ2/(2^Aj),  c'  =  +  A?«2/(fi»A,).  can  be  implemented. 

This  three-step  operational  process  can  similarly  be  repre- 
(22)  sented  diagrammatically  as 


which  is  a  universal  two-qubit  Deutsch  gate  [34]. 
Analogously,  if  the  second  step  operation  (<2)  in  the 

above  three-step  process  is  replaced  by  the  operation 
then  another  two-qubit  operation  expressed  by 


Cr?j](h)  = 


/r, 
0 
0 
0 


00  0  \ 

r*  o  0 

0  A 0 
0  0  A*e~iu>,T  j 


(23) 
_ I 


|0b0fc0j> 


0o(r, )#<*>(*,)  


>  e— ^t,|060*0j)  — ■Ta)^>(t3)>  re-,v|0(,0fc0j>  re-*'|0t>0.0,)) 


10,0.1,)  e-^l0b0klj)  re-M.1,)  re-10,0.1,), 

lOslfcOj)  -°(  -  -  (  ‘)>  e-‘a'k(ti+3Ti/2)|ifcofcoj)  — 73 ^ 2  (t3)>  Ae-’*/_*w‘Oi+£3+Ti+r3)|ibo.Oj) 

—  ><t3)>  Ae-*'-^T|06U0J), 

|0tl*lj)  — — —  (ll)>  e->"‘(‘i+3n/2)|l6ofcii)  A.e-,v-<u-t(t,+t3+rl+Ta)|l6Qfcl^ 

AV-^-^lOfcl.l,), 


with  v  =  ^<2/2  +  A2<2/(2ft2A,)  4-  +  r-2) /2.  Above, 

the  durations  of  the  first-  and  third-step  operations  have  been 
set  the  same  as  those  for  realizing  the  two-qubit  operation 
Uxj(nj). 

The  two-qubit  gate  U[ki\ry)  (or  U2kj](t2))  performed 
above  forms  a  universal  set.  Any  quantum  manipulation  can 
be  implemented  by  using  one  of  them,  accompanied  by  ar¬ 
bitrary  rotations  of  single  qubits.  Obviously,  if  the  system 
works  in  the  strong  charge  regime:  EjJ(8Ec,)  1,  and 

cos  ~  0,  sin  77,  ~  1,  then  the  two-qubit  gate  U[k*\r)j)  in 
(22)  approximates  the  well-known  control led-NOT  (CNOT) 
gate 

(  1  0  0  0  \ 

0  10  0 
0001  ■ 

0  0  10/ 

Also,  if  the  duration  t2  of  the  evolution  U2\t2)  and  the  de¬ 
lays  T\ ,  t2  are  further  set  properly  such  that 

COS (c,  <2)  =  sin(cjt2)  =  sin(w,T)  =  1, 
then  the  two-qubit  operation  U2kj)  in  (23)  reduces  to  the  well- 


known  control  led- phase  (CROT)  gate 

(  1  0  0  0  \ 
0  1  0  0  ) 
0  0  10 
0  0  0  -1  / 


IV.  DECOHERENCE  OF  THE  QUBIT-BUS  SYSTEM  DUE 
TO  THE  BIASED  VOLTAGE-  AND  CURRENT-NOISES 

An  ideal  quantum  system  preserves  quantum  coherence, 
i.e.,  its  time  evolution  is  determined  by  deterministic  re¬ 
versible  unitary  transformations.  Quantum  computation  re¬ 
quires  a  long  phase  coherent  time-evolution.  In  practice,  any 
physical  quantum  system  is  subject  to  various  disturbing  fac¬ 
tors  which  destroy  phase  coherence.  In  fact,  solid-state  sys¬ 
tems  are  very  sensitive  to  decoherence,  as  they  contain  a 
macroscopic  number  of  degrees  of  freedom  and  interact  with 
the  environment.  However,  coherent  quantum  manipulations 
of  the  qubits  are  still  possible  if  the  decoherence  time  is  fi¬ 
nite  but  not  too  short.  Hence,  it  is  important  to  investigate 
the  effects  of  the  environmental  noise  on  the  present  quantum 
circuit. 
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FIG.  2:  Schematic  diagram  of  a  SQUID-based  chaise  qubit  with 
impedance  Z(u\)  coupled  to  a  CBJJ  with  admittance  T(u>2). 


The  typical  noise  sources  in  Josephson  circuits  consist  of 
the  linear  fluctuations  of  the  electromagnetic  environments 
(e.g.,  circuitry  and  radiation  noises)  and  the  low-frequency 
noise  due  to  fluctuations  in  various  charge/current  channels 
(e.g.,  the  “background  charge”  and  “critical  current”  ).  Usu¬ 
ally,  the  former  one  behaves  as  Ohmic  dissipation  [35]  and  the 
latter  one  produces  a  1//  spectrum  [36].  Within  the  present 
work,  we  will  consider  the  case  of  Ohmic  dissipation  due  to 
linear  fluctuations  of  the  external  circuit  parameters:  the  bias- 
current  It  applied  to  the  CBJJ  and  the  gate  voltages  applied 
to  the  qubits.  The  effect  of  gate-voltage  noise  on  a  single 
charge  qubit  and  that  of  bias-current  noise  on  a  single  CBJJ 
has  been  discussed  in  [11,  35]  and  in  [27],  respectively.  We 
now  study  these  noises  together  (see  figure  2),  since  the  in¬ 
teraction  between  a  CBJJ,  acting  as  a  bus  here,  and  a  selected 
(e.g.,  the  kth)  qubit  takes  a  central  role  in  the  present  scheme 
for  quantum  manipulations.  Each  electromagnetic  environ¬ 
ment  is  treated  as  a  quantum  system  with  many  degrees  of 
freedom  and  modeled  by  a  bath  of  harmonic  oscillators.  Fur¬ 
thermore,  each  of  these  oscillators  is  assumed  to  be  weakly 
coupled  to  the  chosen  system.  The  Hamiltonian  of  a  chosen 
(Arth)  qubit  coupling  to  the  bus,  containing  the  fluctuations  of 
the  applied  gate  voltage  V*  and  bias-current  4,  can  be  gener¬ 
ally  written  as 


H  =  Hkb+HB  +  V, 


with 


Hb 


(24) 


and 

V  =  —  ^sinafctf^  +  cosa^tr^j  (Ri+R\)-(a^  Ri+clRI), 

(25) 


being  the  Hamiltonians  of  the  two  baths  and  their  interactions 

with  the  non-dissipative  qubit-bus  system  Hkb>  respectively. 
Above,  aUJj ,  are  the  Boson  operators  of  the  jth  bath,  and 


Ml 


R2  — 


2CbWb 


.  9u>iau 


with  being  the  coupling  strength  between  the  oscillator 
of  frequency  ujj  and  the  non-dissipative  system.  The  effects 
of  these  noises  can  be  characterized  by  their  power  spectra, 
which  in  turn  depend  on  the  corresponding  “impedance”  (or 
“inductance”)  and  the  temperature  of  the  relevant  circuits.  For 
example,  introducing  the  impedance  Zt(w)  =  1  /[iuCt  + 
Z~l(u>)]  with  Z((jj)  =  Rv  being  the  Ohmic  resistor,  the 
corresponding  voltage  between  the  terminals  of  impedance 
Zt(uj)  can  be  expressed  as  SV  =  £  AWl£Wl.  Thus,  the 
spectral  density  of  this  voltage  source  for  Ohmic  dissipation 
can  be  expressed  as 


=  ^E  i^ii2<J(w  -  wi)  ~  Rvu- 


(26) 


Similarly,  the  spectral  density  for  the  bias-current  source  can 
be  approximated  as 


F(u)  =  *E  l^al2rf(w  -  w2>  ~  Yiu,  (27) 


with  Yj  being  the  dissipative  part  of  the  admittance  of  the  cur¬ 
rent  bias. 

The  well-established  Bolch-Redfield  formalism  [32, 37]  of¬ 
fers  a  systematic  way  to  obtain  a  generalized  master  equa¬ 
tion  for  the  reduced  density  matrix  of  the  system,  weakly  in¬ 
fluenced  by  dissipative  environments.  A  subtle  Markov  ap¬ 
proximation  is  also  made  in  this  theory  such  that  the  resulting 
master  equation  is  local  in  time.  Of  course,  in  the  regime  of 
weak  bath  coupling  and  low  temperatures,  this  theory  is  nu¬ 
merically  equivalent  to  a  full  non-Markovian  path-integral  ap¬ 
proach  [38].  For  the  present  qubit-bus  system  and  in  the  basis 
spanned  by  the  eigenstates  {|</),Jun),  |vn),rc  =  1,2, ...}  of 

the  non-dissipative  Hamiltonian  Hkb>  the  Bloch-Redfield  the¬ 
ory  leads  to  the  following  master  equations 

fa  =  4-  [Rafi nu  +  Sap^) 


with 


(28) 
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AaKAK„eiu‘“‘T  -  A^Avpj"** 


1  f°°  ( 

Ref!  ^  =  -ft2jo  dTX  «l(r)IV^ 

+  9i  (— r)  Y1  Al/KA^eUJ,"'T  -  Aa,1Al/pe'Ul,‘'T  j 


(29) 


and 


1  f°° 

Saf>Hv  -  ~pJo  dr 


9l(r)  U,E5-S^e<a""T  -  B^Blp^“aT 
+  9l(~r)  (*.„  £  B\kBk^  - 
+  92  (r)  {^^BaKB\^T -B^BvPeiu^ 


(30) 


with 


j 


'  9l(±r)=  (^)2EW1  l^wi |2[<n(u,i)  +  l)^*"*7  +  <n(wi)>e± 'u'lT], 

<  ^(±r)  =  (5^)  Ew,  l&-al2<n(«j)  + 

^2(±-)=(ick)E.J^I2(n(-2))e^“-. 


Above,  each  one  of  the  states  |a),  |/3), ...  can  be  equal  to  one 

of  the  eigenstates  of  Hkb-  (n{uj))  =  l/[exp(hu>j/kBT)  - 
1]  is  the  average  number  of  thermal  photons  in  the  mode  of 
frequency  ujj.  The  denotation  xab  =  (<*\x\P)  accounts  for  the 
matrix  element  of  operator  xy  i.e., 

Aap  =  (a\Ak\/i),  Ak  =  ^fc)sinafc +^k,cosafc  =  <r[k), 

and 

Bap  =  <a|d|/?>,  Blp  =  <a|at|/9). 

Also,  u;a^  =  (Ea-  Ep)/h  with  Ea  (Ep)  being  one  of  eigen¬ 
values  of  the  non-dissipative  Hamiltonian  Hkb*  correspond¬ 
ing  to  the  eigenstate  |a)  ( |/3) ).  The  spectrum  of  Hkb  includes 


the  ground^state  I#)  =  |-*,0),  corresponding  to  the  energy 
Eg  =  -hAk/2,  and  a  series  of  dressed  doubled  states 

I  tin)  =  cos0n|+fc,n)  -  tsin0n|-*,n+  1), 

\vn)  =  -tsin0n|+*,n)  +  cos0n|-*,n  + 1) 
corresponding  to  the  eigenvalues 

Eu„  =  fi«6(n  +  1)  -  y ,  EVn  =  hu>b(n  +  1)  +  y , 
with 

cos en  =  pn  -  -  fiAfc)2  +  4A l(n  +  1), 


11 


and 

Pn  —  yj (ftA/c)2  -I-  4A l(n  +  1). 

Here,  \±k)  and  \n)  are  the  eigenstates  of  the  operators 
and  Ht)  with  eigenvalues  ±1  and  hujb(n  +  1/2),  respectively. 

Under  the  secular  approximation,  the  evolution  of  the  non¬ 
diagonal  element  crap  of  the  reduced  density  matrix  a  is  de¬ 
termined  by 

+  {i  [UQ0  +  Im (Rafiap)  +  Im(5a^a^)] 

+  [Re(/2a0a0)  +  Re(Sapap)]}  Gap  =  0.  (31) 

Here,  Rapnv  and  Sap^u  are  calculated  respectively  from 
RaPnu  and  Sap M1/  by  setting  /i  =  a  and  v  —  /?.  Ee(x)  and 
Im(x)  represent  the  real-  and  imaginary  parts  of  the  complex 
number  x.  The  formal  solution  of  the  above  differential  equa¬ 
tion  (31)  reads 

<rap(t)  =  0)  exp  exp  (-iQafft) ,  (32) 


with  0a/9  =  u>af)  +  Im (Rafiap)  +  Im(So/5o,0)  being  the  ef- 
fective  oscillating  frequency  (the  original  Bohr  frequency  uap 
plus  the  Lamb  shift  Auap  =  Iitl Rapap  +  Im5a^a^),  and 


T~£  =  -[R .e(Rapap)  +  R^(Sapap)]  (33) 


describing  the  rate  of  decoherence  between  the  states  |a)  and 

I/?). 

In  the  present  qubit-bus  system  operating  near  the  resonant 
point:  Ek  ~  hub » the  decoherences  relating  to  the  lowest  three 
energy  eigenstates,  i.e.,  |^),|tio)  =  |ti),and  |v0)  =  |r),  are 
specially  important  for  the  desired  quantum  manipulations. 
The  decoherences  outside  these  three  states  are  negligible. 
After  a  long  but  direct  derivation,  we  obtain  the  decoherence 
rates  of  interest: 


Tgu1  =  ay  1 4  (sin a*  cos2  Oq)2  ~j~—  +  2  (cosa*  cos0o)2  coth  w«g 

4-  (cosafcsin0o)2  ^coth  ~  *]  +  (sina*  sin2^°)2  [coth  ~  1]w,'u} 

+  a i  sin2  0O  jcoth  +  1  jw«ig>  <34) 

T~vl  =  ay  |4  (sinasin2^o)2  +  2  (cos  a  sin  0O) 2  coth  wvg 

+  (cos  a  cos  0o)2  ^coth  ~  lj  ‘‘'ug  +  (sinasin20o)2  |coth  W|'u| 

+  a/  cos2  0O  jcoth  +  1  j  wvg,  C35) 


and 


TUJ  =  av 


j4  (sinacos20o)2  +  2  (sin  a  sin  20o) 2  coth  Uvu 


+  (cos  a  cos  ^o) 2 


+  a/  <  sin 


|  sir 


coth  (S^r)  + 1  Uu9  +  (COSQsin0°)2  [coth  (S^t)  + 1 ]  w*»} 


COth  (^t)  +  1lw“ff  +  cos 


#”hh  (iSr)  +  ’]“"}• 


(36) 


r 


Above,  the  various  Bohr  frequencies  read  Uyg  —  Wb/2  +  Ek/(2h)  +  \J(hub  -  £*)2  +  4A£/(2fi), 

Wus  =  Wfr/2  +  Ek/(2h)  -  \J (hub  -  £*)2  +  4A^/(2fi), 
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and 

uw  =  J(hub  -  £*)2  +  4AJ//1. 

Two  dimensionless  parameters  = 

TrfivC^/fii/cC*],  Rk  —  h/e2  «  25.8  Arfi  and 

a/  =  V//(Cfeo;6)  characterize  the  coupling  strengths 

between  the  environments  and  the  system. 

Specially,  if  the  system  works  far  from  the  resonant  point 
(with  A/c  ~  0,  achieved  by  switching  off  the  Josephson  en¬ 
ergy),  the  above  results  (shown  in  Eqs.  (34-36))  reduce  to 
those  [11,  27,  35]  for  the  case  when  the  qubit  and  the  bus  in¬ 
dependently  decohere.  Namely,  T~ul  reduces  to  the  rate  [11] 

T~xl  =  8ayksT/h, 

which  describes  the  decoherence  between  two  charge  states 
|  i)  and  |  t)  of  the  superconducting  box  with  zero  Josephson 
energy.  Also,  T~v 1  reduces  to  the  decoherent  rate  [27] 

ToV  =  ai[coth(hub/2kBT)  +  l]ujb , 

between  the  ground  and  first  excited  states  of  the  data 
bus.  However,  for  the  strongest  coupling  case  (i.e.,  when 
the  system  works  at  the  resonant  point),  we  have  Ek  = 
Ejk  =  huby cos  otk  —  1,  cos  0O  =  sin  0O  =  l/\/2,  and 
coth[huug/(2kBT)]  -  1  -  coth[huvg/(2kBT)]  -  1  - 
0  (<  10”7,  for  the  typical  experimental  parameters  [12]: 
A k  —  0.1  Ejk,  Ejk  —  hujb  ~  50 [itV  kBT  ~  3 fieV). 
Thus,  the  minimum  decoherent  rates 


=  (av+ai)uug, 

(37) 

=  (ov  +  Ql)uvg, 

(38) 

1  _  'T'~  1  1  T”  1 

>  ~  1gu  »  1  gv  t 

(39) 

are  obtained  for  the  above  three  dressed  states,  respectively. 

It  has  been  estimated  in  Ref.  [11]  that  the  dissipation  for 
a  single  SQUID-qubit  is  sufficiently  weak:  ay  ~  10“6  for 
Rv  =  50Q,  Cjk/C9k  ~  10“ 2,  which  allows,  in  principle,  for 
106  coherent  single-qubit  manipulations.  For  a  single  CBJJ 
the  dimensionless  parameter  a/  only  reaches  10“3  for  typical 
experimental  parameters  [25]:  1/V>  ~  100  Q,  Cb  ~  6  pF, 
wb/2n  ~  10  GHz.  This  implies  that  the  quantum  coherence 
of  the  present  qubit-bus  system  is  mainly  limited  by  the  bias- 
current  fluctuations.  Fortunately,  the  impedance  of  the  above 
CBJJ  can  be  engineered  [25]  to  be  1/  V>  ~  560  kQ.  This  lets 
a i  reach  up  to  10“5  and  allow  about  105  coherent  manipula¬ 
tions  of  the  qubit-bus  system. 

V.  CONCLUSIONS  AND  DISCUSSIONS 

In  summary,  we  have  proposed  an  effective  scheme  to  cou¬ 
ple  any  pair  of  selective  Josephson  charge  qubits  by  letting 


them  sequentially  couple  to  a  common  CBJJ,  which  can  be 
treated  as  an  oscillator  with  adjustable  frequency.  Two  logic 
states  of  the  present  qubit  are  encoded  by  the  clockwise  and 
anti-clockwise  persistent  circuiting  currents  in  the  dc  SQUID- 
loop.  At  most  one  qubit  can  be  set  to  interact  with  the  bus 
at  any  moment.  The  interaction  between  the  selected  qubit 
and  the  data  bus  is  tunable  by  controlling  the  flux  applied  to 
the  qubit  and  the  bias-current  applied  to  the  data  bus.  This 
selective  coupling  provides  a  simple  way  to  manipulate  the 
quantum  information  stored  in  the  connected  SQUID-qubits. 
Indeed,  any  pair  of  selective  qubits  without  any  direct  interac¬ 
tion  can  be  entangled  by  using  a  three-step  coupling  process. 
Furthermore,  if  the  total  duration  is  set  up  properly,  the  de¬ 
sired  two-qubit  universal  gates,  which  are  very  similar  to  the 
CNOT-  and  CROT  gates,  can  be  implemented  via  such  three- 
step  operational  processes.  During  this  operation,  the  mode  of 
the  data  bus  is  unchanged,  although  its  vibrational  quantum  is 
really  excited/absorbed.  After  the  desired  quantum  operation 
is  performed  on  the  chosen  qubits,  the  data  bus  disentangles 
from  the  qubits  and  returns  to  its  ground  state. 

In  previous  schemes,  the  distant  Josephson  qubits  are  cou¬ 
pled  directly  by  either  the  charge-charge  interaction,  via  con¬ 
necting  to  a  common  capacitor,  or  by  a  current-current  in¬ 
teraction,  via  sharing  a  common  inductor.  The  present  indi¬ 
rect  coupling  scheme  offers  some  advantages:  i)  the  coupling 
strength  is  tunable  and  thus  easy  to  be  controlled  for  realizing 
the  desired  quantum  gate,  ii)  this  first-order  interaction  is  more 
insensitive  to  the  environment,  and  thus  possesses  a  longer 
decoherence  time.  Also,  compared  to  previous  data  buses, 
the  externally  connected  LC-resonator  [19]  and  cavity  QED 
mode  [20],  the  present  CBJJ  bus  might  be  easier  to  control  for 
coupling  the  chosen  qubit.  For  example,  its  eigenfrequency 
can  be  controlled  by  adjusting  the  applied  dc  bias-current.  In 
addition,  the  CBJJ  is  easy  to  fabricate  using  current  technol¬ 
ogy  [22]  and  may  provide  more  effective  immunities  to  both 
charge  and  flux  noise. 

By  considering  the  decoherence  due  to  the  linear  fluctu¬ 
ations  of  the  applied  voltage  14  and  current  /&,  we  have 
analyzed  the  experimental  possibility  of  the  present  scheme 
within  the  Bloch-Redfield  formalism.  A  simple  numeri¬ 
cal  estimate  showed  that  the  quantum  manipulations  of  the 
present  qubit-bus  system  are  experimentally  possible,  once 
the  impedance  Yj  of  the  CBJJ  can  be  engineered  to  have  a 
sufficient  low  value,  i.e.,  l/Yj  can  be  enlarged  sufficiently 
(e.g.,  1/V7  ~  560 K  ft  [25]).  Of  course,  this  possibility, 
like  those  in  previous  schemes  [17,  18,  19,  20,  21],  is  also 
limited  by  other  technological  difficulties,  e.g.,  suppress  the 
low-frequency  1//  noise,  and  fast  switch  on/off  the  external 
flux  to  couple/decouple  the  chosen  qubit,  etc..  For  example, 
a  very  high  sweep  rate  of  magnetic  pulse  (e.g.,  up  to  ~  io8 
Oe/s  [39]),  is  required  to  change  half  of  flux  quantum  through 
a  SQUID-loop  (with  the  size  e.g.,  50/im)  in  a  sufficiently  short 
time  (e.g.,  the  desired  ~  40  ps).  This  and  other  obstacles  pose 
a  challenge  that  motivate  the  exploration  of  novel  circuit  de¬ 
signs  that  might  minimize  some  of  the  problems  that  lie  ahead 
in  the  future. 
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Ideal  quantum  algorithms  usually  assume  that  quantum  computing  is  performed  continuously  by  a  sequence 
of  unitary  transformations.  However,  there  always  exist  idle  finite  time  intervals  between  consecutive  operations 
in  a  realistic  quantum  computing  process.  During  these  delays,  coherent  “errors”  will  accumulate  from  the 
dynamical  phases  of  the  superposed  wave  functions.  Here  we  explore  the  sensitivity  of  Shor’s  quantum  factoring 
algorithm  to  such  errors.  Our  results  clearly  show  a  severe  sensitivity  of  Shor’s  factorization  algorithm  to 
the  presence  of  delay  times  between  successive  unitary  transformations.  Specifically,  in  the  presence  of  these 
coherent  “ errors  ”,  the  probability  of  obtaining  the  correct  answer  decreases  exponentially  with  the  number  of 
qubits  of  the  work  register.  A  particularly  simple  phase-matching  approach  is  proposed  in  this  paper  to  avoid  or 
suppress  these  coherent  errors  when  using  Shor’s  algorithm  to  factorize  integers.  The  robustness  of  this  phase¬ 
matching  condition  is  evaluated  analytically  or  numerically  for  the  factorization  of  several  integers:  4,  15,  21, 
and  33. 

PACS  numbers:  03.67.Lx 


I.  INTRODUCTION 

Building  a  practical  quantum  information  processor  has  at¬ 
tracted  considerable  interest  during  the  past  decade  [1].  With 
the  resources  provided  by  quantum  mechanics,  such  as  su¬ 
perposition  and  entanglement,  a  quantum  computer  could 
achieve  a  significant  speedup  for  certain  computational  tasks. 
The  most  prominent  example  is  Shor’s  factoring  algorithm 
[2,  3],  which  allows  an  exponential  speedup  over  the  known 
classical  algorithms.  The  proposed  quantum  algorithms  are 
constructed  assuming  that  all  quantum  operations  can  be  per¬ 
formed  precisely.  In  reality,  any  physical  realization  of  such  a 
computing  process  must  treat  various  errors  arising  from  var¬ 
ious  noise  and  imperfections  (see,  e.g.,  [4]).  Physically,  these 
errors  can  be  distinguished  into  two  different  kinds:  incoher¬ 
ent  and  coherent  errors.  The  incoherent  errors  originate  from 
the  coupling  of  the  quantum  information  processor  to  an  un¬ 
controllable  external  environment,  which  is  stochastic,  and  re¬ 
sults  in  decoherence.  Coherent  errors  usually  arise  from  non¬ 
ideal  quantum  gates  which  lead  to  unitary  but  non-ideal  tem¬ 
poral  evolutions  of  a  quantum  computer.  So  far,  most  previ¬ 
ous  works  (see,  e.g.,  [5,  6,  7,  8,  9])  have  been  concerned  with 
quantum  errors  arising  from  the  decoherence  due  to  interac¬ 
tions  with  the  external  environment  and  external  operational 
imperfections.  Here,  we  focus  instead  on  internal  ones.  The 
coherent  errors  we  consider  here  are  related  to  the  intrinsic 
dynamical  evolution  of  the  qubits  between  operations. 

A  quantum  computing  process  generally  consists  of  a  se¬ 
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quence  of  quantum  unitary  operations.  These  transformations 
are  usually  applied  to  the  superposition  states  so  that  the  quan¬ 
tum  computer  evolves  from  an  input  initial  state  to  the  de¬ 
sired  final  state.  If  the  two  qubit  levels  have  different  ener¬ 
gies,  as  it  is  usually  the  case,  the  superposition  wave  function 
of  the  quantum  register  undergoes  fast  coherent  oscillations 
during  the  finite  time  delay  between  two  consecutive  opera¬ 
tions.  These  oscillation,  if  not  controlled,  can  spoil  the  correct 
computational  results  expected  from  the  ideal  quantum  algo¬ 
rithms,  where  operational  delays  are  neglected. 

In  principle,  these  coherent  errors  can  be  either  (1)  avoided 
by  tuning  the  relevant  energy  splittings  of  the  qubits  to  zero 
[10,  11];  or  (2)  eliminated  by  introducing  a  “natural”  phase 
induced  by  using  a  stable  continuous  reference  oscillation  for 
each  quantum  transition  in  the  computing  process  [12].  Ex¬ 
perimentally,  for  example  in  NMR  systems  (see,  e.g.,  [3,  13]), 
these  errors  were  usually  corrected  by  introducing  two  addi¬ 
tional  operations  before  and  after  the  delay  to  reverse  each 
undesired  free  evolution. 

In  this  paper  we  perform  a  quantitative  assessment  of  the 
effects  of  the  dynamical  phases  in  Shor’s  algorithm  by  real¬ 
istically  assuming  that  operational  delays,  between  succes¬ 
sive  unitary  transformations,  exist  throughout  the  computa¬ 
tion.  We  explore  a  phase-matching  approach  to  deal  with 
the  dynamical  phase  problem.  We  show  that  coherent  “er¬ 
rors”  due  to  these  phases,  acquired  by  the  dynamical  evolu¬ 
tion  of  the  superposed  wavefunction  during  the  operational 
delays,  may  be  avoided  by  properly  setting  the  total  delay. 
We  then  carefully  evaluate  the  robustness  of  such  a  phase¬ 
matching  condition,  focusing  on  its  dependence  on  the  num¬ 
ber  of  qubits,  the  length  of  the  delay,  and  the  fluctuations  in  the 
qubit  energy  splitting.  Our  discussions  are  in  the  context  of 


Shor’s  algorithm,  but  can  be  extended  to  other  quantum  algo¬ 
rithms,  such  as  the  phase  estimation  and  other  algorithms  [14]. 
For  simplicity  and  clarity,  here  we  assume  that  the  influence 
of  the  environmental  decoherence  and  the  gate  imperfections 
on  the  computing  process  are  negligible. 

The  paper  is  organized  as  follows.  In  Section  II,  we  present 
a  decomposition  of  Shor’s  algorithm  and  explain  how  we  in¬ 
corporate  the  dynamical  phases  into  the  realization  of  this  al¬ 
gorithm.  The  usual  decompositions  of  quantum  algorithms 
into  consecutive  elementary  gates  are  strictly  limited  by  the 
short  decoherence  time.  Here,  we  reconstruct  the  standard 
Shor’s  algorithm  out  of  four  functional  unitary  transforma¬ 
tions,  and  only  consider  the  operational  delays  between  these 
larger  building  blocks.  We  assume  that  each  block  can  be  ex¬ 
actly  performed  by  only  one-time  evolution  as  a  multi-qubit 
gate  (see,  e.g.,  [15,  16]),  avoiding  the  existing  idle  time  in¬ 
side  it.  It  is  shown  that  the  effects  of  dynamical  phases  are  not 
negligible,  even  in  this  primary  or  “coarse-grained”  decompo¬ 
sition.  In  Section  III,  we  numerically  evaluate  several  exam¬ 
ples  to  illustrate  the  phase-matching  condition,  and  establish  a 
clear  relationship  between  this  condition  and  the  equivalence 
of  the  Schrodinger  picture  and  the  interaction  picture  descrip¬ 
tion  of  a  physical  system.  We  also  demonstrate  the  robust¬ 
ness  of  the  phase-matching  condition  by  varying  the  number 
of  qubits  involved,  the  delay  duration,  and  distribution  of  qubit 
energy  splitting.  Finally,  in  section  IV  we  present  some  con¬ 
clusions  and  discussions  from  our  numerical  studies. 


II.  FOUR-BLOCK  DECOMPOSITION  OF  SHOR’S 
ALGORITHM  WITH  OPERATIONAL  DELAYS 

We  study  the  dynamical  phase  problem  in  the  context  of 
Shor’s  factoring  algorithm.  In  Shor’s  algorithm  [2],  the  fac¬ 
torization  of  a  given  number  N  is  based  on  calculating  the 
period  of  the  function  f(x)  —  ax  mod  N  quantum  mechani¬ 
cally  for  a  randomly  selected  number  a  (l  <  a  <  N)  coprime 
with  N.  Here  ymodiV  is  the  remainder  when  y  is  divided 
by  N .  The  order  r  of  a  mod  N  is  the  smallest  integer  r  such 
that  ar  mod  N  =  1.  Once  r  is  known,  factors  of  N  are  ob¬ 
tained  by  calculating  the  greatest  common  divisor  of  N  and 
yrf2  ±  1.  A  quantum  computer  can  find  r  efficiently  by  a  se¬ 
ries  of  quantum  operations  on  two  quantum  registers  W  and 
A.  One  is  the  work  register  W  with  L  qubits,  in  which  the  job 
of  finding  the  order  is  done;  while  the  values  of  the  function 
f(x)  are  stored  in  the  auxiliary  register  A  with  V  qubits.  The 
sizes  of  the  work  and  auxiliary  registers  are  chosen  as  the  in¬ 
tegers  satisfying  the  inequalities  N2  <  q  =  2L  <  2 N2  and 
2L  -1  <  N  <  2L  .  Here  q  is  the  Hilbert  space  dimension  of 
the  work  register. 

As  shown  in  figure  1,  a  realistic  implementation  of  Shor’s 
algorithm  can  be  decomposed  into  the  following  unitary  trans¬ 
formations: 

1)  Initialize  the  work  register  in  an  equal- weight  superpo¬ 
sition  of  all  the  logical  states,  and  the  auxiliary  register  in  its 
logical  ground  state  |0)>i .  Initially,  each  work  qubit  is  in  its 
logical  ground  state  |0).  Assuming  that  a  Hadamard  gate  H 
is  applied  to  each  qubit  in  the  work  register  at  one  time,  the 


FIG.  1 :  Quantum  circuit  for  implementing  Shor’s  algorithm  with 
time  delays  r*  (j  =  1,2,3)  between  the  successive  operations. 
Here  H  refers  to  a  Hadamard  gate,  while  F  refers  to  a  quantum 
Fourier  transformation.  Each  block  operation  is  assumed  to  be  ex¬ 
actly  performed  in  a  very  short  time  interval  e  (so  that  phases  accu¬ 
mulated  during  the  operations  are  either  accounted  for  by  the  opera¬ 
tions  themselves  or  simply  neglected). 


computational  initial  state  of  the  system  becomes: 

1  q~l 

w°)>  =  -s£W"'®i0>*- 

v  ^  j=0 

Here,  the  subindex  W  stands  for  the  work  register  state,  and 
the  subindex  A  for  the  auxiliary  register.  After  a  finite  time 
delay  t\  ,  and  right  before  the  second  unitary  transformation  is 
applied,  the  initial  state  |\P(0))  of  the  whole  system  evolves  to 

1  q~l 

l*(n)>  =  e"‘£,Tl  \i)w  10)*,  (1) 

V  ^  j= 0 

with  Ej  being  the  energy  of  state  |j)  and  h  =  1.  Here, 
rm  (m  =  1,2,3, ...)  denotes  the  time  interval  between  the 
(m  —  l)th  and  rath  unitary  operations,  r £  =  rm  +  e  with 
f  <  rm  being  the  operational  time  of  the  rath  unitary  trans¬ 
formation,  here  assumed  to  be  extremely  small  compared  to 
other  time  scales.  In  other  words,  r+  refers  to  the  time  inter¬ 
val  between  the  end  of  (ra  -  l)th  operation  and  the  end  of  the 
rath  operation.  In  what  follows,  the  global  dynamical  phase 
exp(-iEoTi )  will  be  omitted  as  it  does  not  have  any  physical 
meaning. 

2)  Calculate  the  function  fsta(j)  =  a*7  mod  N  and  then  en¬ 
tangle  the  work  {|j)w}  and  auxiliary  registers  |/a,N  («))>*  by 
applying  a  joint  operation  V.  After  another  finite-time  delay 
72  before  the  next  step  (i.e.,  the  third  unitary  transformation), 
the  entangled  state  of  the  whole  system  becomes 

i  r“1 

i#(7’i+ + *2)}  =  -pY!  (2) 

V*  5=0 

where 


\4>)a  =  exp[-»£7.„(,)r2]  !/„,*(«))*, 
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and 


W)w  =  ^exp[-i£’(,r+,)(r1+  +  r2)]  \lr  +  s)w, 


1=0 


with  w  =  [(q  -  s  -  1  )/r]  being  the  largest  integer  less  than 
(q  —  s  -  l)/r.  The  dynamical  phases  of  the  qubits  in  the  work 
register,  before  and  after  the  joint  operation  V,  can  be  added 
directly,  as  this  operator  is  diagonal  in  the  logical  basis. 

3)  Measure  the  auxiliary  register  \<f>)A  in  its  computational 
basis  {|j)yi}.  After  this  operation,  the  state  of  the  whole  sys- 
tern  becomes  |*(r1+  +  r2+))  =  \ip(r+  +  t}))w  <g>  |^(r1+  + 
In  other  words,  the  work  and  auxiliary  registers  dis- 
entangle  and  the  work  register  collapses  to  one  of  its  periodic 
states  |V’(r1+  +  r+))w. 

For  example,  if  the  measurement  on  the  auxiliary  register 
| 4>)a  gives  a  value  A$  =  a 3  mod  N,  then  the  work  register 
immediately  becomes 


5)  Finally,  we  carry  out  a  measurement  on  the  work  regis¬ 
ter  in  the  computational  basis  {\j)w}  and  derive  the  desired 
order  r  satisfying  the  condition  ar  mod  N  =  1.  This  mea¬ 
surement  yields  the  state  | k)w  with  probability 


p(k)  = 


q(w+l) 


w 

E exp 

-iE(ir+,)T  +  2n  ilk- 

1=0 

Q . 

(5) 

which  is  independent  of  the  free  evolution  during  the  last  de¬ 
lay  r4.  Notice  that  here  P(k)  only  depends  on  the  total  effec¬ 
tive  delay  time  r  =  rf  -f  t£  -f  but  not  directly  on  the 
individual  time  intervals  rm ,  m  =  1 , 2, 3, 4. 

In  this  decomposition  of  Shor’s  algorithm  we  have  included 
time  delays  only  in  between  the  various  unitary  operations, 
which  were  implemented  by  independently  using  various  one¬ 
time  evolutions  [15,  16].  Note  that  only  the  delays  from  the 
initial  Hadamard  gates  to  the  finishing  Fourier  transformation 
may  result  in  physical  effects.  Fortunately,  all  the  operators 


1  during  these  delays  are  either  diagonal  or  at  least  not  affecting 

IW+r*)) 

W  ~  ~Jw  +  1  ^  '  exP[_,^W+j)(ri+  +r2+ )]  |Ir+s)tfre  phase  accumulation.  Therefore,  the  phases  in  each  qubit 
*=o  sinrmlv  add  un. 


After  the  third  unitary  transformation  is  applied,  there  is  a 
third  time  delay  r 3.  The  state  \^P(t^  +  r2+))^  now  evolves  to 


simply  add  up. 

If  each  unitary  transformation  is  itself  composed  of  several 
consecutive  steps,  with  delays  between  these  internal  steps, 
we  assume  these  delays  to  be  negligible.  This  condition  im¬ 
plies  that  the  internal  time  delays  occurring  between  steps 
u  1  r  /  +  1+1  within  each  unitary  operation  should  be  so  short  that  their  ac- 

(ri  T2  T3^W~~y/w+ T  1  (/r+*)(ri  r2  Simulm^plfaSes  are  negligible.  Such  a  condition  is  possibly 

*=°  _ _ : _ it _  _ i.„  l  -1 _ 


(3) 

Because  of  the  collapse  of  the  wavefunction  |4'(r1+  +  r2))  in 
Eq.  (2),  the  dynamical  phases  accumulated  by  the  wavefunc¬ 
tion  of  the  auxiliary  register  do  not  affect  the  algorithm 
anymore,  as  the  relevant  phase  exp[-iEja  „(,)  r/]  becomes 
a  global  phase. 

4)  Perform  the  fourth  unitary  transformation:  the  quantum 
Fourier  transform  (F-Transformation)  on  the  work  register 
\ip)w>  so  that  information  regarding  the  order  r  of  a  mod  N 
(i.e.,  the  smallest  integer  r  such  that  ar  modN  =  1)  can  be 
more  easily  extracted.  After  the  F-Transformation  the  state 
of  the  work  register  becomes 


difficult  to  satisfy  experimentally.  However,  our  results  below 
show  that  even  under  such  a  restrictive  condition  the  interfer¬ 
ence  effects  due  to  dynamical  phases  between  successive  uni¬ 
tary  transformation  are  already  too  significant  to  be  ignored. 

For  the  ideal  situation  without  any  delay  (rm  =  0),  the 
probability  distribution  P(k)  in  Eq.  (5)  reduces  to  that  in  the 
original  Shor’s  algorithm  [2].  However,  Eq.  (5)  clearly  shows 
that  the  expected  probabilistic  distribution  may  be  strongly 
modified  by  the  interferences  due  to  the  dynamical  phases 
of  the  superposition  wavefunction,  which  would  consequently 
lead  to  a  lower  probability  for  obtaining  the  desired  final  out¬ 
put. 


1  <7“1 

|V’(t))w  =  -7=  E  g(k)  |*)iv  , 
V<1  k-Q 

with 


t  =  t?  +  r2+  +  r3+, 

being  the  time  after  applying  the  fourth  unitary  transforma¬ 
tion,  and 


_/lx  _  exp(2*r»s*/9  V- 

9(k)  - 7=tt —  E  exp 

v^+i  fr'o 


-iF(/r+,)7- +  27ri/fc- 


After  another  delay  time  r4,  i.e.,  right  before  applying  the  fifth 
unitary  transformation,  the  work  register  evolves  into 


<7-1 


Mr  +  U))w  =  4=  E  9(k)e~iE ‘r<  | k)w.  (4) 
V<?  ic=o 


III.  EFFECTS  OF  DYNAMICAL  PHASES 

In  order  to  study  the  effects  of  dynamical  phases,  we  need  to 
compute  P(k).  The  probability  P(k)  in  (5)  can  be  computed 
if  the  energies  F(/r+,)  for  the  various  states  |  lr+s)w  involved 
are  known  exactly.  These  will  be  computed  below. 


A.  Phase-matching  condition  for  eliminating  the  coherent 
errors  due  to  operational  delays 

As  a  first  approximation  we  assume  that  all  qubits  in  a  quan¬ 
tum  computer  system  possess  identical  energy  spectra.  Such 
an  approximation  is  valid  for  naturally  identical  systems  like 
trapped  ions.  In  this  ideal  case,  when  all  the  qubits  have  the 
same  energy  splitting  between  ground  and  excited  states,  dif¬ 
ferent  quantum  states  with  the  same  number  of  excited  qubits 


4 


will  acquire  the  same  dynamical  phase.  For  example,  the 
four-qubit  states  | I3O2O1  Oo)  and  IO3O2O1I0)  would  acquire 
the  same  dynamical  phase  exp(-i3e02  -  during  a  de¬ 
lay  time  t.  Here  e0  and  ei  are  the  energies  of  a  single  qubit 


corresponding  to  the  ground  state  |0)  and  the  excited  state  1 1), 
respectively.  Under  this  approximation,  equation  (5)  can  be 
rewritten  as 


j 


P(k)  = 


1 

q  (w  +  1) 


XV 

£  exp 

2nilk- 

n 

exp[-i(L,(1)  -  L,(0))r  A] 

1=0 

L  v  J 

A  =  ei  -  Co, 


(6) 


where  A  is  the  qubit  energy  splitting  and  ( L J0^)  is  the 

number  of  qubits  in  the  logical  state  |1)  (|0))  for  the  number 
state  \lr  +  s)w •  Obviously,  when  the  total  effective  delay  time 
r  (r  =  t+  +  rf  -f  r^)  satisfies  the  phase-matching  condition 

T  A  =  (ci  -  c0)  T  =  2n7r,  n  =  1, 2, 3, ...,  (7) 

the  above  probability  distribution  P(k)  reduces  to  that  of  an 
ideal  computation  process  with  r  A  =  0.  This  implies  that  the 
interference  due  to  the  fast  evolution  of  the  dynamical  phases 
can  be  suppressed  periodically  so  that  the  correct  results  are 
obtained  at  the  delay  points  indicated  in  (7). 

Physically,  this  phase  matching  condition  is  related  to  the 
transformation  of  wavefunction  from  the  interaction  to  the 
Schrodinger  pictures.  Theoretical  derivations  (see,  e.g.,  [17]) 
for  realizing  quantum  computation  are  usually  in  the  inter¬ 
action  picture,  in  which  the  Hamiltonian  for  the  qubit  free- 
evolution  does  not  appear,  and  the  oscillation  of  the  super¬ 
posed  wavefunction  does  not  exist.  More  specifically,  if  a 
system  Hamiltonian  H  can  be  written  as  a  sum  of  a  free  oscil¬ 
lator  part  and  an  interaction  part  H  —  Ho  +  V\  so  that  the 
time-dependent  Schrodinger  equation  can  be  written  as  (in 
the  so-called  Schrodinger  picture  where  operators  are  time- 
independent  while  states  evolve  with  time) 

=  (Ho  +  V)\il>s(t))  , 

one  can  introduce  the  interaction  picture  wavefunction 
\ips(t))  =  exp(-t/fo</A)|V’/(<))>  which  satisfies 

where  Vj  =  exp(iHot/h)V  exp(-iHotfh).  Now  thattfo  has 
been  eliminated  from  the  Schrodinger  equation,  it  seems  that 

_ 1 


dynamical  phases  due  to  the  qubit  free  evolution  would  have 
no  effect.  However,  at  the  end  of  a  calculation,  physical  mea¬ 
surements  have  to  be  performed  to  read  out  the  computational 
results,  and  these  measurements  are  generally  performed  in 
the  lab  frame  (the  Schrodinger  picture),  in  which  the  dynami¬ 
cal  phases  reappear.  More  specifically,  the  measurement  of  an 
observable  O  can  be  expressed  as  (ips(t)\0\\ps(t))  = 

(rpi(t)\e\p(iH0t/h)dexp(-iHot/h)\rlJi(t))  = 

(rpi(t)\Oi(t)\ipi(t)).  In  other  words,  if  we  prefer  calculating 
the  expectation  value  of  a  time-independent  operator,  it  has  to 
be  done  in  the  Schrodinger  picture.  If  |  rpi(r))  =  Ylj  Qj  I  j ) 
is  the  desired  final  state,  the  Schrodinger  picture  final  state 
would  take  the  form 

\Mr))  =  £  aj  e~'E,T\j  )  =  £ 

j  J 

(8) 

Therefore,  the  phase-matching  condition  (7)  would  render  the 
phases  exp -  L^)tA]  =  1,  so  that  it  enforces 
the  equivalence  of  interaction  picture  and  Schrodinger  picture 
states,  which  ensures  that  the  coherent  error  arising  from  the 
free  evolution  during  the  delay  can  be  effectively  eliminated. 

In  what  follows,  we  illustrate  our  discussion  with  a  few  in¬ 
stances  of  Shor’s  algorithm. 


B.  An  analytical  example  for  factoring  a  small  composite 
number 

Let  us  first  consider  the  factorization  of  the  smallest  com¬ 
posite  number  4,  which  uses  a  two-qubit  work  register,  a  two- 
qubit  auxiliary  register  and  a  =  3.  After  going  through  the 
four  steps  of  Shor’s  algorithm  as  discussed  above,  the  final 
work  register  state  (Eq.  (4))  is 


+  r4))lV 


=  -L  {-J=  (IOxW  +e-,T«A|l,M  ®  [CIOoV  +£e-r«A|lo),v]} 
=  [C|0)w  +  £|l)w  +  e-,r<AC|2)w'  +  e-'T‘A{|3),v]  , 


(9) 
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with  C  =  1  +  e-,rA,  and  £  =  1  —  e-,rA.  Here,  \ak)w 
refers  to  the  logical  states  (with  a  =  0, 1)  of  the  kth  (with 
k  =  0,1)  qubit  in  the  work  register.  In  other  hands,  |0)vy  = 
|0i0o)*v,  |1  )w  —  |0i  10) ,  |2 )w  —  |li0o),  and  \3)w  = 
|lilo)w* 

To  derive  Eq.  (9),  the  measurement  on  the  auxiliary  reg¬ 
ister  is  the  projection  PA  =  |  .  Measuring  the  work 

register  in  the  computational  basis,  the  state  (9)  collapses 
to  the  expected  one:  either  \Q)w>  or  |2)w,  with  probability 
pe  =  |C|2  =  [1  +  cos(rA)]/4.  This  implies  that  the  desired 
results  (|C|2  =  1/2)  are  obtained,  only  if  the  phase-matching 
condition  (7)  is  satisfied.  Equation  (9)  also  shows  that  the  dy¬ 
namical  phase  acquired  by  each  qubit  after  the  Fourier  trans¬ 
form  does  not  result  in  any  measurable  physical  effect. 


C.  Numerical  examples  for  factoring  a  few  integers 

To  quantitatively  evaluate  the  effects  of  the  dynamical 
phases  when  running  Shor’s  algorithm,  we  introduce  two 
delay-dependent  functions:  pe(ke)  is  used  to  quantify  the 
probability  of  obtaining  the  correct  result  ke>  and 

Pe  =  £Pe(*e)  (10) 

ke 

is  the  probability  of  computing  all  the  correct  outputs.  Pe  =  1 
for  an  ideal  computation  process  and  for  practical  quantum 
computers  at  the  phase-matching  time  intervals  consistent 
with  Eq.  (7).  For  other  delays  not  satisfying  Eq.  (7)  wrong 
results  (k  ^  ke)  can  be  obtained  so  that  Pe  <  1. 

We  now  run  the  algorithm  to  factorize  N  =  21  with  a  =  5 
using  9  work  qubits.  Fig.  2  shows  the  various  outputs  and  the 
corresponding  probabilities  for  different  delay  times  r:  r  A  = 
0,  0.4tt,  tt,  1.67T,  and  2n.  It  is  seen  from  Fig.  2  that,  when 
the  phase-matching  condition  (7)  is  satisfied,  the  computed 
results  are  identical  to  that  of  an  ideal  computation  process 
with  tA  =  0.  Note  in  Fig.  2  that  the  maximum  value  of 
P(k)  «  0.2  at  the  matching  condition  and  P(k)  <  0.02  away 
from  it. 

We  plot  the  delay-dependent  Pe  in  Fig.  3  for  several  ex¬ 
amples:  factorizing  N  =  15,  21,  and  33,  with  a  =  13,  5, 
and  5,  and  when  using  4,  9,  and  11  work  qubits,  respectively. 
As  is  shown  in  Fig.  3,  the  correct  results  are  always  obtained 
at  the  phase-matching  time  intervals  given  by  Eq.  (7).  For 
other  delay  cases,  especially  near  the  delay  points  satisfying 
the  condition:  r  A  =  (ei  —  eo)  t  =  (2n  —  1)tt,  the  correct 
results  cannot  be  obtained  (for  the  case  where  the  expected  or¬ 
der  is  a  power  of  two;  see,  e.g.,  the  continuous  line  for  r  =  4 
in  Fig.  3)  or  may  be  obtained  with  very  low  probabilities  Pe 
(for  the  cases  where  the  order  r  cannot  divide  the  given  q  ex¬ 
actly;  see,  e.g.,  the  lines  for  r  =  6,  10  in  Fig.  3).  Of  course, 
the  dynamical  oscillations  can  also  be  suppressed  by  trivially 
setting  up  individual  delays  rm  as  r  Am  =  2nn.  The  key  ob¬ 
servation  here  is  that  only  the  total  delay  time ,  instead  of  the 
duration  for  every  delay,  needs  to  be  set  up  accurately  to  avoid 
the  coherent  dynamical  phase  error. 

Classically,  higher  precision  is  usually  obtained  by  using 
more  computational  bits.  However,  this  is  not  necessarily  the 
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FIG.  2:  The  probability  P(k)  (see  Eq.  (6))  of  observing  values  of  k 
for  different  values  of  r A  =  (ei  -  eo)r  =  0,  0.47T,  7t,  1.6tt,  and 
27t,  given  N  =  21,  q  =  512,  a  =  5,  and  the  expected  order  r  =  6. 
Here,  r  is  the  total  effective  delay  time  between  unitary  operations. 
The  correct  outputs  are  obtained  when  the  phase-matching  condition 
rA  =  2n  (or  the  ideal  case  r A  =  0)  is  satisfied.  The  probabilities 
of  obtaining  the  correct  outputs  far  from  the  phase-matching  condi¬ 
tions  are  very  low  (see  the  second,  third,  and  fourth  panels.  Note 
the  different  scales  for  the  vertical  axes).  Indeed,  as  shown  in  the 
bottom  three  panels,  many  incorrect  results  are  produced  when  the 
phase  matching  condition  given  by  Eq.  (7)  is  not  enforced. 


case  in  practical  quantum  computation.  Indeed,  in  the  cur¬ 
rent  example  of  Shor’s  algorithm,  after  taking  into  consid¬ 
eration  the  influence  of  the  time  delays  between  consecutive 
computational  operations,  the  more  qubits  are  used,  the  lower 
the  computational  efficiency  is.  This  relationship  is  clearly 
demonstrated  in  Fig.  4,  which  shows  that  the  probability  of 
obtaining  any  one  of  the  correct  results  decreases  exponen¬ 
tially  when  increasing  the  number  of  qubits  of  the  work  reg¬ 
ister.  Such  a  scenario  is  to  be  expected,  since  the  number  of 
possible  outputs  in  the  final  measurement  increases  exponen¬ 
tially  with  the  number  of  the  work  qubits,  which  makes  the 
constructive  interference  in  Eq.  (5)  for  the  probability  P(k) 
harder  to  achieve  if  r  A  deviates  from  the  phase-matching  con¬ 
dition  (7).  At  the  exact  points  when  (ei  -  e0)r  =  2nn,  the 
constructive  interference  of  the  superposition  wave  functions 
ensures  that  the  computational  accuracy  is  independent  of  the 
number  of  involved  qubits. 


D.  Effect  of  energy  splitting  inhomogeneity 

In  the  calculations  up  to  now,  we  have  assumed  that  all 
qubits  possess  an  identical  energy  splitting  A  =  e\  —co.  In  re¬ 
ality,  especially  for  the  solid  state  quantum  systems  such  as  the 
Josephson  junction  qubits  and  quantum  dot  trapped  spins,  dif¬ 
ferent  qubits  may  have  slightly  different  energy  splittings  due 
to  system  inhomogeneity.  The  logical  states  with  the  same  en¬ 
ergy  in  the  “identical  qubit”  assumption  (e.g.,  II3O2O1O0)  and 
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FIG.  3:  The  probability  Pe  of  obtaining  the  correct  results  versus 
Ar  =  (ci  -  eo)r  for  running  Shor’s  factoring  algorithm  in  the  pres¬ 
ence  of  delays.  The  lines  for  r  =  4,  6,  10  correspond  to  the  cases 
where  4,  9,  11  work  qubits,  given  q  =  16,  512,  2048,  are  used  to 
factorize  N  =  15,  21,  33  with  a  =  13,  5,  5,  respectively.  Note 
that  the  expected  outputs  can  be  obtained  at  phase-matching  points: 
At  =  2tt,  4tt. 


FIG.  5:  The  probabilities  Pc  (for  factorizing  N  =  15  using  8  work 
qubits)  of  obtaining  the  correct  results  for  different  phase-matching 
cases:  (A)r  =  2tt,  4tt,  67t,  87t,  with  a  common  Gaussian  energy 
splitting  fluctuation  with  <r/(A)  =  0.5%.  Note  that  this  probability 
Pc  is  higher  at  the  phase  matching  points  with  shorter  total  delay 
time  r. 


FIG.  4:  The  probability  pe(kc)  of  obtaining  one  of  the  correct  re¬ 
sults  versus  the  number  L  of  work  qubits  used  to  run  the  quan¬ 
tum  algorithm  factorizing  N  =  15  in  the  presence  of  a  delay 
At  =  (ei  —  co)t  =  57r/3.  The  straight  line  shows  that  this  prob¬ 
ability  Pc(kc)  decreases  exponentially  with  the  number  L  of  qubits 
used.  The  points  on  the  line  show  the  probability  of  obtaining  one  of 
the  correct  outputs  ke  =  (0,  4,  8,  12)  for  4-qubits,  (0,  8, 16,  24)  for 
5-qubits,  (0,  16,  32,  48)  for  6-qubits,  (0 , 32,  64,  96)  for  7-qubits, 
and  (0,  64,  128,  192)  for  8-qubits  cases,  respectively. 


IO3O2O1  lo))  may  now  have  slightly  different  energies.  A  crit¬ 
ical  question  then  is  how  robust  the  phase  matching  condition 
(7)  is  for  a  system  of  multiple  qubits  with  fluctuations  in  the 
qubit  energy  splittings.  Here  we  provide  quantitative  answers 
to  this  important  question  by  numerically  simulating  Shor’s 
algorithm  assuming  a  Gaussian  distribution  for  the  qubit  en¬ 
ergy  splittings.  In  other  words,  the  energy  splitting  A j  of 
the  jth  qubit  is  chosen  randomly  according  to  the  distribution 
function 


P(Aj)  = 


V2n<r 


exp 


(A j  -  (A))2 


2<r2 


(ID 


around  an  average  value  (A)  and  width  <r.  Figure  5  shows 
that  the  probability  of  obtaining  correct  answers  decreases  as 


1 0Oo/<A> 

FIG.  6:  The  probabilities  Pc  (for  factorizing  N  =  15  using  8  work 
qubits)  of  obtaining  the  correct  results  for  different  fluctuations  of 
eneigy  splittings:  <r/(A)  =  0.01%,  0.3%,  0.7%,  1.1%,  with  a  com¬ 
mon  phase-matching  point:  (A)t  =  2tt.  Note  that  the  probability 
at  the  pase-matching  point  is  still  sufficiently  high,  even  if  the  en¬ 
eigy  splittings  of  the  qubits  exist  with  certain  fluctuations  around  the 
average  value  (A). 


the  total  time  delay  r  increases.  Also,  Fig.  6  shows  the  depen¬ 
dence  of  Pe  on  the  width  of  the  qubit  energy  splitting  distri¬ 
bution  <7,  with  the  delay  condition  set  at  (A)t  =  2tt.  As  ex¬ 
pected,  a  quantum  computer  runs  with  higher  efficiencies  for 
shorter  time  delays  r  and  for  narrower  distributions  P(Aj)  of 
energy  splittings.  In  essence,  here  we  study  an  effect  similar 
to  inhomogeneous  broadening,  which  is  not  a  true  dephasing 
effect.  This  is  consistent  with  our  focus  in  this  paper  on  the 
coherent  errors  instead  of  the  incoherent  ones. 


IV.  CONCLUSIONS  AND  DISCUSSIONS 

When  a  real  quantum  computer  performs  a  computational 
task,  there  must  be  unavoidable  time  intervals  between  con¬ 
secutive  unitary  operations.  During  these  delays,  the  wave- 
function  of  a  system  with  non-zero  free  Hamiltonian  would 


acquire  relative  dynamical  phases,  if  the  two  states  for  each 
qubit  have  different  energies.  These  dynamical  phases  lead  to 
fast  oscillations  in  the  total  wavefunction,  and  modify  the  de¬ 
sired  quantum  interference  required  by  quantum  algorithms, 
which  in  turn  reduce  the  probability  of  obtaining  correct  com¬ 
putational  results. 

Here  we  have  studied  the  effects  of  the  dynamical  phases  in 
running  a  quantum  algorithm  (more  specifically,  Shor’s  fac¬ 
toring  algorithm).  We  point  out  that  a  phase-matching  con¬ 
dition  can  potentially  help  allieviate  the  interference  prob¬ 
lems  caused  by  the  dynamical  phases,  and  this  condition  is 
closely  related  to  establishing  the  equivalence  between  quan¬ 
tum  states  in  the  Schrodinger  picture  and  the  interaction  pic¬ 
ture  through  a  quantum  computation  process.  In  the  presence 
of  coherent  phase  errors,  we  have  demonstrated  that,  the  prob¬ 
ability  of  obtaining  the  correct  answer  decreases  exponentially 
with  increasing  number  of  qubits  of  the  work  register.  In  ad¬ 
dition,  Shor’s  algorithm  fails  for  the  worst  case  scenario  of 
t A  =  (2 n  —  1)tt  if  the  expected  order  r  is  a  power  of  two.  We 
have  further  shown  that  the  phase-matching  condition  studied 
here  is  quite  robust  in  the  presence  of  small  fluctuations  in 
the  qubit  energy  splittings.  Unlike  the  refocusing  technique 
in  NMR  experiments  [3],  which  deals  with  unwanted  evolu¬ 
tions  due  to  uncontrolled  qubit  interaction,  we  have  shown 
here  that  by  properly  setting  the  total  effective  delay,  the  un¬ 
wanted  oscillations  of  the  superposed  wavefunctions  due  to 
the  free  Hamiltonians  of  the  bare  qubits  can  be  effectively 
suppressed,  thus  the  desired  output  can  be  obtained  without 
additional  operations.  This  implies  that  the  quantum  comput¬ 
ing  may  be  performed  in  an  effective  interaction  picture,  in 
which  coherent  errors  arising  from  the  free  evolution  of  the 
bare  qubits  during  the  operational  delay  can  be  automatically 
avoided. 

We  emphasize  that  the  present  simplified  approach  only 
treats  the  delays  between  two  sequential  functional  operations 
and  neglects  those  inside  these  transforms.  In  fact,  each  func¬ 
tional  transform,  which  is  actually  equivalent  to  a  multi-qubit 
gate,  can  be,  in  principle,  implemented  exactly  by  using  only 
one-time  evolution  [15,  16].  This  “coarse-grained”  one-step 
implementation  implies  that  the  evolutions  relating  to  the  var¬ 
ious  parts  of  the  total  Hamiltonian  have  been  well  controlled. 
Therefore,  the  operational  delays,  relating  only  to  the  free 
evolution  ruled  by  the  free  Hamiltonian  of  the  bare  physi¬ 
cal  qubits,  within  each  one  of  these  larger  functional  building 
blocks  are  assumed  to  be  zero.  Also,  the  dynamical  phases  ac¬ 
quired  by  the  superposed  wavefunctions  can  be  added  up  for 
the  operational  delays  before  and  after  each  functional  trans¬ 
formation.  Therefore,  the  phase-matching  condition  (7)  exists 
for  the  total  delay. 

The  present  calculation  is  done  assuming  that  Shor’s  algo¬ 
rithm  is  accomplished  in  5  lumped  steps.  A  simple  analysis 
can  prove  that,  even  if  using  an  actual  elementary  gate  array 
model,  e.g.,  shown  in  figure  7  (for  implementing  the  initializa¬ 
tions  by  using  the  Hadamard  gates  and  the  quantum  Fourier 
transformation),  the  proposed  phase-matching  conditions  (in 
terms  of  the  total  delay  time  instead  of  individual  delay  times 
of  each  operational  delay)  for  avoiding  the  coherent  phase  er¬ 
rors  are  still  valid.  The  key  is  that,  only  two  elementary  non- 


(a)  Hadamard  gate  (b)  Quantum  Fourier  transformation 

FIG.  7:  Quantum  circuits  formed  by  the  elementary  single-  and 
two-qubit  logic  gates  for  performing  (a)  Hadamard  gate  for  one 
qubit,  and  (b)  quantum  Fourier  transformation  for  three-qubit.  Here, 
6i  (/  =  1, 2, ...)  and  pki  {k  =  0, 1, 2, ...)  refer  to  the  operational  de¬ 
lays  inside  them,  respectively.  In  the  logical  basis,  the  single-qubit 
gate  Rz  =  exp(in<rx/4)  and  the  two-qubit  controlled-phase  gate 
Rk  =  |00)(00|  +  |01)(01|  +  |10)(10|  +  exp(2i7r/2*)|ll)(ll|  are 
diagonal,  while  the  single-qubit  Rx  =  exp(*7r<rjr/4)  is  not. 


diagonal  operations  (i.e.,  Rx  in  Hadamard  gates)  are  applied 
to  each  qubit  in  the  work  register  (see  Fig.  7).  The  qubit  is  in  a 
product  state  before  the  first  non-diagonal  Rx  gate,  while  the 
delays  after  the  second  non-diagonal  Rx  in  the  corresponding 
Hadamard  gate  do  not  affect  the  results  of  projective  measure¬ 
ment  (see,  e.g.,  Eq.  (9)).  Therefore,  the  dynamical  phases 
acquired  in  different  effective  operational  delays  accumulate 
even  when  the  operational  delays  inside  the  functional  steps 
are  considered. 

In  the  present  approach,  we  have  assumed  that  every  qubit 
in  the  work  register  has  the  same  waiting  time  rf  for  each 
effective  operational  delay.  In  practice,  this  assumption  is  not 
necessary.  Indeed,  in  the  elementary  gate  array  model,  the 
waiting  times  for  different  qubits  would  have  been  different. 
However,  the  phase-matching  condition  Eq.  (7)  needs  only  a 
slight  modification  in  this  case,  so  that  it  becomes  a  condition 
for  each  qubit  [14]:  rkAk  =  2nkn ,  k  =  1,2, ...;  nk  =  1,2, .. 
for  each  qubit.  Here,  A*  and  rk  are  the  energy  splitting  and 
total  controllable  effective  delay  of  the  k\h  qubit  in  the  work 
register,  respectively. 

Finally,  we  emphasize  that  the  results  presented  in  this  pa¬ 
per,  through  obtained  using  a  simple  model  for  the  delays, 
clearly  demonstrate  the  necessity  of  taking  into  consideration 
the  dynamical  phases  of  the  qubits  in  implementing  quantum 
algorithms. 
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Abstract 

The  unavoidable  finite  time  intervals  between  the  sequential  operations  needed 
for  performing  practical  quantum  computing  can  degrade  the  performance  of 
quantum  computers.  During  these  delays,  unwanted  relative  dynamical  phases 
are  produced  due  to  the  free  evolution  of  the  superposition  wavefunction  of 
the  qubits.  In  general,  these  coherent  ‘errors’  modify  the  desired  quantum 
interferences  and  thus  spoil  the  correct  results,  compared  to  the  ideal  standard 
quantum  computing  that  does  not  consider  the  effects  of  delays  between 
successive  unitary  operations.  Here,  we  show  that,  in  the  framework  of  the 
quantum  phase  estimation  algorithm,  these  coherent  phase  ‘errors’,  produced 
by  the  time  delays  between  sequential  operations,  can  be  avoided  by  setting  up 
the  delay  times  to  satisfy  certain  matching  conditions. 

PACS  number:  03.67. Lx 


1.  Introduction 

Building  a  prototype  quantum  information  processor  has  attracted  considerable  interest  during 
the  past  decade  (see,  e.g.,  [1]).  This  desired  device  should  be  able  to  simultaneously 
accept  many  different  possible  inputs  and  subsequently  evolve  them  into  a  corresponding 
quantum  mechanical  superposition  of  outputs.  The  proposed  quantum  algorithms  are  usually 
constructed  for  ideal  quantum  computers.  In  reality,  any  physical  realization  of  such  a 
computing  process  must  treat  various  errors  arising  from  various  noise  and  imperfections 
(see,  e.g.,  [1-3]).  Physically,  these  errors  can  be  distinguished  into  two  different  kinds: 
incoherent  and  coherent  errors.  The  incoherent  perturbations,  originating  from  the  coupling 
of  the  quantum  computer  to  an  uncontrollable  external  environment,  result  in  decoherence 

3  Permanent  address:  Center  of  Theoretical  Physics.  Physics  Department,  Center  for  the  Study  of  Complex  Systems, 
University  of  Michigan.  Ann  Arbor.  Ml  48109-1 120,  USA 
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and  stochastic  errors.  Coherent  errors  usually  arise  from  non-ideal  quantum  gates  which 
lead  to  a  unitary  but  non-ideal  temporal  evolution  of  the  quantum  algorithm.  So  far,  almost 
all  previous  works  (see,  e.g.,  (4-7])  have  been  concerned  with  quantum  errors  arising  from 
the  decoherence  due  to  interactions  with  the  external  environment  and  external  operational 
imperfections.  Here,  we  will  not  be  concerned  with  these  two  types  of  externally  induced 
errors,  but  will  focus  instead  on  intrinsic  ones.  The  coherent  errors  we  consider  here  relate 
to  the  intrinsic  dynamical  evolution  of  the  qubits  between  operations.  This  has  not  been 
paid  much  attention  until  a  recent  work  in  [8],  where  a  kind  of  dynamical  phase  error  was 
introduced.  It  is  well  known  that  a  practical  quantum  computing  process  usually  consists 
of  a  number  of  sequential  quantum  unitary  operations.  These  transformations  operate  on 
superposition  states  and  evolve  the  quantum  register  from  the  initial  states  (input)  into 
the  desired  final  states  (output).  According  to  the  Schrodinger  equation,  the  superposition 
wavefunction  oscillates  fast  during  the  finite-time  delay  between  two  sequential  operations.  In 
general,  these  oscillations  modify  the  desired  quantum  interferences  and  thus  spoil  the  correct 
computational  results,  expected  by  the  ideal  quantum  algorithms  without  any  operational 
delay. 

Two  different  strategies  have  been  proposed  to  deal  with  these  coherent  errors.  One  is  the 
so-called  ‘avoiding  error'  approach  proposed  by  Makhlin  et  al  in  |9].  Its  key  idea  is  to  let  the 
Hamiltonian  of  the  bare  two-level  physical  system  be  zero  by  properly  setting  up  experimental 
parameters.  Thus  the  system  does  not  evolve  during  the  delays.  This  requirement  is  restrictive 
and  cannot  be  easily  implemented  for  some  physical  set-ups  of  quantum  computing  e.g.,  for 
trapped  ions.  A  modified  approach  to  remove  this  stringent  condition  was  proposed  by  Feng  in 
[10],  where  a  pair  of  degenerate  quantum  states  of  a  pair  of  two-level  systems  are  used  to  encode 
two  logic  states  of  a  single  qubit.  During  the  delay  these  logical  states  acquire  a  common 
dynamical  phase,  which  is  the  global  phase  without  any  physical  meaning.  Thus  the  above 
dynamical  error  can  be  avoided  efficiently.  However,  this  modified  scheme  complicates  the 
process  of  encoding  information.  Another  strategy  to  this  problem  was  proposed  by  Berman 
etal[ 8].  They  pointed  out  that  the  unwanted  dynamical  oscillations  can  be  routinely  eliminated 
by  introducing  a  ‘natural’  phase,  which  can  be  induced  by  using  a  stable  continuous  reference 
oscillation  for  each  quantum  transition  in  the  computing  process.  However,  this  scheme  only 
does  well  for  the  resonant  implementations  of  quantum  computation.  The  additional  reference 
pulses  also  complicate  the  quantum  computing  process  and  may  result  in  other  operational 
errors. 

We  show  in  this  paper  that,  in  the  framework  of  the  quantum  phase  estimation  algorithm, 
the  coherent  phase  errors,  produced  by  the  free  evolutions  of  the  superposition  wavefunctions 
of  bare  two-level  systems,  can  be  avoided  simply  and  effectively  by  setting  up  the  delay  time 
intervals  appropriately.  The  proposed  matching  condition  can  be  considered  a  sort  of  strobed 
operation  (with  strobe  frequencies  corresponding  to  each  different  transition  energy).  For 
simplicity,  we  simplify  each  quantum  algorithm  to  a  three-step  functional  process,  namely, 
preparation,  evolution  and  measurement.  All  the  functional  operations  in  this  three-step 
process  are  assumed  to  be  earned  out  in  an  infinitesimally  short  time  duration,  and  thus  only 
the  delays  between  them,  instead  of  the  operations  themselves,  are  considered.  The  effects  of 
the  environment  decoherence  and  the  operational  imperfections  are  neglected  in  the  present 
treatment. 

The  paper  is  organized  as  follows.  In  section  2,  we  present  our  general  approach 
with  the  phase  estimation  algorithm.  Section  3  gives  a  few  special  demonstrations  and 
shows  how  to  perform  quantum  order-finding  and  quantum  counting  algorithms  in  the 
presence  of  operational  delays.  Finally,  we  give  a  short  summary  and  discussion  in 
section  4. 
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2.  Phase  estimation  algorithm  with  operational  delays 

Our  discussion  begins  with  the  phase  estimation  algorithm  [11,  12]  and  its  finite-time 
implementation  with  some  delays.  The  programs  for  some  of  the  existing  other  important 
quantum  algorithms,  such  as  quantum  factoring  and  counting  ones,  can  be  reformulated  in 
terms  of  this  problem.  The  goal  of  the  phase  estimation  algorithm  is  to  obtain  an  n-bit 
estimation  of  the  eigenvalue  exp(i </>)  of  a  unitary  operation  Uj , 

0rl*>r=e*|*)r  (1) 

if  the  corresponding  eigenvector  |0> r »  and  the  devices  that  can  perform  operations  0 7-. 

U\ . and  are  given  initially.  Two  quantum  registers  are  required  to  perform  this 

algorithm.  One  is  the  target  register,  whose  quantum  state  is  kept  in  the  eigenstate  \<p)j  of 
the  unitary  operator  0  t-  Another  one,  with  n  physical  qubits  and  called  the  index  register,  is 
used  to  read  the  corresponding  estimation  results.  The  needed  number  of  qubits  n  in  the  index 
register  depends  on  the  desired  accuracy  and  on  the  success  probability  of  the  algorithm.  The 
most  direct  application  [  1 3]  of  this  algorithm  is  to  find  eigenvalues  and  eigenvectors  of  a  local 
Hamiltonian  Hj  by  determining  the  time-evolution  unitary  operator  (]j  =  exp(  — i HTt  /h). 
The  phase  estimation  algorithm  can  be  viewed  as  a  quantum  nondemolition  measurement,  and 
can  also  be  used  to  generate  eigenstates  of  the  corresponding  unitary  operator  0 t  [14]. 

The  ideal  quantum  algorithm  usually  assumes  that  the  quantum  computing  process  can 
be  continuously  performed  by  using  a  series  of  sequential  operations  without  any  time  delay 
between  them.  In  reality,  a  delay  between  two  sequential  operations  always  exists,  introducing 
errors  that  need  to  be  corrected.  For  simplicity,  we  reduce  the  phase  estimation  algorithm  to  a 
three-step  functional  process,  namely,  initialization,  global  phase  shift  and  measurement.  All 
the  functional  operations  in  this  three-step  process  are  assumed  to  be  carried  out  exactly,  and 
thus  only  the  delays  between  them,  instead  of  the  operations  themselves,  are  considered.  Such  a 
simplified  finite-time  implementation  of  the  phase  estimation  algorithm  is  sketched  in  figure  1 . 
For  convenience  we  distinguish  the  physical  qubit  and  the  logic  qubit  in  the  index  register. 
The  physical  qubit  is  just  a  two-level  physical  system  and  the  logical  qubit  is  the  unit  of  binary 
information.  Unlike  the  scheme  in  [10],  wherein  two  physical  qubits  are  used  to  encode  one 
logical  qubit,  in  the  present  work  one  physical  qubit  is  enough  to  encode  one  logical  qubit. 
The  symbol  \aj )*  with  a  =  0,  1 ,  y,  k  =  0,  1 , . . . ,  n  -  1  means  that  the  kxh  logical  qubit  is 
encoded  by  the  y  th  physical  qubit.  | cij)  is  the  eigenstate  of  the  bare  Hamiltonian  of  the  yth 
physical  qubit  corresponding  to  the  eigenvalue  E„. 

The  quantum  phase  estimation  algorithm  with  operational  delays  can  be  divided  into  three 
distinct  functional  steps. 


2.1 .  Initialization 


First,  we  initialize  the  index  register  with  n  physical  qubits  in  an  equal-weight  superposition 
of  all  logical  states.  This  can  be  performed  by  applying  the  Hadamard  transform  to  its  ground 
state  |0> /  =  I~[(j=n_,  |0 )j.  Note  that  the  target  register  holds  an  eigenstate  \<p)r  of  0t  with 
eigenvalue  exp(i</>).  Hereafter,  the  subindex  /  will  denote  the  index  state,  while  the  subindex 
T  refers  to  the  target  state.  The  computational  initial  state  of  the  whole  system  is 


n 

j=n-\ 


l*<0)>  = 


/ 


(2) 
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Figure  1.  Quantum  phase  estimation  with  operational  delays.  Note  that  ( 1 )  there  is  an  operational 
delay  rjml  (m  =  I.  2)  between  successive  quantum  operations  on  the  yth  physical  qubit,  and  (2) 
the  7th  logical  qubit  is  changed  to  the  in  -  j  -  I  )th  one  after  the  Hadamard  gate  H  and  inverse 
QFI  F  '.  Here,  r|h  is  time  delay  between  the  H  and  0  j  operations,  while  r|2)  is  the  delay 
between  0 f  '  '  and  F  1 . 


where  \k)i  =  |c/o)*_i  ®  ••  I«;»-i)q  are  the  number  states  of  the  index  register,  and//,  is  the 

Hadamard  transform  applied  to  the  y  th  logical  qubit.  For  convenience,  in  this  paper  the  y  th 
logical  qubit  is  changed  into  the  {n  —  1  -  j  )th  logical  qubit  when  applying  either  the  Hadamard 
or  the  (inverse)  quantum  Fourier  transform  (QFT).  Of  course,  the  order  of  the  physical  qubits 
is  not  changed. 

After  a  finite  time  delay  r;(l  1  for  the  y'th  physical  qubit,  the  initial  state  |vF(0))  of  the  whole 
system  evolves  into 


W’})  = 


fl  ^(exp(-iE?rjl,)|Oy)(I_y_i  +exp(-i£jrj")|l, 


J=»~\ 


®  |0)7 


(3) 


with  E°j  and  £j  being  the  eigenvalues  of  the  Hamiltonian  for  the  y  th  bare  physical  qubit 
corresponding  to  the  eigenvectors  |0;)  and  1 17),  respectively. 


2.2.  Global  phase  shift 

Second,  we  shift  the  ‘global’  phase  in  the  eigenvector  of  the  operator  0  into  a  measurable 
relative  phase.  This  can  be  achieved  by  using  the  phase  kick-back’  technique  1 12).  Indeed, 
after  applying  a  controlled-^  operation  c  -  0 ,,  defined  by 

c-Oj  =  |i)yy(i|®<7-;'  +  io)..(0|®/T 

to  the  yth  logical  qubit,  the  state  |<t>  jr' 1 ' })  is  evolved  into 


WD- 

j=n-\ 

=  -T(exp(-i£^r(Jl’)|00)„_i  +  exp  (-if^r,1,11)  exp(i2"“ '<p)\  10>«-i)  ® 


(4) 
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•  •  ®  ^=(eXp(-i£”-|Tn-|)|0«-|>0  +  exp  HE*- 1  *nl-l) 
x  exp(i2V)|l„_1)0)  ®  \<t>)T-  (5) 

Here  1 1  > y  y  <  1 1  and  |0)yy(0|  are  the  projectors  of  the  y'th  logical  qubit.  Ij  is  the  identity  or 
unity  operation.  The  controlled-#^'  operator  means  that,  if  the  yth  logical  qubit  in  the  index 
register  is  in  the  state  |1);,  the  2y-fold  iteration  of  Uj  is  applied  to  the  target  register.  The 
‘global’  phase  in  the  eigenvector  of  the  operator  02j  is  changed  as  the  measurable  relative 
phases  in  the  states  of  the  index  qubits. 

Before  the  next  step  in  the  operation  of  the  algorithm  there  is  another  finite-time  delay 
r j2)  for  the  y'th  physical  qubit.  During  this  time  interval  each  physical  qubit  of  the  index 
register  evolves  again  freely  according  to  the  Schrodinger  equation,  while  the  target  register  is 
assumed  to  be  still  in  the  state  \4>)t-  As  a  consequence,  the  state  of  the  whole  system  becomes 

l<t>ir;))  =  ^;(exP  (— i^oro)IOo)n-i  +  exP  (—>£() To)  exp  (i2""V)l  lo)n-i)  ® 

-  •  ®  ^(exp(-i£"_lT„_i)|0„_i>o  +  exp(-i£',|_lr„_i) 


exp(i2V)|lB_,>o)®  \+)t 

(6) 

(7) 

being  the  total  delay  before  and  after  the  controlled-#  2  operation.  Note  that  the  dynamical 
phases  of  the  index  qubit  can  be  added  up  before  and  after  this,  as  controlled-#^  operator 
is  diagonal  in  the  basis  of  the  (n  —  j  —  1  )th  logical  qubit  of  the  index  register. 


2.3.  Measurement 


Third,  we  finally  apply  the  inverse  quantum  Fourier  transform  (QFT)  on  the  index  register  to 
measure  the  phase  in  the  eigenvector  of  the  unitary  operator  #7.  The  inverse  QFT,  defined  by 
the  formula 

2"  —  1 

QFT-1  :|*>  —  F-'\k)  =  ^J2^p(-^i-3-)\l)  (8) 

can  be  performed  by  using  the  sequential  unitary  operations  F~l  =  =  #0^01  ’’ 

H n-2  '  n-r  £J,_2  „_i  1  <  to  the  corresponding  logical  qubits.  Here, 


/I  0  0  0  \ 

0  10  0 
0  0  1  0 

\0  0  0  e_i7r/2  / 

j-k.j 


is  a  two-qubit  controlled-phase  operation.  It  implies  that  the  state  1 1)  ,  of  the  target  y  th  logical 
qubit  will  change  by  a  phase  exp(  —  i7r/2A ),  if  the  control  (j  -  /:)th  logical  qubit  is  in  the  state 
1 1 )  j—ie  If  the  phase  0  can  be  exactly  written  as  a  rt-bit  binary  expansion,  i.e., 

<t>  =  +  +  '  +  <f>j  =  0.  \  7=0,1 . n  -  1  (9) 

then  the  expected  final  output  state  of  the  index  register,  after  applying  the  inverse  QFT.  is  the 
following  product  state 


l't'(r>})/  =  ®  •  ■  •  I <t>j)i  •  •  •  ®  I0»)o- 


(10) 
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However,  the  existing  dynamical  phase  error,  arising  from  the  free  evolution  of  the  physical 
qubits  during  the  delays,  may  spoil  the  desired  results.  For  example,  measuring  the  yth 
physical  qubit  in  the  computational  basis  { |0> .  1 1)},  we  have 

:  [exp(— i ) |0y )„_ i _y  +  exp  (— i£j  ry ) exp( i2"~ 1  lit (0o  </>n-i-y))|l>)«-i-;]/v/2 

-*■  exp(-i£°ry)[(l  +exp(-iA,ry)exp(ijrtf>,))|0;),  +  (I  -  exp(-iA,r,) 

X  exp(ij7-0y )>|  1  J/n/2.  (11) 

The  expected  result  \<pj)  j  is  obtained  with  the  following  probability, 

=  ill  +  cos<Ayry)]  A  j  =  Ej  -  (12) 

while  an  error  output  state  |0y0l);-  is  obtained  with  the  probability  1  =  [1  — cos(Ayry  )]/2. 
Here  0  refers  to  addition  modulo  2.  Note  that  the  above  probability  (12)  of  obtaining  the 
correct  result  only  depends  on  the  total  delay  time  ry,  but  not  directly  on  the  individual  time 
intervals  rijm\  m  =  1,2. 

Obviously,  if  r(l)  =  r<2)  =  0,  i.e.,  for  the  ideal  algorithm  realization  without  any  delay, 
one  obtains  the  desired  output  \<p,) While  for  the  realistic  case  where  r|h.  rj2)  ^  0,  the 
required  quantum  inference  may  be  modified,  and  thus  the  real  output  may  not  be  the  expected 
one.  A  worst  case  scenario  is  produced  if 

AjTj  =  (2/+  1)7T  /  =  0.1,2....  (13) 

because  the  corresponding  error-state  output  is  | (p,  0  l)y,  which  is  incorrect.  However,  if  the 
following  matching  condition 

AjTj  =  2(1  +  1  )7T  (14) 

is  satisfied,  one  obtains  the  desired  output  \4>j)j*  and  thus  the  fast  oscillation  of  the 
superpositional  wavefunction  is  suppressed  in  the  output  of  the  computation.  Above, 
Tj  =  Tj]  1  +  rj2)  is  the  total  effective  delay  time  of  the  y  th  physical  qubit  in  the  algorithm.  The 
condition  in  equation  ( 14)  is  desirable  for  implementing  quantum  algorithms  with  an  arbitrary 
number  of  qubits  and  includes  as  a  particular  case,  the  less  general  condition  in  [8 ]  for  the 
finite-time  implementation  of  the  four-qubit  Shor’s  algorithm. 

3.  Example  and  applications 

We  now  demonstrate  the  above  general  approach  via  a  simple  example,  and  show  the  effects 
of  dynamical  phases  in  finite-time  implementations  of  a  few  quantum  algorithms. 

3.1 .  NOT  gate  eigenvalue 

First,  we  wish  to  determine  the  eigenvalue  of  the  Pauli  operator  d\,  or  NOT  gate,  by  running 
the  realistic  single-qubit  phase  estimation  algorithm  discussed  above.  Assuming  that  the 
single-qubit  target  register  is  prepared  into  one  of  the  eigenstates 

mr  - l±,r  -  in  (±')r  (l5) 

corresponding  to  the  eigenvalues  e'^  with  <p  =  0.  n %  respectively.  According  to  the  above 
discussions,  the  final  state  of  the  index  single-qubit  register,  after  the  single-qubit  measurement 
just  performed  by  Hadamard  transform,  can  be  written  as 

I'Hr))/  =  3 {[  1  +  exp(— iAr  +  \<t>)]  exp(-i£°r)|0), 

+  [I  —  exp(— iAr  +  i<£)|exp(—  i  £ 1  r)|  1 )  /  J . 


(16) 
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This  implies  that  the  probability  for  the  index  register  to  be  finally  in  the  state  |0> /  or  1 1  >  /  is 
P0(r)  =  ^[1  +  cos0cos(Ar)  +  sin0sin(Ar)]  (17) 


or 

P,( r)  =  ^[1  -  cos0cos(Ar)  +  sirup  sin(Ar)].  (18) 

If  the  target  register  is  in  the  eigenstate  |+)/  of  operator  dx  with  eigenvalue  +1,  i.e.,  0  =  0, 
the  probability  of  getting  the  expected  output  |0) /  is  Po(t)  =  1,  if  condition  (14)  is  satisfied. 
However,  if  condition  (13)  is  satisfied,  the  index  register  will  show  the  error  output,  i.e.,  1 1  >/. 


3.2.  Dynamical  phase  effects  in  the  quantum  order-finding  algorithm  with  delays 

Shor’s  algorithm  [15]  for  factoring  a  given  number  N  is  based  on  calculating  the  period  of 
the  function  fix)  =  yx  mod  N  for  a  randomly  selected  integer  y  between  1  and  N.  Once,  the 
order  r  of  y  mod  N  is  known,  factors  of  N  are  obtained  by  calculating  the  greatest  common 
divisor  of  N  and  yr/2  ±  1.  A  finite-time  implementation  of  the  order-finding  algorithm  can 
be  translated  to  the  above  quantum  phase  estimation  algorithm  with  delays.  Here,  the  unitary 
operator  whose  eigenvalue  we  want  to  estimate  is  the  unitary  transformation  0^  with  U[  =  /, 
which  maps  \x)  to  \yx  mod  N)  and 

N)  =  4= 

y/r 

k  =  0 . r  —  1 .  (19) 

By  the  phase  estimation  algorithm,  we  can  measure  the  eigenvalue  exp(2;riA://*)  and 
consequently  get  the  order  r.  However,  the  present  target  register  cannot  be  prepared 
accurately  in  one  of  the  eigenvectors  |w*),  as  the  order  /  is  initially  unknown.  It  is  noted 
that  m=o  \uk)l >/r  =  1 1),  and  1 1)  is  an  easy  state  to  prepare.  Thus,  the  algorithm  may  be  run 
by  initially  generating  a  superposition  of  all  eigenstates  of  the  operator  0  vt  rather  than  one  of 
them  accurately. 

Without  loss  of  generality,  we  demonstrate  our  discussion  with  the  simplest  meaningful 
instance  of  Shor's  algorithm,  i.e.,  the  factorization  of  N  =  15  with  y  =  7,  which  had  been 
implemented  in  a  recent  NMR  experiment  [16].  In  this  simplest  case,  the  order  r  is  the  power  of 
2,  i.e.,r  =  2 ",/?  =  2,  and  thus  the  expected  phase  estimation  algorithm  can  measure  exactly  the 
/7-qubit  eigenvalue  k/2n  :  k  =  k j2j ,  k j  =  0,  1.  From  the  measurement  eigenvalues  we 

can  obtain  the  order /  by  checking  if  vr  mod  /V  =  1.  Following  the  corresponding  experimental 
demonstration  [16],  we  need  an  index  register  with  n  =  2  physical  qubits  to  measure  the 
eigenvalues  of  the  present  unitary  operator  0yt  and  a  target  register  with  m  =  4  physical  qubits 
to  represent  the  state  |l)r  =  ^Lk=o  )r/2.  | uk)T  =  H^=oexp(-2^  iAx/22)|7'  mod  15)r/2, 
which,  in  fact,  is  the  equal-weight  superposition  of  all  the  eigenvectors  of  the  operator 
0y  :  |jc>r  — ►  \1*  mod  15)r,  or  =  0,  1, 2,  3,  with  Uy\uk)T  =  exp(2;r  iAr/22) | >r •  According 
to  the  three-step  finite-time  implementation  of  the  phase  estimation  discussed  in  the  last 
section,  one  can  easily  prove  that  the  whole  system  is  in  the  following  entangled  state, 

=  ®  \uk)T  (20) 

before  the  index  register  is  measured  by  using  the  inverse  QFT.  Here,  the  unimportant  global 
dynamical  phase  factor  exp  (— 2i£”ry)  is  neglected. 


UAuk) 


{.2nk\ 

=  eXp('  — j 


l«*> 


ir-A  /  iA  Jt  \  , 

2_^exp(  - j  |  y  modAO 
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In  the  ideal  case,  i.e.,  rj 1 1  =  rj2)  =  0,  measuring  the  index  register  by  the  inverse  QFT 
will,  with  a  probability  equal  to  1/4,  produce  the  expected  output  state 

l*out>/  =  1*1  )i  ®  l*o)o.  (21) 

Simultaneously,  the  target  register  will  ‘collapse’  into  the  state  of  the  corresponding  expected 
eigenvector  | //*).  Once  a  measurement  output,  i.e.,  k/22  =  (2{k\  +  2°ko)/2z  is  known,  the 
order  is  efficiently  verified  by  checking  if  y‘  mod  N  =  1  for  /  =  21/ k.  2  x  2 2 /£,...,  r.  For 
example,  if  the  output  is  k  =  3,  i.e.,  I^om)/  =  |li)i  ®  |lo)o*  the  order  can  be  verified  by 
testing  y'  mod  N  =  1  for  /  =  (22/3,  2  x  22/3,  3  x  22/3  =  4  =  r(.  Of  course,  the  algorithm 
fails  if  the  output  is  k  =  0,  i.e.,  the  target  register  collapses  into  the  corresponding  eigenvector 
\uo).  However,  these  deductions  may  be  modified  in  a  realistic  quantum  computing  process 
where  the  delays  exist,  i.e.,  rjn,  r/u)  ^  0.  In  fact,  one  can  easily  see  from  equation  (18)  that, 
after  applying  the  inverse  QFT,  if  the  target  register  collapses  into  the  state  |k*),  the  output  in 
the  index  register  reads 

0  r  i  | 

I'J'out)/  =  n  2(l  +exP(-iA'T>  +xikj))\0j)j  +  -(!  -  exp(-iAyry  +nikj))\\ j) j 

(22) 

Therefore,  the  expected  state  \k\)\  ®  \ko)o  is  obtained,  only  if  the  delays  are  set  up  to  satisfy 
the  matching  condition  (14).  Otherwise,  some  errors  may  appear  in  the  index  register.  In 
particular,  an  undesirable  bit  flip  error  will  be  produced  if  equation  (13)  is  satisfied.  For 
example,  if  the  target  register  collapses  into  the  state  11/3)7 ,  the  index  register  generates  a  null 
|0> /  =  1 0 1 )  1  (g>  |0o)o,  but  not  the  expected  output  |3> /  =  1 1 1)1  ®  |  lo)o. 

3.3.  Quantum  counting  algorithm  with  operational  delays 

Quantum  counting  is  an  application  of  the  phase  estimation  procedure  to  estimate  the 
eigenvalues  of  the  Grover  iteration  [17,  1 8 1, 

G  =  -AUoA-'Oj.  (23) 

Here,  A  is  any  operator  which  maps  |0)  to  E '-(i  I x)/Vn.  0a  maps  |0)  to  — 10)  and  0 ,  maps 
|.r)  to  (  - 1  )^(  v)|jc).  This  algorithm  enables  us  to  estimate  the  number  of  solutions  to  the  search 
problem,  as  the  Grover  iterate  is  almost  periodic  with  a  period  dependent  on  the  number  of 
solutions.  Indeed,  from  the  following  equation, 

G  |4/±)  =exp(±27ruu,)|vl>±)  /  =0,  1,2 . N  (24) 

with  |<1»±)  =  (|X,)  ±  i|X0))/>/2,exp(±2jritt,)  =  1  -  21 /N  ±  2i  Jl/N  -  (///V)2,  and 
|X|)  =  E/U)=I  I x)/Vl,  |X„)  =  -/,  we  see  that  either  io,  or  - co ,  can 

be  estimated  by  using  the  phase  estimation  algorithm.  This  gives  us  an  estimation  of  /,  the 
number  of  solutions. 

In  order  to  explicitly  demonstrate  how  the  dynamical  phase  error  reveals  in  quantum 
counting,  we  consider  the  simple  case  where  /  =  N / 4.  The  expected  eigenvalues  we  want 
to  estimate  are  exp(±7ri/3),  corresponding  to  the  target  register  being  kept  in  the  eigenstates 
However,  in  this  case  the  expected  output  a>\  =  1/6  cannot  be  expressed  exactly  in  an 
/?-bit  expansion.  Following  Jones  et  al  [  18)  and  Lee  et  al  \  19],  we  now  adopt  the  ensemble 
measurement  to  approximately  characterize  the  final  state  of  the  index  register.  The  algorithm 
operates  on  two  registers:  a  single-qubit  index  register  and  the  target  register  with  m  qubits, 
which  are  initially  prepared  in  their  ground  state:  IVTO))/  =  |0),  IV'(0))7  =  rrU-i  io);. 
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A  quantum  counting  algorithm  with  delays  can  also  be  performed  by  three  operational 
steps. 

(1)  Applying  the  Hadamard  transform  to  two  registers  simultaneously,  we  have 


l^i)  =  l^i )/  ®  l*Ai )t  (25) 

with  |i/r|),  =  H\0),  =  (|0)  +  |1»/V2,  and  IV'i >r  =  c+l'JMr  +  c±  = 

=Fiexp(±i 

(2)  After  the  first  finite-time  delay  r(,\  we  apply  the  controlled  operation  c  —  G  = 
1 1 ) /  /  <  1 1  <8>  Gt  +  |0)/,(0|  <8>  IT  to  the  state  |4>i),  and  have 


l't'2>  =  £%IO),+exp(i 


(26) 


After  k  repetitions  of  the  above  operations,  the  state  of  the  system  becomes 

I*?)  =  ^=[l°>/  +e\p(H2njkwi  -  A(rU)  +  r(2)  +  •  •  •  +  rt*“,,))|l),]  <g>  |^y)r.  (27) 


j=± 


Above,  the  controlled  operation  c  —  G  means  that  the  operation  G  is  applied  to  the  target 
register  only  when  the  control  qubit  is  in  state  1 1)/. 

(3)  After  another  finite-time  delay  rik\  we  apply  a  second  Hadamard  transform  to  the 
control  qubit,  producing 

1^4)  =  Vc,[(.  +  exp(i(2jrfc/&>,  -  Ar)))|0),  +  (1  -  exp(i(2 nkju>,  -  Ar)))| !>/]  <g> 

*  '=±  (28) 
r  =  r(ra' 

m=  1 

and  then  the  expectation  value  of  a:  is  measured  to  characterize  the  final  state  of  the  index 
register.  This  corresponds  to  determining  the  population  difference  between  |0)//(0|  and 
1 1)/  /  ( 1 1  in  the  state  1^4)),  and  the  result  can  be  expressed  as 


(a ,)/  =  cos(2n kcoi  -  Ar).  (29) 

The  expected  result  for  the  ideal  case,  i.e.,  z(m)  =  0,  is  (a,)/(r  )  =  cos(27ika)i ),  and  the  value 
coi  is  estimated  by  varying  k  in  a  manner  based  on  a  technique  of  Kitaev  [11].  For  the  present 
problem,  if  the  number  of  repetitions  of  the  c  —  G  operator  is  k  —  6,  the  measurement  result 
will  be  expected  as  (a-)/  =  1.  This  implies  that  before  the  measurement  the  control  qubit 
is  in  state  |0)  with  a  high  probability.  However,  in  practice,  operational  delays  always  exist 
and  thus  the  wavefunction  of  the  control  qubit  acquires  a  nontrivial  dynamical  phase  for  each 
delay.  As  a  consequence,  the  realistic  result  of  the  measurement  is  obviously  dependent  on 
the  total  delay  time  r  =  Ylm= 1  T<m>-  We  see  again  that  the  expected  result  is  obtained  only  if 
the  matching  condition  ( 14)  is  satisfied. 


4.  Conclusion  and  discussion 

Ideal  quantum  algorithms  usually  assume  that  quantum  computing  can  be  performed  by 
continuously  applying  a  sequence  of  unitary  transforms.  In  reality,  when  performing  a  practical 
quantum  computations,  there  are  finite  time  intervals  between  the  sequential  operations. 
During  these  delays,  according  to  the  Schrodinger  equation,  unwanted  relative  dynamical 
phases  are  acquired  by  the  superposition  wavefunction  of  the  physical  qubit  in  the  quantum 
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register.  In  general,  this  phase  modifies  the  desired  quantum  interference  required  for  an 
ideal  quantum  computer  and  thus  spoils  the  correct  computational  results.  Note  that  any 
entanglement  between  qubits  is  caused  during  these  delays,  and  thus  resulting  coherent 
phase  errors  can  be  avoided  by  simply  setting  up  the  total  delay  times  to  satisfy  certain 
matching  conditions.  Under  these  conditions,  the  relative  physical  phases  in  the  final  state 
of  the  superposition  wavefunction  are  deleted.  Of  course,  the  dynamical  oscillations,  due  to 
delays,  can  also  be  suppressed  by  trivially  setting  up  individual  delays  rjw),  m  =  1,2..., 

as  Ayrjm)  =  2nn.  The  key  observation  here  is  that  only  the  total  delay  time ,  instead  of  the 
duration  for  every  delay,  needs  to  he  set  up  accurately  to  avoid  the  coherent  dynamical  phase 
errors.  Therefore,  only  the  proper  setting  up  of  the  total  delay  is  needed  for  avoiding  coherent 
intrinsic  errors.  In  these  implementations,  only  the  free  evolution  of  the  physical  qubits  in  the 
index  register  is  considered. 

Compared  to  previous  schemes  [8-10]  for  studying  similar  problems,  our  scheme  presents 
some  advantages.  First,  it  does  not  require  that  the  Hamiltonian  should  be  equal  to  zero  during 
the  quantum  register  in  the  idle  state  (as  done  in  [9]).  Second,  operations  to  force  the  generation 
of  additional  phases  to  eliminate  these  phase  errors  (as  done  in  [8])  are  not  needed.  Finally, 
our  approach  does  not  need  to  use  a  pair  of  degenerate  states,  formed  by  using  two  or  more 
physical  qubits,  to  encode  a  logical  qubit  (as  done  in  [10])  for  transforming  the  relative  phase 
into  a  global  phase.  Therefore,  in  principle,  our  proposal  should  allow  the  implementation  of 
the  expected  ideal  quantum  phase  estimation  algorithm. 

It  is  worthwhile  to  emphasize  that  only  the  delays  between  the  sequential  functional 
steps  of  quantum  computing  are  considered  in  the  present  simplified  scheme.  The  effective 
dynamical  phases,  acquired  by  superposition  wavefunctions  of  physical  qubits  during  the 
effective  delays,  may  be  added  up,  as  the  key  operation  c  —  U ;  in  the  phase  estimation 
algorithm  is  diagonal  in  the  logical  basis  of  index  register.  The  applied  non-diagonal  Hadamard 
gate  H  and  inverse  QFT  operation  F_l  were  assumed  to  be  implemented  exactly,  and  thus 
the  coherent  errors  relating  to  the  possible  operational  delays  inside  the  initialization  and 
measurements  had  been  neglected.  Indeed,  the  Hadamard  gate  had  been  performed  exactly 
by  using  one-step  operation  [20],  and  the  one-step  operational  approach  had  been  proposed 
[2 1  ]  to  exactly  implement  the  QFT.  Furthermore,  the  present  scheme  for  avoiding  the  coherent 
dynamical  phase  error  is  still  robust,  even  if  the  operational  delays  inside  the  initialization 
and  measurement  are  considered.  Usually,  only  a  non-diagonal  av-operation  is  included 
in  a  three-step  process  for  realizing  a  Hadamard  gate,  and  in  the  inverse  QFT  for  measuring 
a  physical  qubit.  Fortunately,  it  is  not  required  to  add  up  the  dynamical  phase  before  and 
after  such  a  non-diagonal  ox  -operation  in  the  quantum  phase  estimation  algorithm.  In  fact, 
the  qubit  is  not  in  superposition  state  before  (after)  the  applied  ax -operation  in  initialization 
(measurement).  Therefore,  in  the  framework  of  the  quantum  phase  estimation  algorithm,  the 
present  strategy  for  avoiding  the  coherent  phase  error  is  sufficiently  robust.  This  approach  can 
also  be  used  for  other  quantum  algorithms,  e.g.,  Deutsch-Jozsa  algorithm  [  1 1,  wherein  the  key 
operation  is  diagonal  and  the  possible  non-diagonal  operations  are  also  only  included  in  the 
initialization  and  measurement  operations. 
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PACS.  03. 67. Lx  -  Quantum  computation. 

PACS.  32.80.  P j  -  Optical  cooling  of  atoms;  trapping. 

Abstract.  -  Several  sequential  operations  are  usually  needed  for  implementing  controlled 
quantum  gates  and  generating  entanglement  between  a  pair  of  quantum  bits.  Based  on  the 
conditional  quantum  dynamics  for  a  two-ion  system  beyond  the  Lamb-Dicke  limit,  here  we  pro¬ 
pose  a  theoretical  scheme  for  manipulating  two-qubit  quantum  information,  i.e.,  implementing 
a  universal  two-qubit  quantum  gate  and  generating  a  two-qubit  entangled  state,  by  using  a  pair 
of  simultaneous  laser  pulses.  Neither  the  Lamb-Dicke  approximation  nor  the  auxiliary  atomic 
level  are  required.  The  experimental  realizability  of  this  simple  approach  is  also  discussed. 

As  first  suggested  in  [1],  one  of  the  most  promising  scenarios  for  implementing  a  practical 
quantum  information  processor  is  a  system  of  laser-cooled  trapped  ions,  due  to  its  long  coher¬ 
ence  time  [2].  In  this  system  the  qubit  (i.e.,  the  elementary  unit  of  quantum  information)  is 
encoded  by  two  internal  levels  of  each  trapped  cold  ion  and  can  be  manipulated  individually 
by  using  laser  pulses.  As  explained  below,  a  third  auxiliary  internal  level  of  the  ion  is  also 
required.  Several  key  features  of  the  proposal  in  [1],  including  the  production  of  entangled 
states  and  the  implementation  of  quantum  controlled  operations  between  a  pair  of  trapped 
ions,  have  already  been  experimentally  demonstrated  ( e.g .,  [3-6]).  Meanwhile,  several  al¬ 
ternative  theoretical  schemes  (e.g.,  [7-12])  have  also  been  developed  for  overcoming  various 
difficulties  in  realizing  a  practical  ion-trap  quantum  information  processor. 

Auxiliary  transitions  between  the  encoded  atomic  levels  and  the  auxiliary  ones  [1,3,5]  and  a 
series  of  laser  pulses  [1,9-11]  are  usually  required  in  various  previous  schemes  for  manipulating 
two-qubit  quantum  information.  For  example,  a  three- step  operation  is  required  in  [13],  five 
laser  pulses  in  [1,9],  six  pulses  in  ref.  [10],  and  seven  pulses  are  needed  in  ref.  [11]  in  order 
to  perform  a  quantum  controlled-NOT  (CNOT)  logic  gate.  The  first  aim  of  the  present  work 
is  to  propose  an  efficient  scheme  for  realizing  quantum  logic  operations  between  a  pair  of 
trapped  cold  ions  by  a  single-step  operation.  The  Lamb-Dicke  (LD)  approximation,  which 
requires  that  the  coupling  between  the  external  and  internal  degrees  of  freedom  of  the  ion 
be  very  weak,  is  made  in  almost  all  of  the  previous  schemes  (e.g.,  [4,6,8, 11, 12])  in  order  to 
simplify  the  laser-ion  interaction  Hamiltonian.  However,  the  quantum  motion  of  the  trapped 
ions  is  not  limited  to  the  LD  regime  [14].  Therefore,  it  is  important  to  manipulate  quantum 
information  stored  in  trapped  ions  outside  the  LD  limit. 

©  EDP  Sciences 


2 


EUROPHYSICS  LETTERS 


The  entanglement  between  different  particles  is  a  growing  focus  of  activity  in  quantum 
physics  [15],  because  of  experiments  on  non-local  features  of  quantum  mechanics  and  the 
development  of  quantum  information  physics.  Especially,  entanglement  plays  a  central  role 
in  quantum  parallelism.  The  quantum  entanglement  of  two  and  four  trapped  cold  ions  have 
been  generated  experimentally  [5,6]  in  the  LD  limit.  The  second  aim  of  the  present  work  is 
to  show  how  to  deterministically  produce  the  entangled  states  of  two  trapped  ions  outside  the 
LD  regime.  The  third  aim  is  to  achieve  this  without  auxiliary  internal  levels. 

In  summary,  here  we  propose  a  scheme  for  manipulating  quantum  information  (i.e.,  re¬ 
alizing  quantum  controlled  operations  and  generating  entanglement)  of  two  trapped  ions: 
i)  beyond  the  LD  limit,  ii)  without  needing  any  auxiliary  atomic  level,  and  iii)  by  using  a 
single-step  operation. 

We  consider  an  array  of  N  two-level  cold  ions  of  mass  M  confined  to  move  in  the  z - 
direction  of  a  Paul  trap  of  frequency  v.  The  ions  are  cooled  down  to  very  low  temperatures 
and  may  perform  small  oscillations  around  their  equilibrium  position  Zio  (i  =  1,2,. ..,7V), due 
to  their  mutual  repulsive  Coulomb  force.  Each  ion  is  assumed  to  be  individually  addressed 
by  a  separate  laser  beam.  Similarly  to  ref.  [16],  we  consider  the  case  where  an  arbitrary  pair 
(labeled  by  j  =  1,2)  of  the  N  trapped  cold  ions  are  illuminated  independently  by  two  weak 
travelling  laser  fields  with  frequencies  ujj.  The  Hamiltonian  corresponding  to  this  situation  is 


2  dz  N~l 

H{t)  =  hw0  +  E  hui 

j=l  Z  1=0 
flji 7+  exp 

Here,  vi  (/  =  0, 1, . . . ,  N  -  1)  is  the  frequency  of  the  Z-th  mode  collective  vibrational  motion, 
and  the  LD  parameter  accounts  for  the  coupling  strength  between  the  internal  state  of 
the  j-th  ion  and  the  Z-th  mode  of  the  collective  vibration,  bj  and  t>i  are  the  relevant  ladder 
operators.  Qj  is  the  carrier  Rabi  frequency,  which  describes  the  coupling  strength  between 
the  laser  and  the  j-th  ion  and  is  proportional  to  the  strength  of  the  applied  laser.  dz  and 
are  Pauli  operators,  hujQ  is  the  energy  separation  of  two  internal  states  |^)  and  \e)  of  the  ion, 
and  <pj  is  the  initial  phase  of  the  applied  laser  beam.  Expanding  the  above  Hamiltonian  in 
terms  of  creation  and  annihilation  operators  of  the  normal  modes,  we  have 


[b]bt  +  0  + 
y-i 

Y,  Wj  {b}  +  bi)  -  iUjt  -  i<t>j 


1=0 


+ 


H.c.j. 


(1) 


H  = 


-J  E  [wt  ff 

J  =  1,2  l  i=0 

oo 

e-Wi)2/ 2 


m,n= 0 


N)m+n 

m!n! 


b\mb? exp  [i(m  -  n)vit  -f  i{6jt  -  <t>j)] 


H.c.j 


(2) 


in  the  interaction  picture.  Here,  6j  =  Uj  -  u/o  is  the  detuning  between  the  laser  and  the 
ion.  Without  any  loss  of  generality,  we  set  the  frequencies  of  the  applied  laser  beams  as 
Uj  =  uo  -  kjU  with  v  =  vq  being  the  frequency  of  the  center-of-mass  (CM)  vibrational  mode, 
&2  =  0,  and  k\  =  1,2, . . ..  Like  the  procedure  described  in  [16, 17],  we  then  make  the  usual 
rotating  wave  approximation  (RWA).  For  small  values  of  k\,  the  excitations  of  the  higher  Z-th 
(/  >  1)  vibrational  modes  can  be  safely  neglected  and  the  following  effective  Hamiltonian: 


f  -  ,  „ 


n=0 


n!(n  +  kj)\ 


(3) 
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can  be  obtained.  Here,  a  =  60,  af  =  and  rjj  =  rf*  are  the  boson  operators  and  the  LD  param¬ 
eter  related  to  the  CM  mode,  respectively.  The  operator  function  Fj  =  HiLi'  exP [”(7?j)2/2]x 
E~o(^)2n^tn^/(n!)2  is  irrelevant  [16,17,19]  in  the  weak-excitation  regime  (toj  <  is). 
Therefore,  we  may  let  Fj  =  /  and  only  label  the  CM  mode  excitations. 

It  is  very  important  to  stress  that,  to  the  lowest  order  of  the  LD  parameter  rjj ,  the  ef¬ 
fective  Hamiltonian  (3)  reduces  to  that  in  previous  works  [4,6,8, 12, 17]  under  the  usual  LD 
approximation:  (m  4-  1/2 )rfi  <  1.  Here,  m  is  the  occupation  number  of  the  Fock  state  of 
the  CM  vibrational  quanta.  We  now  analytically  solve  the  quantum  dynamical  problem  as¬ 
sociated  with  the  Hamiltonian  (3)  without  performing  the  LD  approximation.  For  simplicity, 
the  information  bus  (i.e.,  the  CM  vibrational  mode  of  the  ions)  is  assumed  to  be  prepared 
beforehand  in  an  arbitrary  pure  quantum  state,  e.g.}  the  Fock  state  |ra).  The  Hamiltonian  (3) 
implies  that  the  laser  pulse  applied  to  the  second  ion  does  not  excite  the  CM  vibrational  state 
but  only  rotates  the  atomic  state  of  the  second  ion.  If  the  condition  k\  >  m  is  satisfied, 
then  the  ground  state  \gi)  of  the  first  ion  will  not  evolve.  Therefore,  {|m)|^i)|p2),  |7n)|pi)|e2)} 
and  {|m)|ei)|p2>,|m)|ei)|e2)Jm  +  ki)\gi)\g2),  \m  +  ki)\gi)\e2)}  form  two  different  invariant 
subspaces  of  the  dynamics  ruled  by  the  Hamiltonian  (3)  with  k2  =  0,  k\  >  m.  After  a  direct 
derivation,  we  obtain  the  exact  time  evolutions  in  these  subspaces: 


r\m)\gi)\g2)  — *  cos(d2t)|m)|pi)|^i)  -  ie~i(t> 2  sin(d20l ™)l0i)le2>, 
|ra)|0i)|e2)  — ►  cos(Q2t)|m)|pi)|e2)  -  ie1*2  sin(d2£)lm)l<?i)l<?2), 
Mld)!^)  — >  Ei(t)\m  +  k\)\gi)\g2)  +  E2(t)\m  4-  fci)|pi)|c2)+ 
+E3(t)\m)\ei)\g2)  4-  ^4 (t) |m> |ei > |e2> , 

|m)|ei)|e2)  — ►  Fi(t)\m  4-  ki)\gi)\g2)  +  E2(t)\m  4-  fci)|</i)|e2)4- 
+F3(t)\m)\ei)\g2)  +  F4(t)|m)|ei)|e2), 
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Here, 


p  =  £*1(62  +  72), 

WAr 

A2  =  A2  — 4(q272 

-a2)2.  c±  =  A; 

£*2  =  nSP, 

exp[ 

m  2 
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E 
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Note  that  the  above  evolutions  are  performed  by  a  single-step  operation  by  applying,  sepa¬ 
rately  to  two  ions,  a  pair  of  simultaneous  laser  pulses  with  different  frequencies.  The  exact 
dynamical  evolution  for  other  cases  can  also  be  derived  exactly  in  a  similar  way.  For  example, 
for  the  case  where  k\  <  0  and  \ki\  >  m  (z.e.,  the  CM  mode  is  excited  by  blue-sideband  laser 
beam  applied  to  the  first  ion),  the  relevant  evolution  equations  can  be  easily  obtained  from 
eq.  (4)  by  making  the  replacements  | ej)  «->  | gj)  in  the  third  and  fourth  formulas. 

Based  on  the  conditional  quantum  dynamics  derived  above,  we  now  show  how  to  simul¬ 
taneously  manipulate  quantum  information  stored  in  two  ions  by  a  single  operation,  z.e., 
implementing  the  universal  two-qubit  gate  and  engineering  two-qubit  entanglement,  beyond 
the  LD  limit.  This  is  achieved  by  properly  controlling  the  initial  phases,  wave  vectors,  and 
the  duration  of  the  applied  simultaneous  beams. 

First,  the  two-qubit  controlled  gate  implies  that  the  effect  of  the  operation  on  the  second 
qubit  (target  one)  depends  on  what  state  the  first  qubit  (control  one)  is  in.  It  is  easily  seen 
from  eq.  (4)  that,  if  the  following  conditions: 


cos(d2T)  =  sin(A+r)  =  sin(A_r)  =  1,  (5) 

are  satisfied,  the  two-qubit  controlled  operation 

C\2  =  Iffi)l02)(ffil(fl2|  +  |Pi>|c2)<Si|(e2|  -  ie-,l*'2|ei)|<?2)(ei|(e2|  -  ie'*2|ei)|e2)(ei|($2|  (6) 

can  be  realized  directly.  Here  r  is  the  duration  of  the  two  simultaneously  applied  pulses.  The 
state  of  the  information  bus  is  unchanged  during  this  operation.  Physically,  by  coupling  to 
the  common  information  bus,  z.e.,  the  CM  vibrational  quanta,  two  ions  may  entangle.  In  fact, 
eqs.  (4)  clearly  show  that  the  rotation  of  the  atomic  states  of  the  second  ion  depend  on  the 
quantum  state  of  the  bus,  although  the  bus  quanta  is  not  excited  by  the  applied  resonant  laser 
beam  on  the  second  ion  (u2  =  u>o)-  Therefore,  the  evolving  quantum  state  of  the  bus,  due  to 
evolution  of  the  first  ion  driven  by  a  non- resonant  laser  beam,  correlates  two  separate  ions. 
Once  the  relevant  experimental  parameters  are  set  to  satisfy  the  conditions  (5),  the  two-qubit 
entangled  gate  (6)  is  implemented.  This  controlled  operation  is  equivalent  [18]  to  the  exact 
CNOT  gate:  C$  =  |ffi)|fl2)<Si|<fl2|  +  Itfi ) [e2) <Pi | <e2|  +  |ei)|fl2)(ei|<e2|  +  |ei)|e2)(ei  |(s2|,  except 
for  a  local  rotation.  One  can  easily  check  that  both  the  small  and  large,  as  well  as  negative  and 
positive  values  of  the  LD  parameters  may  be  chosen  to  satisfy  the  condition  (5)  for  realizing 
the  desired  two-qubit  controlled  gate.  Our  approach  does  not  assume  the  LD  approximation. 
Thus,  the  present  scheme  operates  outside  the  LD  regime  and  rjj  can  be  large. 

Second,  we  show  below  that  the  entangled  states  of  two  trapped  ions  can  also  be  produced 
deterministically  outside  the  LD  regime.  In  fact,  it  is  seen  from  the  dynamical  evolution 
eq.  (4)  that  the  entanglement  between  two  ions  can  also  be  easily  engineered  outside  the  LD 
limit.  Beginning  with  the  non-entangled  initial  state  |^0)  =  \m)\9i)\92) ,  we  now  describe  a 
convenient  approach  to  do  this  engineering. 
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We  now  first  apply  a  laser  beam  with  frequency  initial  phase  </>i,  and  duration 

t\  to  ion  1,  and  realize  the  following  evolution: 

|V>o)  cos(Qiti)|m)|<7i}|<72}  -  ie'""1  sin(d1f1)|m)|ei)|g2)  =  |V>i).  (7) 

with  Ri(m,  t\)  being  a  simple  operation  of  rotating  the  spin  state  of  the  ion  1.  The  CM  mode 
quanta  is  not  excited  and  the  spin  state  of  ion  2  is  unchanged  during  this  process.  Obviously, 
this  evolution  may  also  be  implemented  by  using  a  pair  of  simultaneous  laser  beams  with 
frequencies  u\  =  ujq  and  =  u>o  —  k2v  (^2  >  respectively. 

We  then  apply  another  pair  of  simultaneous  laser  beams  with  frequencies  uj2  =  u>o  and 
lj\  =  uq  -  k\v  (ki  >  m)  to  realize  the  two-qubit  controlled  operation  CX2  introduced  above. 
This  lets  the  non-entangled  state  \xpi)  evolve  in  the  desired  entangled  state  |^12 (t)): 

|Vi>  ^  £/(t)lffi)l92>  +  V(t)|ci)|c2>  =  |^ia(t)>,  (8) 

with  U(ti)  =  cos(qi*i),  V(ti)  =  sin(di*i).  Interestingly,  the  generated  entangled 

state  reduces  to  the  two-qubit  maximally  entangled  states;  Le.,  the  corresponding  EPR  states: 
|\p±)  =  (\gi)\g2)  ±  |ei)|e2)) /\/2,  if  the  experimental  parameters,  such  as  the  duration  tx  and 
wave  vector  Z\  of  the  applied  laser  beam  for  realizing  the  single-qubit  rotation  R\(m,  £1),  are 
further  set  properly. 

We  now  briefly  discuss  the  experimental  realizability  of  this  proposal.  Indeed,  it  is  not 
difficult  to  properly  set  the  relevant  parameters  for  satisfying  the  condition  (5).  For  example, 
the  desired  LD  parameter  [19]  defined  by 

rjj  =  yJhrfKZMNv)  cos 03 ,  0j  =  arccos  (Zj  •  Zj/kj),  (9) 

can  be  reached  by  conveniently  controlling  the  wave  vector  Zj  of  the  applied  laser  beams. 
It  might  seem  at  first,  from  the  condition  (5),  that  the  present  scheme  for  realizing  the 
desired  gate  operation  cannot  be  easily  implemented,  as  the  relevant  experimental  parameters 
should  be  set  accurately.  For  example,  if  the  Rabi  frequencies  and  LD  parameters  are  set 
as  Hi  =  D2  =  D,  r]i  =  ±2.18403,  772  =  ±1.73205,  then  the  duration  r  of  the  two  applied 
simultaneous  pulses  should  be  set  up  accurately  as  Dr  =  56.3186.  A  simple  numerical  analysis 
shows  that  the  lowest  probability  of  realizing  the  desired  operation  is  still  very  high,  even  if 
the  relevant  parameters  cannot  be  set  exactly.  For  example,  even  if  the  duration  of  the  applied 
laser  pulses  is  set  roughly  such  that  Dr  ~  56.3  (56.0),  which  is  0.03%  (0.57%)  away  from  the 
exact  solution  of  condition  (5),  one  can  realize  the  operation  C*2  with  a  very  high  probability, 
i.e.,  99.998%  (99.36%),  via  a  single-step  operation.  Indeed,  by  testing  other  values  we  have 
proven  that  our  predictions  are  very  robust. 

Finally,  we  note  that  the  duration  of  the  applied  simultaneous  pulses  for  realizing  the 
above  quantum  controlled  operation  is  not  much  longer  than  that  for  other  schemes  [4,6,8, 12] 
operating  in  the  LD  regime.  The  duration  for  implementing  the  above  operation  is  estimated 
as  ~  10-4  seconds,  of  the  same  order  of  the  gate  speed  operating  in  the  LD  regime  [3],  for 
D/27T  «  225  kHz  and  v  -  ujz  «  7  MHz  [5].  To  excite  only  the  chosen  sidebands  of  the  CM 
mode,  the  spectral  width  of  the  applied  laser  pulse  has  to  be  small.  However,  it  is  not  so  small 
as  to  affect  the  speed  of  the  operations,  since  the  separation  between  the  CM  mode  and  the 
other  ones  is  sufficiently  large,  e.g.,  ux  -  u  =  (y/3  -  1  )i/  ~  v.  In  particular,  it  is  not  difficult 
for  the  current  laser-cooling  technologies  to  cool  the  trapped  ions  to  their  motional  ground 
state.  In  our  proposal,  the  ions  must  be  cold.  However,  in  principle,  the  heating  effect  may 
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be  suppressed  by  atom  interferometry  [13].  Therefore,  the  present  scheme  might  be  realizable 
in  the  near  future. 

In  summary,  we  have  proposed  an  efficient  theoretical  scheme  for  simultaneously  manipu¬ 
lating  two-qubit  quantum  information  stored  in  the  chosen  two  ions.  Under  certain  conditions 
a  universal  two-qubit  gate  can  be  exactly  realized  by  a  single-step  pulse  process  performed 
by  simultaneously  applying  a  pair  of  laser  beams  with  different  frequencies.  By  using  this 
quantum  operation,  one  may  engineer  the  entanglement  state  between  the  two  chosen  ions. 
All  operations  proposed  here  operate  outside  the  LD  regime  and  do  not  involve  quantum 
transitions  to  auxiliary  atomic  levels.  It  is  expected  that  the  present  scheme  may  be  extended 
to  simultaneously  manipulate  three-,  four-  or  multi-qubit  quantum  information  and  may  be 
also  extended  to  other  systems  besides  trapped  ions,  e.g.,  quantum  dots  on  quantum  linear 
supports  [20],  for  quantum  information  processing. 
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Abstract 

Based  on  the  exact  conditional  quantum  dynamics  for  a  two-ion  system,  we  propose  an  efficient  single-step  scheme  for 
coherently  manipulating  quantum  information  of  two  trapped  cold  ions  by  using  a  pair  of  synchronous  laser  pulses.  Neither  the 
auxiliary  atomic  level  nor  the  Lamb-Dicke  approximation  are  needed. 

©  2003  Elsevier  B.V.  All  rights  reserved. 

PACS:  03.65. Bz;  32.80.Pj;  89.70,+c 

Keywords:  Quantum  information;  Trapped  cold  ions;  Lamb-Dicke  limit 


1.  Introduction 

The  entanglement  between  different  particles  has  recently  become  a  focus  of  activity  in  quantum  physics  (see, 
e.g.,  [1]),  because  of  experiments  on  non-local  features  of  quantum  mechanics  and  the  development  of  quantum 
information  physics.  Einstein-Podolsky-Rosen  (EPR)  entangled  states  with  two  particles  have  been  employed 
not  only  to  test  Bell’s  inequality  [2],  but  also  to  realize  quantum  cryptography  and  quantum  teleportation  [1]. 
Also,  entanglement  plays  a  central  quantitative  role  in  quantum  parallelism  [3].  The  demonstrations  of  quantum 
entanglement  to  date  are  usually  based  on  various  probabilistic  processes,  e.g.,  the  generation  of  photon  pairs 
in  parametric  down  conversion  [4].  However,  it  is  very  difficult  to  generate  the  entanglement  of  larger  numbers 
of  particles,  as  the  probability  of  randomly  generating  the  appropriate  conditions  decreases  exponentially  with  the 
number  of  particles.  Intense  activities  are  now  focused  on  generating  an  entanglement  of  particles  in  a  deterministic 
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way,  i.e.,  to  produce  a  desired  entangled  state.  For  example,  the  entanglements  of  two  and  four  trapped  ions  have 
been  produced  experimentally  [5,6]. 

As  first  suggested  by  Cirac  and  Zoller  [7],  a  very  promising  scenario  for  implementing  a  practical  quantum 
information  processor  is  the  system  of  laser-cooled  trapped  ions,  due  to  its  long  coherence  time  [8].  Information  in 
this  system  is  stored  in  the  spin  states  of  an  array  of  trapped  cold  ions  and  manipulated  by  using  laser  pulses.  The 
ions  are  held  apart  from  one  another  by  their  mutual  Coulomb  repulsion.  Each  ion  can  be  individually  addressed  by 
focusing  laser  beams  on  the  selected  ion.  The  collective  normal  modes  of  oscillation  shared  by  all  of  the  ions  form 
the  information  bus,  through  which  all  gate  operations  can  be  performed.  In  the  past  few  years,  several  key  features 
of  the  proposal  in  [7],  including  the  production  of  entangled  states  and  the  implementation  of  quantum  controlled 
operations  between  a  pair  of  trapped  ions,  have  already  been  experimentally  demonstrated  [5,9-1 1].  Also,  several 
alternative  theoretical  schemes  (see,  e.g.,  [12-19])  have  been  developed  for  overcoming  various  difficulties  in 
realizing  a  practical  ion-trap  quantum  information  processor. 

The  Lamb-Dicke  (LD)  approximation  is  made  in  almost  all  of  previous  schemes  (see,  e.g.,  [5,10,13,18,19]), 
wherein  the  interaction  between  the  internal  states  |s)  =  (|g),  \e )}  and  the  external  motional  harmonic  oscillator 
states  [\n);n  =  0,  1,2,...}  of  the  ion  is  usually  expanded  to  the  lowest  order  of  the  LD  parameter  tjl.  This 
approximation  requires  that  the  coupling  between  the  external  and  internal  degrees  of  freedom  of  the  ion  is  very 
weak,  i.e.,  the  spatial  dimension  of  the  motion  of  the  ground  state  of  the  trapped  ion  should  be  much  smaller  than 
the  effective  wavelength  of  the  applied  laser  field  (see,  e.g.,  [7,20]).  However,  the  quantum  motion  of  the  trapped 
ions  is  not  limited  to  the  LD  regime  [21,22].  Inversely,  utilizing  the  laser-ion  interaction  beyond  this  limit  could 
be  helpful  for  reducing  the  noise  in  the  trap  and  improving  the  cooling  rate  (see,  e.g.,  [22]).  Therefore,  it  would 
be  useful  to  implement  the  trapped-ion  quantum  information  processing  outside  the  LD  regime.  Experimentally, 
the  cooling  of  the  motional  ground  state  of  two  trapped  ions  has  been  achieved  in  a  Paul  trap  in  the  LD  limit  [10]. 
Recently,  Morigi  et  al.  has  given  a  proposal  for  cooling  the  collective  motional  states  of  two  trapped  ions  outside 
the  LD  regime  [23].  This  is  a  further  step  towards  realizing  the  ion  trap  quantum  computer  operating  outside  the  LD 
regime.  In  fact,  several  schemes  [14-16]  have  been  proposed  to  implement  the  quantum  computation  with  trapped 
ions  beyond  the  LD  limit  by  sequently  applying  a  series  of  pulses. 

In  this  Letter,  we  propose  an  alternative  scheme  for  manipulating  quantum  information,  e.g.,  realizing  quantum 
controlled  operations  and  generating  entanglement,  of  two  trapped  ions  beyond  the  LD  limit  by  using  a  pair  of 
synchronous  laser  pulses.  The  information  bus,  i.e.,  the  center-of-mass  (CM)  vibrational  quanta  of  the  ions,  for 
communicating  different  ions,  may  be  either  in  its  ground  or  an  arbitrary  excitation  state.  Neither  the  auxiliary 
atomic  level  nor  the  Lamb-Dicke  approximation  are  needed  in  this  Letter.  The  experimental  realization  of  this 
simple  approach  is  discussed. 


2.  Conditional  quantum  dynamics  for  two  trapped  ions  driven  by  two  synchronous  classical  laser  beams 
beyond  the  Lamb-Dicke  limit 

The  ion  trap  quantum  information  processor  consists  of  a  string  of  ions  stored  in  a  very  cold  linear  radio¬ 
frequency  trap.  The  motion  of  the  ions,  which  are  coupled  together  due  to  the  Coulomb  force  between  them,  is 
quantum  mechanical  in  nature.  The  ions  are  sufficiently  separated  apart  (see,  e.g.,  [22,24])  to  be  easily  addressed  by 
different  laser  beams,  i.e.,  each  ion  can  be  illuminated  individually  by  a  separate  leaser  beam.  The  communication 
and  logic  operations  between  qubits  are  usually  performed  by  exciting  or  de-exciting  quanta  of  the  collective 
vibration  (i.e.,  the  shared  phonon)  modes,  which  act  as  the  information  bus  (see,  e.g.,  [7,14,17]). 

We  consider  an  array  of  N  two-level  cold  ions  of  mass  M  trapped  in  a  one-dimensional  harmonic  potential  of 
frequency  v.  The  ions  are  able  to  perform  small  oscillations  around  their  equilibnum  position  no  (i  =  1,2,...,  N ), 
due  to  the  repulsive  Coulomb  force  between  them.  Each  one  of  the  ions  is  assumed  to  be  individually  addressed  by 
a  separate  laser  beam.  We  consider  the  case  where  an  arbitrary  pair  (labeled  by  j  —  1,2)  of  trapped  cold  ions  from 
the  chain  of  N  trapped  cold  ions  are  illuminated  independently  by  two  weak  classical  laser  beams.  This  is  different 
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from  the  scheme  proposed  in  [25,26]  of  using  Raman  lasers  to  drive  the  ions.  The  Hamiltonian  corresponding  to 
our  situation  is 


2  ,  .\  N-\  ,  .. 

H(t)  =  hmYJ^-  +  +  2j  +  J^  hvi +  l) 

h  2  i  |  r  n-i 

+  -  ^  &j<r+,j  exp  I  i  I  +  a)  +  ^  Ij.libJ  +  bi)  -  cojt  -  <pj 

2  7=1  l  l  L  1=1 


+  H.c. 


(1) 


Here,  v  and  v/  (/  =  1 , . . . ,  N  —  1 )  are  the  frequencies  of  the  collective  center-of-mass  (CM)  vibrational  motion 
(/  =  0)  and  the  higher  normal  modes  (/  ^  1)  of  the  trapped  ions,  respectively;  a1  and  a  are  the  ladder  operators 
of  CM  mode,  while  bj  and  b/  are  the  ladder  operators  of  the  higher  normal  modes.  S2j  (j  —  1 , 2)  is  the  carrier 
Rabi  frequency,  which  describes  the  coupling  strength  between  the  laser  and  the  yth  ion  and  is  proportional  to  the 
strength  of  the  applied  laser.  azj  and  a±j  are  Pauli  operators,  flwo  is  the  energy  separation  of  the  two  internal 
states  |g)  and  \e)  of  the  ion,  and  <pj  is  the  initial  phase  of  the  applied  laser  beam.  The  LD  parameters  t]j  and  rj7,/ 
account  for  the  coupling  strength  between  the  internal  state  of  the  j  th  ion  and  the  vibrational  states  of  the  CM  mode 
and  the  higher  frequency  modes,  respectively.  Expanding  Eq.  (1)  in  terms  of  creation  and  annihilation  operators  of 
the  normal  modes,  we  can  rewrite  the  Hamiltonian  of  system  in  the  interaction  picture  as 


>=1.2 


n  jV+jGjUxpf-J  -  £  {lTlj)  m\n\  exp[i(m  -  n)vt  +  iSjt] 

L  m.n=0 


+  H.c. 


,  (2) 


with 


(w>!\  f. 

2  L6u  m'w 1 


exp[t'(m'  —  n')vit\. 


We  assume  that  the  frequencies  of  the  applied  lasers  to  be  tuned  resonantly  on  the  same  lower  red-sidebands 
of  the  center-of-mass  (CM)  vibrational  mode,  i.e.,  the  frequencies  wj  of  the  applied  lasers  are  chosen  to  be 
coj  =  (oq  -  kjV,kj  =  k  =  \  Then,  like  the  procedure  described  in  [25,27,28],  we  make  the  usual  rotating 

wave  approximation  (RWA)  and  have  the  following  effective  Hamiltonian 


h  ^  -  A  /  n)  \  ^  (irij)2n+ka'nan+k 

H’«  =  2  E  j “f(-  T  ‘  '♦>)  S  „!(„  +  «!  +  H  ‘ 


(3) 


for  small  k  values.  Here,  we  are  considering  the  weak  excitation  regime  (i2y  v,  i.e.,  the  intensity  of  the  applied 
laser  beams  is  assumed  to  be  sufficiently  weak)  [25,27,28].  In  this  regime,  the  excitations  of  the  higher-/  normal 
modes  (/  ^  1)  is  irrelevant  and  can  be  renormalized  to  the  effective  Rabi  frequencies  Qj.  We  stress  the  following 
important  fact:  the  effective  Hamiltonian  (3)  reduces  to  that  in  previous  works  (e.g.,  [5,10,13,19]  under  the  usual 
LD  approximation:  (m  +  l)i^  <3C  1),  to  the  lowest  order  of  the  LD  parameter  r\ j .  Here  m  is  the  occupation  number 
of  the  Fock  state  of  the  CM  vibrational  quanta.  Also,  the  Hamiltonian  (3)  reduces  to  that  in  [27]  for  k  =  1 . 

In  order  to  manipulate  a  pair  of  trapped  ions  outside  the  LD  regime,  we  now  wish  to  solve  the  quantum 
dynamical  problem  associated  with  the  above  Hamiltonian  (3)  without  using  the  LD  approximation.  All  operations 
presented  below  are  based  on  this  solution  and  do  not  involve  quantum  transitions  to  auxiliary  atomic  levels. 
Without  loss  of  generality,  the  information  bus  (i.e.,  the  CM  vibrational  mode  of  the  ions)  is  assumed  to  be 
prepared  beforehand  in  a  pure  quantum  state,  e.g.,  the  Fock  state  |m)  with  m  <  k.  During  the  time-evolution 
U(t)  =  e\p(-itHef{/h),  the  initial  state  |m)|gi)|g2>  is  unchanged,  i.e., 


N)l«l)l«2)  — ►  |ff»)lgl)l«2). 


(4) 
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since  Heff\m)\g\)\g2)  =  0.  Using  the  relations 

Heff\m)\e\)\g2)  =  (-i)k hel<f>x ct\\m  +  &)|gi)|g2>»  Heff\m)\g[)\e2)  =  (-i)khel<tnot2\m  +  fc)|gi)|g2), 

and 


Hefr\m+k)\g\)\g2)  =ikh(e  l<pla\ |m)|ei)|^2>  4-  e  l<ha2\m)\g\)\e2)), 
we  have  the  evolutions 


U(t) 


I m)\g\)\e2)  — >  B\(t)\m  +  k)\g\)\g2)  4-  B2(t)\m)\g\)\e2)  +  #3(ON)ki)lg2>, 


U(t) 


(5) 


lm>ki)l^2)  — ►  C\(t)\m  +  k)\g\)\g2)  +  C2(t)\m)\g\)\e2)  +  C3(t)\m)\e\)\g2), 


with 


=  B,(t)  = 


X 

Here,  j  =  1,2,  and 
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B3(t)  =  e 
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v2 
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- 

m+k,k ’ 


<*  = 


/(m+*)!  ^  (-1  i?,)2n+* 
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rO- 


Finally,  in  order  to  obtain  the  time-evolution  of  the  initial  state  |m) |ei )  1^2> ,  we  solve  the  Schrodinger  equation 
iA3|lKf))/3f  =  Weffl^CO)  in  the  invariant  subspace  {|m  +  2fc)|gi)|g2>.  |w  +  *)ki)lg2).  |m  +  *)|^i  )|e2),  |m)ki)  x 

k2>}. 


(£>1  (/)  \  /  0  (— (—i)ka2e"^ 

D2(t)  I  _  I  /‘aie-^1  0  0 
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04(0/ 


ika2e  0  0 
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0 

(-i)kp2e>te 

(-i)kP\e^' 
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/0i(f)\ 
02(f) 
03(f)  ’ 

V  04(f)/ 


ikp2e~ilh  ikP \e-'^ 

with  initial  conditions:  £>i(0)  =  Z>2(0)  =  £>3(0)  =  0,  £>4(0)  =  1.  Here,  | \jr(t))  =  0i(f)|m  -I-  2*)|gi)|g2>  + 
D2(t)\m  +  *)ki)|g2)  +  03(f)|w  +  £)lgi)k2)  +  04(f)|m)kl)k2).  After  a  long  but  direct  algebraic  derivation, 
we  obtain  the  exact  time-evolution 


|m)ki)k2) 


U(t) 


D\(l)\m  +  2k)\gl)\g2)  +  D2(t)\m+k)\ei)\g2)  +  03(f)|m  +*)|g1)k2) 
+  04(f)|w)ki  )k2>. 


(6) 


with 


D\(t)  —  i(2*V(^l+|k)^[cos(A.+f)  -  cos(A._r)],  04(f)  =  4(f+  cos(A._r)  —  cos(A.+/)], 


02(f)  =  (-i)k+le 


and 


D3(t)  =  (-i)k+'e 
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Here, 


P  =  ot  1#2  +<*2^1, 

f±=A-±-^a],  A.±  =  J A  =  '^(a2j+pj),  A2  =  A2  -  4(ai/3i  -  aifo)2. 

7=1  7=1 

Analogously,  the  effective  Hamiltonian  and  the  relevant  dynamical  evolutions  for  other  driving  cases  can  also 
be  derived  exactly.  For  example,  for  the  case  where  k\  =  ki  =  k'  <  0  and  \k'\  =  k>  m  (i.e.,  the  ions  are  excited  by 
blue-sideband  laser  beams  with  equal  frequencies  instead  of  red-sideband  ones),  the  effective  Hamiltonian  and  the 
relevant  dynamics  of  the  system  can  be  easily  obtained  from  Eq.  (3)  and  Eqs.  (4)— (6)  by  making  the  replacements: 
a  <5*  and  \ej)  ++  \gj),  respectively. 


3.  Manipulation  of  quantum  information  in  two  trapped  cold  ions 

Based  on  the  conditional  quantum  dynamics  for  the  two-qubit  system  derived  in  the  previous  section,  we  now 
show  how  to  effectively  manipulate  two-qubit  quantum  information  stored  in  two  ions  by  applying  a  pair  of 
simultaneous  laser  pulses.  Generally,  the  motion  state  entangles  with  the  spin  states  during  the  dynamical  evolution. 
We  afterwards  focus  on  how  to  decouple  them  and  realize  in  one  step  and  beyond  the  LD  limit:  either  a  two- 
qubit  controlled  operation  or  an  entanglement  between  the  trapped  ions.  The  state  of  the  information  bus  (CM 
mode)  remains  in  its  initial  state,  which  is  not  entangled  with  the  qubits  after  the  operations.  This  is  achieved  by 
properly  setting  up  the  controllable  experimental  parameters,  e.g.,  the  Lamb-Dicke  parameters  rjj9  the  effective 
Rabi  frequencies  {2  j,  the  frequencies  coj  0  =  1, 2)  and  the  duration  of  the  applied  synchronous  pulses. 

3. 1.  Two-qubit  controlled  operations 

As  one  of  the  simplest  universal  two-qubit  quantum  gates,  the  Cz  logic  operation  between  the  1st  and  the  2nd 
ions 

C?2  =  Igl}|g2)(gll(£2l  +  Isi)l«2)(«ll(e2l  +  kl)l£2)(eil(g2l  -  kl)k2)<«l|{«2l,  (7) 

means  that  if  the  first  ion  is  in  the  state  |gi  >,  the  operation  has  no  effect,  whereas  if  the  control  qubit  (first  ion)  is  in 
the  state  \e\),  the  state  of  the  second  ion  is  rotated  by  the  Pauli  operator  oz.  The  first  qubit  is  the  control  qubit  and 
the  second  one  is  the  target  qubit.  The  Cz  operation  is  also  known  as  controlled-rotation  (CROT).  It  is  seen  from 
Eqs.  (4)-(6)  that  the  Cf2  gate  can  be  implemented  exactly  by  a  one-step  operation,  if  the  experimental  parameters 
are  set  up  so  that  the  following  conditions  are  simultaneously  satisfied, 

cos  (x*z)  =  1.  cos(X+r*)  =  cos(X_r2)  =  -1.  (8) 

Here  zz  is  the  duration  of  the  two  applied  synchronous  pulses.  Notice  that  the  second  condition  in  (8),  on  k±,  is 
equivalent  to  requiring  |£>4(/)|2  =  1,  which  forces  |Di(f)l2  =  l#2(OI2  =  l^3(OI2  =  0  due  to  normalization.  The 
information  bus  remains  in  its  initial  state  after  the  operation.  Without  loss  of  generality,  we  give  some  solutions 
of  the  conditional  equations  (8)  for  m  =  0  in  Table  1 . 

We  see  from  the  Table  1  that  both  the  small  and  large,  both  the  negative  and  positive,  values  of  the  LD  parameters 
may  be  chosen  to  satisfy  the  conditions  (8)  for  realizing  the  desired  two-qubit  controlled  gate.  Our  approach  does 
not  assume  the  LD  approximation  where  rjj  1  for  m  =  0.  Thus,  the  present  scheme  can  operate  outside  the  LD 
regime  and  rjj  can  be  large.  According  to  previous  works  (see,  e.g.,  [7, 14]),  it  is  known  that  an  exact  two-qubit  gate 
Cz  surrounded  by  two  one-qubit  rotations  on  the  target  qubit  can  give  rise  to  an  exact  two-qubit  CNOT  gate  Cx . 
The  present  Letter  shows  that  the  CNOT  gate  between  different  ions  can  be  realized  by  using  a  three-step  pulse 
process. 
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Table  1 

A  few  solutions  of  Eq.  (8)  for  m  —  0.  These  parameters  realize  a  Cz  or  CROT  gate  between  two  trapped  ions.  Here,  zz  is  the  duration  of  the 
applied  pulses,  Qj  and  r]j  0  =  1, 2)  are  the  effective  Rabi  frequencies  and  the  Lamfr-Dicke  parameters,  respectively.  The  frequencies  of  the 
applied  pulses  are  equal,  i.e.,  k\  =  k2  =  k  =  1, 2, 3 


k 

'll  =02  =  0 

1 

k 

01=02  =  0 

1?,TZ 

2.03951 

1 

1.93185 

18.5069 

1.81182 

1 

2.30578 

37.5859 

0.517638 

12.2197 

2 

±0.253727 

137.757 

2 

±0.915272 

14.1979 

±2.81702 

57.2117 

±2.67624 

39.2315 

3 

0.859544 

33.8887 

3 

1.12532 

17.9115 

3.40669 

124.419 

2.69702 

26.2324 

4.02791 

1 

1.87083 

18.6274 

3.34152 

96.5506 

0.707107 

10.9967 

0.658331 

1 

1.76579 

56.5182 

2 

±0.983608 

14.3592 

0.939131 

34.7414 

±2.65189 

40.9890 

2 

±1.09276 

45.1673 

3 

1.16543 

18.4811 

±2.60881 

131.088 

2.63899 

26.2548 

3 

1.23348 

58.6299 

3.11088 

62.2365 

2.55336 

80.4486 

3.33069 

102.936 

3.2.  Two-qubit  entangled  states 


Recently,  the  quantum  entanglement  of  two  and  four  trapped  ions  have  been  generated  experimentally  (see, 
e.g.,  [5,1 1]),  although  the  operations  are  limited  to  the  weak-coupling  LD  regime.  We  now  show  that  the  entangled 
states  of  two  trapped  ions  can  also  be  produced  outside  the  LD  limit.  Indeed,  the  dynamical  evolutions  (4)-(6) 
clearly  reveal  that  there  are  many  ways  to  produce  various  deterministic  entangled  states  of  two  trapped  ions.  For 
example,  if  the  conditions 


Uj=Pj,  <p\  =  <p2.  a\^a2,  cos(xre)  =  -l,  (9) 

are  satisfied,  then  two  equal  red-sideband  pulses  (i.e.,  k\  =  k,2  =  k  >  0)  with  frequencies  co\  =  a>2  =  coq  -f  kv, 
applied  to  two  ions  individually  and  simultaneously,  yield  the  following  dynamical  evolutions: 


\m)\g\)\e2)  — *  I m)  ®  \^X2),  \^i2)  =  ^\g\)\e2)  -  V\e\)\ g2), 

\m)\ex)\g2)  \m)  ®  |^,+2),  W(2)  =  -V|*i)k2>  -  U\ex)\g2), 

with 


U  = 


_  lct\(X2 
a]  +ol\ 


Therefore,  entangled  states  | x//f2)  can  be  generated,  in  a  single-step  process,  by  the  dynamical  evolution  of  the 
initial  non-entangled  states  \g\)\ei)  or  \e\)\g2).  We  note  that  the  degrees  of  entanglement  for  the  above  entangled 
states  W±)  are  equivalent.  They  are 


E  =  —U2  log2  U2  —  V2  log2  V2.  (11) 

Here  E  is  the  degree  of  entanglement  defined  [29]  as  E[\//]  =  —  C^2  log 2C(2,  for  an  general  two-particle 
entangled  pure  state  | B))  =  Ci\<*i)A  ®  IQ  I2  =  1-  The  entangled  state  of  two  trapped  ions 

realized  experimentally  in  [1 1]  is  not  the  maximally  entangled  state.  Its  degree  of  entanglement  E  is  0.94.  However, 
in  principle,  maximally  entangled  states  with  E  =  1  can  be  generated  deterministically  in  the  present  scheme. 
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Fig.  1.  The  degree  of  entanglement  E  for  the  states  |^j^)  versus  n  =  a2/a\,  which  is  a  function  of  the  LD  parameters  rjj ,  effective  Rabi 
frequencies  ,  and  the  laser  frequencies  a)j  ( j  =  1,2).  Note  that  E  =  1  for  a2/a\  =  >/2  ±  1,  and  E  =  0  for  ct2/a\  =  1 .  For  a2/a\  >  V2+\ 
the  degree  of  entanglement  E  decreases  when  a2/a\  increases. 


Indeed,  it  is  seen  from  Fig.  1  that,  if  the  experimental  parameters  further  satisfy  the  following  conditions 


— = V2  ±  1, 

<*1 


a\re  = 


(21  —  1  )n 


/  =  1,2,3 . 


\/4  ±  2\/2 ' 

the  above  entangled  states  1^* )  become  the  maximally  entangled  two-qubit  (i.e.,  EPR)  states 


(12) 


=  (13) 

In  Fig.  1,  we  plot  the  degree  of  entanglement  E  for  the  above  entangled  states  versus  the  ratio  ai/a\,  which 
is  a  function  of  the  LD  parameters  r)j,  effective  Rabi  frequencies  S2j,  and  the  laser  frequencies  a>j  (j  =  1,2). 
Explicitly, 


YZ^-iniPcyin  +  m 


Z:=0(-itn)2nCS,/(n  +  \k\)'.' 

for  the  processes  (10).  Especially,  for  the  commonly  considered  case,  m  =  0,  the  above  equation  becomes 

1*1  /  „2_„2> 


a\  C2\\r]\)  V  2  / 


(14) 


(15) 


Obviously,  the  values  of  E  depend  on  the  choice  of  the  experimental  parameters  Qj,r)j  and  k  (thus  wj)  (j  =  1 , 2). 
For  a  j /a  2  =  1  the  condition  (9)  is  violated  and  thus  E  =  0.  Similarly, 


lim  U=  1,  lim  V=0,  thus  lim  E  =  0.  (16) 

i-^oo  a2/ai-^oo  ai/a\-*OQ 

Inversely,  it  is  seen  from  Eqs.  (12H15)  that  E  =  1  for  a2/a\  =  %/2  ±  1.  This  implies  that  two-qubit  maximally 
entangled  states  can  be  generated  deterministically  by  using  a  single-step _  operation  beyond  the  LD  limit.  For 
example,  if  the  experimental  parameters  are  set  up  simply  as  rj\  =  rj 2,  =  V2  ±  1,  the  EPR  state  |^l2>  can 

be  generated  by  using  a  single-step  synchronous  red-sideband  tt  pulses  with  frequencies  co\  =W2=(do  +  v  and 

duration  xe  =n/(a i\/4±2>/2). 


4.  Conclusions  and  discussions 

Based  on  the  conditional  quantum  dynamics  for  two-qubit  system,  we  have  shown  that,  under  certain  conditions, 
the  quantum  controlled  gate  or  entanglement  between  a  pair  of  trapped  ions  can  be  realized  deterministically  by 
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only  a  single-step  operation ,  performed  by  simultaneously  applying  two  laser  pulses  to  two  ions.  Each  of  the 
laser  beams  interacts  with  a  single  ion.  Neither  auxiliary  atomic  level  nor  Lamb-Dicke  approximation  are  required 
during  the  operation.  The  CM  mode  of  the  ions  always  remains  in  its  initial  quantum  state  after  the  operation. 

We  now  give  a  brief  discussion  on  the  experimental  realization  of  the  present  scheme.  For  ion-trap  quantum 
information  processing,  the  information  bus,  i.e.,  the  usual  collective  CM  vibrational  mode,  must  first  be  initialized 
in  a  pure  quantum  state,  e.g.,  its  ground  state.  Recently,  the  collective  motion  of  two  and  four  9Be+  ions  has  been 
successfully  cooled  to  its  ground  state  in  the  LD  regime  [5,10].  This  is  a  further  step  towards  realizing  the  ion 
trap  quantum  computer.  Once  the  collective  mode  of  motion  of  the  ions  is  successfully  cooled  to  the  ground  state 
outside  the  LD  regime,  the  present  theoretical  scheme  may  be  realized  by  properly  setting  up  the  controllable 
parameters  (e.g.,  rjj,  C2 j,  coj)  and  the  durations  of  the  applied  laser  pulses.  Indeed,  it  is  seen  from  the  formulae 
(see,  e.g.,  [22,28]) 


T]  j  =  COS  0j 


I  hK) 
2M  Nv  ’ 


(17) 


that  the  LD  parameter  r]j  can  be  controlled  by  adjusting  the  wave  vector  icj  of  the  applied  laser  pulse.  Obviously, 
t]  j  can  be  positive  or  negative,  depending  on  the  values  of  0j.  Here,  MN  is  the  total  mass  of  the  ion  chain  and  0j  is 
the  angle  between  the  laser  beam  and  the  z-axis.  The  effective  Rabi  frequency  Qj  of  the  j  th  ion  can  be  controlled 
properly  by  applying  a  static  electric  field  [1 1,30]. 

Finally,  we  note  that  the  duration  of  the  two  applied  simultaneous  pulses  for  realizing  the  above  quantum 
controlled  operation  is  not  much  longer  than  that  for  other  schemes  (see,  e.g.,  [5,10,13,19])  operating  in  the  LD 
regime.  The  shortest  duration  of  the  applied  synchronous  pulses  for  realizing  the  above  manipulations  of  two 
trapped  ions  is  about  10“4  seconds,  of  the  same  order  of  the  gate  speed  operating  in  the  LD  regime  [31],  for 
d\/2n  %  225  kHz  [1 1].  Of  course,  to  excite  only  the  chosen  sidebands  of  the  CM  mode,  the  spectral  width  of  the 
applied  laser  pulse  has  to  be  sufficiently  small.  It  might  seem  at  first,  from  the  above  numerical  results,  that  the 
present  scheme  for  realizing  the  desired  gate  operation  cannot  be  easily  implemented,  as  the  relevant  experimental 
parameters  should  be  set  up  accurately.  However,  this  is  not  the  case.  Simple  numencal  analysis  shows  that  the 
lowest  probability  of  realizing  the  desired  operation  is  still  very  high,  even  if  the  relevant  parameters  cannot  be  set 
up  exactly.  For  example,  the  lowest  probability  of  realizing  the  two-qubit  Cz  operation  is  up  to  99.97%  (99.49%), 
if  the  rate  of  the  two  effective  Rabi  frequencies  Qil&\  is  roughly  set  up  as  2.03  (2.0),  which  is  0.5%  (1 .9%)  away 
from  the  exact  solution  of  condition  (8),  see  Table  1 .  Therefore,  the  proposed  scheme  may  be  realizable  in  the  near 
future. 
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Based  on  the  conditional  quantum  dynamics  of  laser-ion  interactions,  we  propose  an  efficient  theoretical 
scheme  to  deterministically  generate  quantum  pure  states  of  a  single  trapped  cold  ion  without  performing  the 
Lamb-Dicke  approximation.  An  arbitrary  quantum  state  can  be  created  by  sequentially  using  a  series  of  classical 
laser  pulses  with  selected  frequencies,  initial  phases  and  durations.  As  special  examples,  we  further  show  how 
to  create  or  approximate  several  typical  macroscopic  quantum  states,  such  as  the  phase  state  and  the  even/odd 
coherent  states.  Unlike  previous  schemes  operating  in  the  Lamb-Dicke  regime,  the  present  one  does  well  for  an 
arbitrary-strength  coupling  between  the  internal  and  external  degrees  of  freedom  of  the  ion.  The  experimental 
realizability  of  this  approach  is  also  discussed. 

FACS  numbers:  42.50.Dv,  42.50. Vk. 


I.  INTRODUCTION 

The  engineering  of  quantum  states  has  attracted  consider¬ 
able  attention  in  recent  years.  This  in  order  to  test  fundamen¬ 
tal  quantum  concepts,  e.g.  non-locality,  and  for  implement¬ 
ing  various  potential  applications,  including  sensitive  detec¬ 
tion  and  quantum  information  processing.  Recent  advances 
in  quantum  optics  (e.g.,  micromasers,  cavity  QED)  (see,  e.g., 
[1])  and  atomic  physics  (ion  traps)  (see,  for  instance  [2])  have 
allowed  a  better  control  of  quantum  states. 

Laser-cooled  ions  confined  in  an  electromagnetic  trap  are 
good  candidates  for  various  quantum-state  engineering  pro¬ 
cesses.  First,  the  trapped  ion  system  possesses  relatively  long 
decoherence  times.  Second,  various  interactions  including  the 
usual  one-quantum  transition  Jaynes-Cummings  (JC)  model 
and  also  higher  order  non-linear  models  can  be  implemented 
in  this  system  by  simply  choosing  the  applied  laser  tunings 
(see,  e.g.,  [3,  4]).  Therefore,  a  trapped  ion  driven  by  a  classi¬ 
cal  laser  field  provides  the  possibility  of  conveniently  gener¬ 
ating  various  quantum  pure  states.  Indeed,  various  engineered 
quantum  states  of  trapped  cold  ions  have  been  studied.  The 
thermal,  Fock,  coherent,  squeezed,  and  arbitrary  quantum  su¬ 
perposition  states  of  motion  of  a  harmonically  bound  ion  have 
been  investigated  [5,  6].  The  manipulation  of  the  entangle¬ 
ment  between  the  external  and  internal  degrees  of  freedom 
of  the  ion  and  the  realization  of  a  fundamental  quantum  logic 
gate  between  them  has  also  been  demonstrated  experimentally 
(see,  e.g.,  [7]). 

Most  of  the  previous  proposals  for  engineering  the  quantum 
state  of  a  single  trapped  cold  ion  operate  in  various  extreme 
experimental  conditions,  such  as  the  strong  Raman  excitation 
or  the  weak-coupling  Lamb-Dicke  (LD)  approximations.  The 
former  (see,  e.g.,  [8])  requires  that  the  Rabi  frequency  Ci  char¬ 
acterizing  the  laser-ion  interaction  is  much  larger  than  the  trap 
frequency.  While  the  later  (see,  e.g.,  [5,  6,  9]),  requires  that 
the  coupling  between  the  external  and  internal  degrees  of  free¬ 
dom  of  the  ion  is  very  weak,  i.e.,  the  spatial  dimension  of  the 
motion  of  the  ground  state  of  the  trapped  ion  should  be  much 


smaller  than  the  effective  wavelength  of  the  applied  laser  field 
(see,  e.g.,  [6]).  These  approximations  can  simplify  the  laser- 
ion  interaction  Hamiltonian  to  certain  solvable  models.  For 
example,  in  the  LD  limit  the  interaction  between  the  internal 
states  |s)  =  { \g),  |e)}  and  the  external  motional  harmonic  os¬ 
cillator  states  ||n);  n  =  0, 1,2,  ...}ofthe  ion  can  be  expanded 
to  the  lowest  order  of  the  LD  parameter  t]iy  then  the  usual  JC 
or  anti-JC-type  model  can  be  derived.  In  addition,  the  coher¬ 
ent  state  of  the  motion  of  the  ion  can  be  easily  generated  in 
those  limits.  Therefore,  an  arbitrary  quantum  state  may  be 
prepared  via  an  atomic  interference  method  by  superimposing 
a  finite  number  of  generated  coherent  states  along  a  line.  Al¬ 
most  all  the  quantum-state  engineering  implementations  in  re¬ 
cent  ion  trap  experiments  were  operated  in  these  limits.  Some 
meaningful  second-order  modifications  of  the  these  approxi¬ 
mations  to  the  above  experimental  conditions  have  been  ana¬ 
lyzed  theoretically  [10].  However,  in  general,  these  limits  are 
not  rigorously  satisfied,  and  higher-order  powers  of  the  LD 
parameter  must  be  taken  into  account  [4].  Indeed,  using  the 
laser-ion  interaction  outside  the  LD  regime  could  be  helpful  to 
reduce  the  noise  in  the  trap  and  improve  the  cooling  rate  (see, 
e.g.,  [11]).  Thus,  efficiently  engineering  the  quantum  state 
of  the  trapped  cold  ion  beyond  these  limits  would  be  useful. 
Arbitrary  Fock  states  can,  in  principle,  be  prepared  as  a  dark 
motional  state  of  a  trapped  ion,  if  the  relevant  LD  parame¬ 
ters  can  be  set  with  extreme  precision  [13].  More  realistically, 
reference  [14]  showed  that  any  pure  state,  including  the  Fock 
state,  can  be  effectively  approximated  by  the  nonlinear  coher¬ 
ent  states  of  the  trapped  ion.  Since  these  nonlinear  coherent 
states  are  one  of  the  motional  dark  states  and  are  insensitive  to 
some  motional  kick  effects,  the  generation  of  highly  excited 
Fock  states  is  possible.  Recently,  a  narrow  quadrupole  Si/2  to 
D5/2  transition  at  729  nm  of  a  single  trapped  40Ca'1'  ion  has 
been  successfully  manipulated  by  accurately  resolving  its  vi¬ 
brational  sidebands  [12].  The  measured  lifetime  of  the  excited 
level  D5/2  is  long  enough  («  1  second)  to  allow  for  a  hun¬ 
dred  or  more  quantum  operations.  Note  that  the  experiments 
in  [12]  do  not  strictly  operate  in  the  LD  regime  (with  r)  1), 
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because  the  corresponding  LD  parameter  is  77  «  0.25.  There¬ 
fore,  engineering  quantum  states  of  a  single  trapped  cold  ion 
by  exciting  various  vibrational  sidebands  outside  the  Lamb- 
Dicke  regime  is  possible  to  achieve  with  current  technology. 

Based  on  the  exact  conditional  quantum  dynamics  for  the 
laser-ion  interaction,  including  all  orders  of  the  LD  param¬ 
eter,  in  this  paper  we  propose  an  efficient  scheme  for  exactly 
engineering  arbitrary  motional  and  entangled  states  of  a  single 
trapped  ion  beyond  the  LD  limit.  In  this  case,  all  of  the  target 
quantum  states  are  generated  deterministically,  as  any  mea¬ 
surement  is  not  required  during  the  quantum  state  production 
or  manipulations. 

This  paper  is  organized  as  follows.  In  Sec.  II,  we  solve 
exactly  the  quantum  dynamics  for  a  trapped  cold  ion  driven 
by  a  travelling  classical  laser  beam  beyond  the  LD  limit  and 
then  introduce  some  fundamental  unitary  operations.  By  re¬ 
peatedly  using  these  quantum  operations,  in  Sec.  Ill  we  show 
how  to  deterministically  generate  an  arbitrary  motional  state 
of  a  single  trapped  cold  ion.  The  preparations  of  arbitrary 
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entangled  states  between  the  external  and  internal  degrees  of 
freedom  are  given  in  Sec.  IV.  Conclusions  and  discussions  are 
given  in  Sec.  V. 


II.  DYNAMICS  OF  A  TRAPPED  COLD  ION  BEYOND  THE 
LAMB-DICKE  LIMIT 

We  assume  that  a  single  two-level  ion  is  stored  in  a  coaxial 
resonator  RF-ion  trap  [15],  which  provides  pseudopotential 
oscillation  frequencies  satisfying  the  condition  ux  <&  uVtZ 
along  the  principal  axes  of  the  trap.  Only  the  quantized  vi¬ 
brational  motion  along  the  x  direction  is  considered  for  the 
cooled  ion  [15].  The  dynamics  for  such  an  ion,  driven  by  a 
classical  travelling-wave  light-field  of  frequency  ui  and  ini¬ 
tial  phase  <t>L ,  can  be  described  by  the  following  Hamiltonian 
[3,  16] 


H(t)  =  hu  ^afa  +  ^  +  ^  {0  +  exp  [im(a  +  af)  -  i(u)it  +  <£t)]  +  H.c .} 


(1) 


The  first  two  terms  describe  the  free  motion  of  the  external 
and  internal  degrees  of  freedom  of  the  ion.  Here  a *  and  a 
are  bosonic  creation  and  annihilation  operators  of  the  atomic 
vibrational  quanta  with  frequency  u.  The  Pauli  operators  &z 
and  &±  are  defined  by  the  internal  ground  state  |^)  and  ex¬ 
cited  state  |e)  of  the  ion  as  a2  =  \e)(e\  -  |^)(^|,  <r+  =  \e)(g\, 
and  a _  =  \g)(e\.  These  operate  on  the  internal  degrees  of 
freedom  of  the  ion  of  mass  M .  The  final  term  of  H(t)  de¬ 
scribes  the  interaction  between  the  ion  and  the  light  field  with 
wave  vector  /cl,  and  initial  phase  <j>L-  is  the  carrier  Rabi 
frequency,  which  describes  the  coupling  between  the  laser 
and  the  ion,  and  is  proportional  to  the  intensity  of  the  ap¬ 
plied  laser.  The  frequency  uji  and  initial  phase  <\>i  of  the 


applied  laser  beam  are  experimentally  controllable  [16].  Usu¬ 
ally,  the  atomic  transition  frequency  u>o  between  two  internal 
energy  levels  is  much  larger  than  the  trap  frequency  u  (e.g., 
in  the  experiments  in  [12],  u>o  =  2tt  x  4.11  x  10nkHz  and 
lj  =  2tt  x  135kHz).  Therefore,  for  lasers  exciting  at  different 
vibrational  sidebands  with  small  k  values,  the  LD  parameters 


=( 


Hk?l  _  (uo  ±  kuj) 
2  Mu  c 


/ 


2  Mu/’ 


k  =  0,1,2,...,  (2) 


do  not  change  significantly.  Here,  the  Hamiltonian  ( 1 )  reduces 
to  different  forms  [4] 


j 


{(»?)*  exp[-^  -tP}<T+  (Ej=o  (  yj+fc)!  )  +Hc}< 

Wt  =  «0  -  fcw, 

((*7j)fcexp[-^  -  t<j>b]<T+  (j2j=o  (  — )  +  W.c.} 

,  U)L  =  Wo  +  ku. 

(3) 

(exp  (-V  -  i<t>c )  <r+  (Ej=o  (  )  +  He.}, 

0 

3 

II 

3 
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in  the  interaction  picture.  The  usual  rotating-wave  approxima¬ 
tion  has  been  made  and  all  off-resonant  transitions  have  been 
neglected  by  assuming  a  sufficiently  weak  applied  laser  field. 
The  applied  laser  beam  tuned  at  the  frequency  ujl  =  u>o  -  ku 


(jjjL  =  u>o  +  ku)  with  nonzero  integer  k  being  denoted  as 
the  k\h  red  (blue)  sideband  line,  because  it  is  red  (or  blue) 
detuned  from  the  atomic  frequency  u>o.  The  line  for  k  =  0 
(i.e.  (jJl  =  ^o)  is  called  the  carrier.  So,  we  rewrite  the  initial 
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phase  <f>L  as  <f>r  (<fib,  <f>c)  for  a  transition  process  driven  by  the 
red-sideband  (blue-sideband,  carrier)  laser  beam  respectively. 

Previous  discussions  (see,  e.g.,  [9])  are  usually  based  on 
the  LD  perturbation  approximation  to  first  order  in  the  LD 
parameter  by  assuming  t]  to  be  very  small.  However,  outside 
the  LD  regime  the  Hamiltonian  (3)  may  provide  various  quan¬ 
tum  transitions  between  the  internal  and  external  states  of  the 


ion.  The  dynamics  for  the  trapped  cold  ion  governed  by  the 
Hamiltonian  (3)  is  exactly  solvable  [4,  17].  For  example,  if  the 
external  state  of  the  system  is  initially  in  | m)  and  the  internal 
state  is  initially  in  |e)  or  |#),  then  the  dynamical  evolution  of 
an  ion  driven  by  a  red-sideband  laser  beam  with  frequency 
uji  —  cj0  —  kuj  can  be  exactly  expressed  as 


'  {  |m)  ®  |<7>>  m  <  k, 

|m)  ®  l^)  — ►  < 

l  cos(fim_*,fc<Jr)|m)  <g>  | <7)  +  sin(ftm_*,*<|')|m  -  k)  <S>  |e),  m>k, 

.  |m)  <g>  |e)  — y  cos^m^fplm)  <g>  |e)  -  (-i)*-1e’*ir  sin(ftmi*f(r)|m  +  k)  ®  |^), 


with  Rabi  frequency 


n 


m,k  — 


A  *7*  /(m  4-  k)\  2  J2  ^ 

2  V  (m)! 


(^)2J 

(*  +  *)! 


duration  and  initial  phase  of  the  applied  red-sideband  laser 
beam,  respectively.  The  above  dynamical  evolution  can  be 
equivalently  defined  as  the  fcth  red-sideband  “exciting”  quan¬ 
tum  operator 


Where  m  is  the  occupation  number  of  the  initial  Fock  state  of 
the  external  vibrational  motion  of  the  ion,  t\  and  <f>\  are  the 


Mb/}M(tfl+  [(i-IC'ml2)3  Mk)  +  Cm  l™  +  *)ltf>  MH  ™<k , 


K(*<)  = 


[(I  ~  \Cm-kl2)  i  lm>l^>  +  Cm-k  lm  -  *>le>]  <mK$l 

,  ^ 


lm>le)  +  Cm  lm  +  k)\9) 


(m|(e|,  m  >  k, 


(5) 


with  for  the  generation  of  quantum  states.  Analogously,  exciting 

the  motional  state  of  the  ion  to  the  k\h  blue-sideband,  by  ap- 
C' I  =  sin (fim, /*<[)>  C'm  =  “(CJl)*-  plying  a  laser  of  frequency  =  uj0  +  ku,  yields  a  unitary 

blue-sideband  “exciting”  quantum  operation, 

The  use  of  Rrk  is  advantageous  because  it  is  compact,  sym¬ 
metric,  and  it  is  simple  to  iterate.  This  operator  is  quite  useful 


[(l-ICtil2)*  l"»)|(7)  +  C^|m  +  *)|e)](m|(fli|  +  |m)|e)(m|(e|,  m  <  k, 

=  \  [(1  -  |C*i |2)  *  |m)|<7)  +  |m  +  *)|e)]  <m|(5| 

+  [(l  -  |C£_J2)  i  |m)|e>  +  C*_k  |m  -  k)\g)  (m|(e|,  m  >  k, 


(6) 


with 


Cta  =  sin(nm,*ff),  Cta  =  -(C*|) 


Here,  and  <$  are  the  duration  and  initial  phase  of  the  applied 
blue-sideband  laser  beam,  respectively. 
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Finally,  applying  a  carrier  laser  pulse  with  frequency  ujl  = 
ujq ,  a  conditional  rotation 


KW)  =  [(1  -  ICI2)*  /  +  C. 2  |e)(ff|  +  Cc„ J  \g)(e\]  (g)  |m)<m| 

I - 


(7) 


on  the  internal  states  of  the  ion  can  be  implemented.  Here, 
/  =  |</)(0|  -f  |e)(e|  is  the  identity  operator,  is  the  duration 
of  the  applied  carrier  laser  beam,  and 

Cm  =  -ie-'*  sin(Qm,0 if),  Cc„ •  =  -(C)*. 


with 


The  quantum  dynamics  of  the  laser-ion  system  beyond  the 
LD  limit  is  conditional.  This  means  that  the  internal  and  mo¬ 
tional  degrees  of  freedom  are  always  coupled.  The  ion  states 
of  two  degrees  of  freedom  cannot  be  operated  separately,  even 
if  the  ion  is  driven  by  the  carrier  line  laser.  Of  course,  for 
a  given  carrier  Rabi  frequency  Q  (which  depends  on  the  in- 
tensity/power  of  the  applied  laser  beam)  and  the  LD  param¬ 
eter,  the  Rabi  frequencies  are  sensitive  to  values  of  k. 
See,  e.g.,  Fig.  1  for  the  same  laser  power  but  different  LD  pa¬ 
rameters:  tj  =  0.202  [5],  0.25  [12],  0.35,  0.5,  and  0.9.  As 
seen  in  Figure  1,  a  smaller  t]  corresponds  to  a  larger  reduc¬ 
tion  of  the  Rabi  frequency  for  certain  k  values  (e.g.,  in  Fig.  1, 
^0,20/^  ~  10”4  f°r  V  ~  0.202).  However,  for  any  fixed 
value  of  ky  larger  values  of  r\  correspond  to  larger  values  of 
the  reduced  Rabi  frequencies  2 Qotk/&-  Therefore,  fast  quan¬ 
tum  operations  can  be  obtained  outside  the  LD  regime,  where 
Tj  is  not  small. 

In  general,  any  quantum  process  for  the  laser- ion  system 
can  be  realized  by  repeatedly  applying  the  above  three  kinds 
of  fundamental  operations  showed  in  Eqs.  (5-7).  Which  op¬ 
eration  is  applied  depends  on  the  laser  with  the  chosen  fre¬ 
quency.  Below  we  will  use  these  fundamental  unitary  opera¬ 
tions  (5-7)  to  produce  or  engineer  an  arbitrary  quantum  state 
of  a  single  trapped  cold  ion  beyond  the  LD  limit.  The  tunable 
experimental  parameters  in  this  process  are  the  frequency 
wave  vector  «/,,  and  the  duration  of  the  applied  laser  pulse. 
The  generation  of  quantum  states  described  below  will  start 
with  a  common  non-entangled  initial  state  |V>o)  =  |0)  ®  |y); 
that  is,  the  trapped  ion  has  been  cooled  to  its  motional  ground 
state  and  the  internal  degree  of  the  ion  is  initially  in  the  low- 
energy  state  |y). 

III.  PREPARATION  OF  AN  ARBITRARY  MOTIONAL 
STATE  OF  A  TRAPPED  COLD  ION 

The  first  significant  quantum  state  which  we  want  to  pre¬ 
pare  is  the  Fock  state  of  the  external  vibrational  quanta  of  the 


FIG.  1:  The  -dependent  Rabi  frequency  Do,*  for  different  LD  pa¬ 
rameters:  rj  =  0.202  [5],  0.25  [12],  0.35,  0.5,  and  0.9. 


ion 


|V>i)  =  |n),  (8) 

with  an  arbitrary  occupation  number  n  >  0.  The  previous 
schemes  (e.g.  [5,  6,  7,  9])  operated  in  the  LD  limit  only  al¬ 
lowed  one-quantum  transition  process  (exciting  and  absorbing 
a  single  phonon  process,  respectively).  Thus,  at  least  (n  +  1) 
transitions  are  required  between  |  j)  <g)  |^)  < — »  \j  ±  1)  ®  |e) 
to  generate  the  desired  state  (8).  However,  for  larger  values  of 
the  LD  parameters,  the  LD  approximation  is  no  longer  valid 
and  multi-quantum  transitions  must  be  considered.  One  can 
obtain  the  different  phonon  transitions,  beyond  the  LD  limit, 
by  choosing  an  appropriate  driving  laser  frequency.  For  ex¬ 
ample,  the  quantum  transition:  |0)  ®  |(/)  -*  | n)  ®  |e),  can  be 
realized  by  choosing  a  blue-sideband  driven  laser  beam  with 
frequency  u>l  =  u>0  +  tilj.  So  the  desired  Fock  state  | n)  can 
be  easily  obtained  by  using  a  single  blue-sideband  exciting 
unitary  operation  ^(<o)  the  duration  t q  satisfying  the 
condition:  sin(fto,n*o)  =  1-  other  words,  fto,n*o  =  Pn /2 
with  p  an  odd  integer.  Note  that  the  resulting  atomic  state 
evolves  to  its  excited  state  |e)  which  may  transit  to  the  ground 
state  |tf)  via  spontaneous  emission.  In  order  to  avoid  the  addi¬ 
tional  excitation  of  the  desired  Fock  state  due  to  this  emission, 
an  additional  operation  Ro(t„)  is  required  to  evolve  the  state 
|e)  into  the  state  |^)  keeping  the  motional  state  unchanged, 
with  the  duration  tcn  satisfying  the  condition sin(fin  0^)  =  1. 
Therefore,  by  sequentially  performing  a  tt/2  blue-sideband 
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laser  pulse  and  a  n/2  carrier  line  laser  pulse  with  initial  phases  |V>i)  is  generated  from  the  vacuum  state  |0)  as  follows 
<t> o  and  respectively,  a  relatively  steady  target  Fock  state 

I 


jn-ie-*+Z 


°|n)(g)|e)  — —  inel^n  ^°^|n)  ®  |^). 


(9) 


After  these  unitary  operations,  the  internal  electric  state  re-  #£(<§)  and  an  nth  red-sideband  exciting  operator  Rrn(trn ),  i.e., 
turns  to  its  initial  ground  state  |#).  The  target  state  |n)  can  also 
be  prepared  by  continuously  applying  a  carrier  line  operation 


|0>®  \g)  -»e->S|0)®  |c)  -(-i)"ei^--«)|n)®  \g), 


(10) 


with  the  durations  tcQ  and  trn  satisfying  conditions 
sin(fl0,o<o)  =  1)  sin(n0,n<n)  =  1*  Therefore,  two 
unitary  operations  are  sufficient  to  deterministically  generate 
an  arbitrary  Fock  state  |n)  from  the  initial  ground  state  |0),  if 
the  laser-ion  interaction  is  operated  outside  the  LD  regime  by 
using  the  chosen  laser  beams  with  desired  frequencies. 

The  more  general  motional  state  of  the  ion  which  we  want 
to  prepare  is  the  following  finite  superposition  of  number 
states 

IV>2>  =  |j>,  £|Cj|2=l,  (11) 

j= 0  n=0 

with  N  being  a  finite  integer.  For  a  single-mode  light  field, 
this  state  can  be  probabilistically  generated  [18]  by  physically 


truncating  the  photon  coherent  state.  The  efficiency  of  gener¬ 
ating  a  quantum  state  by  the  quantum  truncation  may  be  quite 
low  due  to  the  necessity  of  quantum  measurements.  In  the 
present  quantum-state  generation  the  motional  vacuum  state 
|0),  instead  of  the  motional  coherent  states  | a),  is  given  ini¬ 
tially.  A  quantum-state  production  scheme,  in  the  LX)  regime, 
for  generating  the  desired  state  (11)  has  been  proposed  in 
[19].  We  now  extend  this  scheme  to  generate  the  target  state 
|^2)  beyond  the  LD  limit.  Indeed,  sequentially  using  N  +  1 
laser  pulses  with  frequencies  ujl  =  u;o,  u>o  —  u>,  •  •  •  ,  u;0  — 
Iuj,  •  •  •  ,  uj0  -  Nuj  and  durations  *<j,  ,  trN ,  re¬ 

spectively,  the  desired  state  is  obtained  from  the  initial  state 
l^o)  by  a  series  of  dynamical  evolutions  showed  as  follows: 


|V-o)  C„|0>  ®  I*)  -  (1  -  cl)  *  |0)  ®  \e) 


i 


*  (  1  j)J  ®  \s)  - ie  ^  -  X) n 2J  1°) ®  le> 

i 


fi,r(‘,r) 


* 1 X 1  ®  i^)  - ie  1  -  X  n2  1  i°)  ®  ie) 

j=0  I  V  i=o 


*rN(trN) 


N 

*•  I  ]  ®  \g)  =  1^2)®  \g). 

j=0 


02) 


The  duration  of  the  final  unitary  operations  RrN{irN)  has  been  durations  and  the  initial  phases  of  other  applied  laser  beams 

set  to  satisfy  the  condition:  s\n(QQt^trN)  =  1.  While,  the  can  be  used  to  arbitrarily  prescribe  the  weights  cj  of  the  su- 
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perposed  Fock  states  (|j);  j  =  0, 1, TV}, such  as 


'  (1  -  |CS°|2)*  =  oos((20>o<S)>  i  =  0, 

Co°  [ri/= l1  ( 1  -  l^oT)] 3  Co1  =  -(-iye'^ sin(il0,oteo)  Ui=i  cos(^o,itl) sin(Q0, jtj), 

co°  [nCi’i1  -  l^o'l2)] 1  =  -(-i)-'e’^w-^)sin(n0lo<o)rii=T1  cos ),  j  =  N. 


(13) 


Similarly,  by  sequentially  applying  a  series  of  blue- 
sideband  exciting  operators  Rbj{tj)  with  durations  tb,  j  = 


1,2, N,  after  a  carrier  line  operation  #o(*o)»  we  can  im~ 
plement  the  following  deterministic  quantum  state  generation 


N 


£c'|j)  ®|e)  =  |^)®|e>, 


U=o 


04) 


with 


lowing  conditions 


'  -ie  ’*o  sin(n0i0<o)i  J  =  0, 

cos(Qo,o<o)  n^!1  cos(fi0 ,/<?)  sin(fto,j<j), 
1  <j  <  N-  i, 


and 


JLC  _  * 

<Po  -  2’ 


(16) 


,  iN  *e  cos(n0,o<o)  FI/Ii1  cos(Q0,f<?),  j  =  N. 


Here,  the  duration  tbN  of  the  last  operation  RbN(tbN)  is  set  as 
sin  =  1. 

So  far,  we  have  shown  that  the  desired  superposition  of  a 
finite  set  of  motional  Fock  states  {| j);  j  =  0, 1, ...,  TV}  of 
the  ion  can  be  generated  deterministically  from  the  ground 
state  |0)  by  using  N  4-  1  unitary  operations,  i.e,  a  carrier  line 
operation  Rq  and  N  red-sideband  R r3  (or  blue-sideband  Rj) 
exciting  operations  performed  by  using  the  laser  beams  with 
frequencies  ljl  =  u>o  —  jw  (or  ljl  =  u>o  +  ju;).  It  is  worth 
pointing  out  that  the  motional  state  generated  above  in  Eq.(  1 1 ) 
or  (13)  may  be  reduced  to  an  arbitrary  quantum  pure  state  of 
the  external  vibration  of  the  trapped  cold  ion,  as  any  weight  Cj 
in  Eq.(12)  for  the  Fock  state  \j)  can  be  prescribed  arbitrarily. 
For  example,  the  Pegg-Bamett  phase  state  [20] 


|0>n  = 


i 

VnT t 


N 


j= 0 


(15) 


can  be  obtained  from  Eqs.  (12-13)  by  setting  the  initial  phases 
and  the  durations  of  the  applied  laser  beams  to  satisfy  the  fol- 


c0  =  cos(Q0,o<o)  —  ‘  ‘ ' 


j- 1 

=  sin(ft0,o<o)  Yl  cos(^o,/</r)  sin(Qoj^)  = 

/= l 


1 

y/N~+l' 


(17) 


which  implies  that  tc0  —  2  exp(r;2/2)[2no7r  4- 

arccos(l/\/./V  4-  1  )]/Q,  and  tj  =  2exp(r/2/2)[2nj7r  4- 
arcsin(l/\/Ar  —  j  4-1  )]/(12r/J),  j  ^  0,with  n0)nj  = 
0,1,2,....  For  example,  in  the  typical  experimental 
system  [12]  where  u>o  =  x  4.11  x  10nkHz,u;  = 
27r  x  135  kHz,  Q  =  50  kHz,  and  77  =  0.25,  the  simplest 
phase  state  |0)i  =  (|0)  4-  e‘*|l))/>/2  can  be  prepared  by 
sequentially  applying  a  resonant  laser  beam  (with  frequency 
ujl  —  ujq  and  initial  phase  =  tt/2)  of  the  shortest  duration 
*o  «  3.24  x  10“5  s  and  a  red-sideband  line  (with  frequency 
ujl  =  (jJo  -  uj  and  initial  phase  <t>\  =  0)  of  the  shortest 
duration  t\  »  2.6  x  10“4  s. 

The  superposition  state  generated  above  may  approach 
some  macroscopic  motional  quantum  states  of  the  ion,  if  the 
number  N  of  Fock  states  |  j)  is  sufficiently  large.  For  exam¬ 
ple,  if  the  durations  of  the  applied  unitary  operations  are  set  to 
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satisfy  the  conditions 

Co  =  cos(fio,o<o)  =  Cl  =  ac0, 

c2  =  a2c0/-v/ 2!,  Cj  =  or7  Co/ \/J\  ,  •  •  •  ,  (18) 

the  motional  superposition  state  XTjlo  Cj  |  j)  in  the  limit  N  — ► 
oo  approaches  the  usual  coherent  state 

|a)  =  e-'“l2/2f;^r|i).  (19) 

j=o  VJ- 

Similarly,  the  usual  even  or  odd  coherent  states  may  also  be 
approached  by  the  superposition  motional  states  generated  by 
sequentially  applying  the  laser  beams  with  frequencies  ujl  — 
lj  —  (2/)u;,  /  =  0, 1,2, ...  or ljl  =  u  -  (2/  +  l)u>,  respectively. 

IV.  PRODUCING  ENTANGLED  STATES  OF  A  TRAPPED 
COLD  ION  BEYOND  THE  LAMB-DICKE  LIMIT 

Before,  we  discussed  how  to  generate  a  motional  quantum 
state  of  the  ion.  Now,  we  turn  our  attention  to  the  problem 
of  how  to  control  the  entanglement  between  these  degrees  of 
freedom.  It  is  well  known  that  entanglement  is  one  of  the  most 
striking  aspects  of  quantum  mechanics  and  plays  an  important 
role  in  quantum  computation  [7].  A  laser-ion  system  provides 
an  example  for  clearly  showing  how  to  produce  an  entangle¬ 
ment  between  two  different  quantum  degrees  of  freedom  (see, 
e.g.,  [21]).  Therefore,  the  third  target  state  which  we  want 
to  prepare  is  the  general  entangled  state  of  the  internal  and 
external  motion  degrees  of  freedom  of  the  ion 

"g  Ne 

i«>  =  EdJ  u >  ®  \9)  +  E  dJ  tf >  ®  ie>-  <20> 

j= o  j=o 

where  tf  \j)  (52?=  o  tf\i))  ls  external  state  associ¬ 
ated  with  the  internal  ground  (excited)  state.  Notice  that  the 
coefficients  Cj  in  the  state  |V>2)  generated  above  are  prescribed 
arbitrarily.  Thus,  applying  an  additional  conditional  operation 
^o(*n+i)*  with  Oration  <5v+1,  to  the  state  \tp2)  ®  |tf)»  one 
may  prepare  an  entangled  state  with  Ng  =  Ne  =  N;  i.e., 

N 

l*>  ®  | g)  ^  E  K9I»  ®  l«>  +  d)\i)  ®  le»  -  <21> 

i=o 

with 

d ■  =  cj  cos((lji0tcN+l),  dej  =  -icje-**"* '  sin(%0<N+i)- 

In  the  sequence  of  operations  shown  above,  N  -f  1  laser-ion 
interactions  (a  carrier  line  and  N  red-sideband/blue-sideband 
excitations)  are  used.  We  now  consider  a  relatively  simple 
method  to  generate  the  entangled  quantum  states  of  the  ion. 


That  is,  by  alternatively  switching  the  lasers  on  the  first  blue- 
sideband  and  the  first  red-sideband  N  times,  one  can  generate 
a  typical  entangled  state  [21] 

Ng  N. 

I*')  =  E  d2Hi  |2j  +  1>  ®  1 9)  +  EdV |2j)  ®  lc>-  <22> 

j=o  j=o 

with  the  odd  (even)  -number  motional  states  entangled  with 
the  ground  (excited)  internal  spin  states  of  the  ion.  Without 
any  loss  of  generality,  we  assume  that  the  ion  has  been  pre¬ 
pared  beforehand  in  a  general  non-entangled  state 

|*o)  =  Wo)  |0>®l<7>  =  <C  |0)<8>|</)  +  <C  |0)®k),  (23) 

with<C  =  (l-|Cof)*.  <C  =  Co- 
We  now  first  tune  the  laser  beam  to  the  first  red-sideband 
and  thus  realize  the  following  operation 

|*o>  (dg1  |0>  +  d?*|l»®l*>  +  #|0>®k> 

=  |*i>.  (24) 

Here, 

dl'  =  dg° ,  d\'  =  fl ie0°Cr0' ,  dS‘  =  de0°  (l  -  I  Cl'  I2)  *  . 

Obviously,  the  state  |^i)  is  an  entangled  state.  It  reduces  to 
the  Bell-type  state 

l^>=^(|0>®|c)  +  |l)®|«7»,  (25) 

if  (j)\  =  37r/2  and  the  durations  of  the  operations  Ro(to) 
and  ^i(<i)  are  set  up  properly  such  that  d^°  =  1  and 
Cq 1  =  l/\/2,  corresponding  to  the  shortest  durations  tc0  ^ 
6.48  x  10"5  s  and  t\  «  2.6  x  10“4  s. 

We  then  tune  the  laser  beam  to  the  first  blue-sideband  and 
implement  the  evolution 

i*i>  EdT\j)®\s)+Ed?\j)®\e) 

j= 0  j=0 

=  1*2),  (26) 

with 

d%>  =  (i  -  |Coai2)  * ,  rff  =  df  (i  -  icM2)  * , 

and 

dV  =  d$‘ ,  d?  =  dg*  C06’ ,  d?  =  d?*  c?’ . 

Repeating  the  above-mentioned  procedure,  we  realize  the 
following  series  of  evolutions 
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l*2>  |*3>  •  •  •  |*2<>  |*2/+1>  •  • 

I - 


*!(*!*) 


*  |V>n), 


with 


Here, 


'  I'M  =  Ej=oV. * * * * X  df  |  j)  ®  |<7>  +  E]‘=o  dT  I i>  ®  !e). 

.  IMi)  =  E]=0  d9r' \j)  ®  \9)  +  £?=o  df'+‘  U)  ®  |e>. 


(27) 


df  = 


df  -  (lHCf*,|a)*  +  df-,6Jjai 

0  <  j  <  2/  -  2,  je*  _  < 

df-  (l  -  |Cj«|a)*  ,  j  =  21  —  1,  2/, 


df 


J  =  0 


df-  (l-i^i^+df-cf:,, 

1  <  i  <  2/  -  2, 

,  df— Cf,  j  =  21 -1,21, 


and 


df,  j  =  0, 


j...*.  = J  <<r  (i  -  ic£rT)J+<5!!i<5pii.  = , 

J  |  1  <  i  <  2/  —  1,  ’  J 


df '  (l  -  |Cf—  |2)  *  +  dfljCf— , 
0  <  i  <  2/  —  1, 


df'Cf— ,  j  =  2/ ,  2/  +  1 , 


df'  (l  -  |Cfl+l|2)  ,  j  =  21,21  +  1. 


Therefore,  applying  JV  (TV  >  0)  pairs  of  the  first  red-sideband 
and  blue-sideband  laser  beams  may  generate  the  desired  en¬ 
tangled  state 

N- 1  AT 

IV’at)  =  E  df  |j>  ®  |</)  +  E  df  |j)  ®  |e).  (28) 

j= 0  j=0 

If  the  initial  state  of  the  above  process  of  quantum  state  ma¬ 
nipulation  is  prepared  in  |0)  <g>  |e)  by  setting  the  duration  of 
the  applied  carrier  line  laser  to  satisfy  condition  |Co°|2  =  1, 
then  the  desired  entangled  state  (22),  rewritten  as 

[jy-t]  [£.] 

Wn)  =  E  d%+x |2j  +  0 ®  l*>  +  E d2J  l2» ®  le>-  (29) 

j- 0  j=0 

is  obtained  by  the  above  process.  Here  [x]  is  the  largest  integer 
less  than  x. 


V.  DISCUSSIONS  AND  CONCLUSIONS 

Based  on  the  conditional  quantum  dynamics  for  laser-ion 

interactions  beyond  the  Lamb-Dicke  limit,  we  have  intro¬ 

duced  three  kinds  of  unitary  operations:  the  simple  rotations 
of  the  internal  states  of  the  ion,  the  arbitrary  red-sideband, 
and  blue-sideband  exciting  operations.  These  unitary  oper¬ 
ations  can  be  performed  separately  by  applying  the  chosen 

laser  beams  with  the  relevant  tunings.  In  general,  any  quan¬ 
tum  state  of  the  trapped  cold  ion  can  be  generated  determinis¬ 
tically  by  making  use  of  these  unitary  operations  selectively. 
Like  some  of  the  other  schemes  presented  previously,  several 
laser  beams  with  different  frequencies  are  also  required  in  the 
present  scheme.  Tunable  lasers  provide  the  tool  to  create  sev¬ 
eral  types  of  quantum  states  of  trapped  ions. 

Compared  with  previous  approaches  (see,  e.g.,  [7,  9])  op¬ 
erated  in  the  LD  regime,  the  most  important  advantage  of 
the  present  scheme  is  that  the  operations  are  relatively  sim¬ 
ple,  since  various  laser-ion  interactions  may  be  easily  used  by 
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choosing  the  tunings  of  the  applied  laser  beams.  For  example, 
at  least  n  operations  are  required  in  the  previous  schemes  to 
generate  the  state  |n)(g)|^)  from  the  initial  state  |0><g) |y),  as  the 
dynamical  process  of  the  multiquantum  motional  excitation  is 
negligible  in  the  LD  regime.  However,  we  have  shown  here 
that  only  two  unitary  operations  beyond  the  LD  limit  are  suffi¬ 
cient  to  engineer  the  same  quantum  state.  In  addition,  the  gen¬ 
erated  superposition  motional  states  and  the  entangled  states 
of  the  ion  are  universal  and  thus  may  reduce  to  the  various 
desired  special  quantum  states.  The  reason  is  that  the  weights 
of  the  superposed  Fock  states  can  be  adjusted  independently 
by  controlling  the  relevant  experimental  parameters;  e.g.,  the 
durations,  initial  phases  and  frequencies  of  the  applied  laser 
beams.  Several  typical  macroscopic  quantum  states  of  the  mo¬ 
tion  of  the  ion,  e.g.,  the  Pegg-Bamett  phase  state,  the  coherent 
state,  and  the  even  and  odd  coherent  states,  etc.  can  be  cre¬ 
ated  or  well-approximated,  if  the  number  of  the  superposition 
Fock  states  is  sufficient  large. 

We  now  give  a  brief  discussion  for  the  realizability  of  our 
approach. 

First,  the  present  quantum  manipulations  need  to  resolve 
the  vibrational  sidebands  of  the  ion  trap.  In  fact,  it  is  not  diffi¬ 
cult  to  generate  the  desired  laser  pulse  with  sufficiently  narrow 
line-width  with  current  experimental  technology.  For  exam¬ 
ple,  the  line-width  (1  kHz)  of  the  laser  beams  (at  729  nm)  used 
in  Ref.  [12]  to  drive  the  trapped  ion  40Ca+  is  very  small,  cor¬ 
responding  to  a  resolution  of  better  than  Av/v  =  2.5  x  10”12. 
This  line-width  is  also  much  smaller  than  the  frequency  of  the 
applied  trap  (138  kHz).  Thus,  the  vibrational  sidebands  can 
be  well  resolved.  The  expected  initial  phases  of  the  applied 
laser  beams  can  be  controlled  by  switching  different  signal 
paths  [22].  During  the  very  short  durations  (e.g.,  <  10” 4  s) 
for  implementing  the  expected  quantum  operations,  the  ap¬ 
plied  laser  beams  (generated  by  the  Ti:  sapphire  laser)  are  suf¬ 
ficient  stabile  (e.g.,  the  corresponding  initial  phase-diffusion 
and  frequency-drift  times  may  reach  to,  e.g.,  10  ms  [23]  and 
bandwidth  <  1  kHz  in  1  s  averaging  time  [24],  respectively.). 
In  fact,  the  proposed  engineering  scheme  could  also,  in  prin¬ 
ciple,  be  used  for  Raman  excitation,  where  the  phases  of  the 
applied  laser  beams  can  be  well  controlled  (see,  e.g.,  [2, 5, 6]). 

Second,  in  the  present  scheme,  an  arbitrary  Fock  state  can 
be  prepared  by  using  only  two  operations  (see,  e.g.,  Eqs.  (9) 
and  (10)).  The  duration  of  operation  depends  on  the  value  of 
ky  once  the  LD  parameter  and  the  intensity  of  the  applied  laser 
beam  are  given.  The  Rabi  frequency  does  not  significantly  re¬ 
duce  for  large  LD  parameters  (e.g.,  rj  >  0.5).  However,  for 
small  values  of  77  (e.g.,  tj  <  0.25),  the  Rabi  frequency  de¬ 
creases  fast  for  sufficiently  small  values  of  k.  Small  values 
of  the  Rabi  frequency  correspond  to  a  long  duration  of  quan¬ 
tum  operations,  and  the  allowed  number  of  operations  will 
be  reduced.  For  example,  if  77  =  0.25,  Q  =  2tt  x  50  kHz, 


then  the  duration  of  the  transition  |<7)  — >  \e)  is  *£  »  10  /is. 
Adding  a  tt/2  pulse  with  duration  t\  «  40  fxs  (trl0  «  3  ms, 
or  *30  =  0.3  ms),  the  Fock  state:  |1)  (|  10),  or  |30))  can 
be  generated.  Note  that,  compared  to  the  t\y  the  dura¬ 
tions  of  operations  RrlQj  R^0  are  relatively  long,  as  the  Rabi 
frequencies  are  relatively  small;  fto.io/^  «  2  x  10”3  and 
fto,3o/ft  «  2  x  10“1 2  for  the  same  laser  intensity  (see,  Fig.  1). 
In  principle,  these  decreased  Rabi  frequencies  can  be  effec¬ 
tively  compensated  by  enhancing  the  powers  (i.e.,  intensi¬ 
ties)  of  the  applied  laser  beams.  In  fact,  the  power  of  the 
laser  applied  to  drive  the  trapped  cold  ion  is  generally  con¬ 
trollable  (e.g.,  the  Ti:  sapphire  laser  used  in  experiment  [12] 
is  adjustable  in  the  range  from  a  few  /iW  to  a  few  hundred 
mW).  Therefore,  the  corresponding  durations  can  be  shorter 
by  2  ~  5  orders  of  magnitude.  For  example,  for  77  =  0.25, 
if  the  power  of  the  applied  laser  beam  is  adjusted  from  a  few 
/iW  to  a  few  mW,  the  Rabi  frequency  fio.io  of  the  transition 
|0)  ®  |e)  — >  |10)|(/)  can  be  enhanced  to  the  same  order  of 
magnitude  of  the  carrier  Rabi  frequency  Q  (=  2tt  x  50)  kHz. 
The  duration  of  the  corresponding  quantum  operation  is  then 
shortened  to  10“5s.  The  smaller  LD  parameters  77  corre¬ 
spond  to  lasers  with  larger  adjustable  power  ranges;  e.g.,  for 
77  =  0.202,  the  adjustable  power  range  should  be  five  orders 
of  magnitude  larger.  Therefore,  it  is  difficult  to  realize  transi¬ 
tions  with  higher  k  in  the  LD  regime,  where  77  1. 

Finally,  the  generation  of  the  macroscopic  superposed  Fock 
states  is  limited  in  practice  by  the  existing  decays  of  the  vi¬ 
brational  and  atomic  states.  The  lifetime  of  the  atomic  excited 
state  |e)  reaches  up  to  1  s  [12]  allows,  in  principle,  to  perform 
103  ~  104  manipulations.  Also,  the  recent  experiment  [24] 
showed  that  coherence  for  the  superposition  of  \n  =  0)  and 
1 71  =  1)  was  maintained  for  up  to  1  ms.  Usually,  the  life¬ 
time  (i.e.,  relaxation  time)  of  the  state  |1)  should  be  longer 
than  this  dephasing  time.  Therefore,  roughly  say,  preparing 
a  superposition  (e.g.,  phase  state)  from  ground  state  |n  =  0) 
to  the  excited  motional  Fock  states  |n)  with  n  >  10  is  ex¬ 
perimentally  possible,  as  the  durations  of  quantum  operation 
are  sufficiently  short,  e.g.,  <  10“4s.  Improvements  might  be 
expected  by  considering  the  more  realistic  dynamics  [14]  that 
includes  the  decays  of  the  excited  atomic  and  motional  states. 
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•  Student  Awards 


Quantum  Computing  (more  links  and  preprints  to  be  added  later) 


•  Scalable  quantum  computing  with  Josephson  charge  qubits 

•  PRL  Nov.  2002  on  "Scalable  quantum  computing  with  Josephson  charge  qubits" 

•  A  few  non-technical  summaries  are  in  Technology  Review  News.  EE  Times.  UM  Press 
release,  and  Supercomputing  Online,  among  others. 


Collective  Transport  in  Disordered  Systems 


•  Vortex  Dynamics  and  Collective  Transport  in  Disordered  Systems 

o  Vortex  Dynamics: 

■  Brief  Overview 

■  non-technical  summaries  from  the  APS  News  and  The  University  Record 

o  Seminar  on  Vortex  Dynamics,  (including  an  introduction) 

This  seminar  is  a  slide  presentation  with  simultaneous  voice. 

■  Microscopic  Derivation  of  the  Kim  and  Bean  States  in  Superconductors 

■  Vortex  Plastic  Flow  in  Superconductors 

■  Plastic  Motion  in  Twinned  Superconductors 

■  Periodic  Arrays  of  Pinning  Sites 

■  Dynamic  Phases  in  Superconductors  with  Periodic  Pinning 

■  Vortex  Avalanches 

■  Fractal  Networks.  Braiding  Channels,  and  Voltage  Noise  in  Vortex  Rivers  [Phvs. 
Rev.  Lett.  80,  2197,  (1998)] 

and  here  for  a  brief  nontechnical  summary.  Further  information  appears  here 

■  Nonequilibrium  Dynamic  Phase  Diagram  for  Vortex  Lattices 
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Click  here  for  a  link  to  the  article  [Phys.  Rev.  Lett.  81,  3757  (1998)] 

■  Phase  Locking,  Devil's  Staircases.  Farev  Trees,  and  Arnold's  Tongues  in  Driven 
Vortex  Lattices  [Phys.  Rev.  Lett.  82,  414  (1999)]. 

■  Topological  Invariants  in  Microscopic  Transport  on  Rough  Landscapes: 
Hierarchical  Structure,  Morphology,  and  Horton  Analysis  of  River-like  Networks 
of  Vortices.  [Phys.  Rev.  Lett.  82,  3641  (1999)]. 

■  Vortex  Motion  in  Channels  [PRB  2003] 

■  Vortex  Optics:  fluxon  convex/concave  lenses,  pumps,  diodes,  and  stochastic 
rectification.  [Phys.  Rev.  Lett.  83,  5106  (1999)]. 

A  very  different  approach  to  the  same  problem  appears  in  Phys.  Rev.  Lett.  87, 
177002  (2001). 

■  V  I  D  E  O  S  of  Vortex  Dynamics  in  Superconductors  (JAVA  format) 

■  Additional  VIDEO  CLIPS  of  Vortex  Dynamics  (Quicktime  format) 

■  "Science"  Perspective:  Intermittently  Flowing  Rivers  of  Quantized  Magnetic  Flux 

■  Videos  in  "Science" 


o  Avalanches  in  Granular  Materials:  Mean  Field  Theory  and  Experiments 
o  Instabilities  in  Systems  with  Threshold  Dynamics:  Experiments  and  Theory 
o  Water  Droplet  Avalanches 

o  Instabilities  and  Chaos  in  Falling  Objects:  From  Maxwell  to  Bar  Tricks  (Nature.  1997) 
o  Sound-Producing  Sand  Avalanches  (Scientific  American,  1997) 
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Suppressing  Quantum  Noise  in  Solids:  Squeezed  Phonons 


•  Link  to  the  URL  of  Phys.  Rev.  Lett.  Dec.  8.  1997 

Phonon  Squeezed  States  Generated  by  Second-Order  Raman  Scattering. 

•  Squeezed  Phonons:  Manipulating  Quantum  Fluctuations  of  Atomic  Displacements. 

•  Controlling  Quantum  Noise  in  Condensed  Matter: 

Squeezed  Phonon  States  and  Squeezed  States  in  Superconducting  Junctions 

•  Acoustic  Interference  and  Phonon  Localization 


Feynman  Path-Integral  Analytical  Studies  of  Quantum  Interference: 
Superconducting  Networks,  Josephson  junction  Arrays,  and  Electron  Motion  in  Magnetic 
Fields 


•  Analytical  Studies  of  Quantum  Interference  Effects  due  to  Electron  Motion  in  Magnetic  Fields 

•  Superconducting  Micronetworks  and  Josephson-Junction  Arrays:  Feynman  Path-Integral  and 
Multiloop  Aharonov-Bohm  Approches. 


http://www-personal.engin.umich.edu/~nori/ 


8/9/2004 


Prof.  F.  Nori,  U.  of  Michigan 


Page  3  of  3 


•  Course  for  Fall  2001  (Physics  510):  Statistical  Mechanics  and  Thermodynamics 

•  Course  for  Winter  2000:  Rackham  Interdisciplinary  Seminar  on  Spatio-Temporal  Complexity  in 
Science  and  Engineering. 
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Publications  in  Refereed  Journals 


1.  Loop-Space  Quantum  Formulation  of  Free  Electromagnetism, 

C.  Di  Bartolo,  F.  Nori,  R.  Gambini,  and  A.  Trias, 

Lett.  Nuov.  Cim.  38,  497  (1983). 

2.  Acoustic  and  Electronic  Properties  of  One-dimensional  Quasicrystals, 

F.  Nori  and  J.P.  Rodriguez, 

Phys.  Rev.  B  34,  2207  (1986). 

3.  Renormalization  Group  Study  of  One-dimensional  Quasiperiodic  Systems, 

Q.  Niu  and  F.  Nori, 

Phys.  Rev.  Lett.  57,  2057  (1986). 

4.  Superconducting-Normal  Phase  Boundary  of  Quasicrystalline  Arrays, 

F.  Nori,  Q.  Niu,  E.  Fradkin,  and  S.-J.  Chang, 

Phys.  Rev.  B  36,  8338  (1987). 

5.  Aperiodic  Superconducting  Phase  Boundary  of  Periodic  Micronetworks  in  a  Mag¬ 
netic  Field, 

F.  Nori  and  Q.  Niu, 

Phys.  Rev.  B  (Rapid  Communications)  37,  2364  (1988). 

6.  Superconducting  Tc(H)  for  Micronetworks:  Analytical  and  Numerical  Results, 

F.  Nori  and  Q.  Niu, 

Physica  152B,  105  (1988). 

7.  Strain  Accumulation  in  Quasicrystalline  Solids, 

F.  Nori,  M.  Ronchetti  and  V.  Elser, 

Phys.  Rev.  Lett.  61,  2774  (1988). 

8.  Theory  of  Superconducting  Wire  Networks  and  Josephson  Junction  Arrays  in  Mag¬ 
netic  Fields, 

Q.  Niu  and  F.  Nori, 

Phys.  Rev.  B  39,  2134  (1989). 

9.  Thue-Morse  Quantum  Ising  Model,  M.  Doria,  F.  Nori,  and  I.  Satija, 

Phys.  Rev.  B  39,  6802  (1989). 

10.  Quasicrystalline  Diffraction  Pattern:  Exact  Expression  in  terms  of  Elementary 
Functions,  S.-J.  Chang  and  F.  Nori,  (invited  paper)  Chinese  Journal  of  Physics  26,  No.  4  (1989). 

11.  Transmission  and  Frequency  Spectra  of  Acoustic  Phonons  in  Thue-Morse  Superlat¬ 
tices, 

S.  Tamura  and  F.  Nori, 

Phys.  Rev.  B  40,  9790  (1989). 

12.  Generalized  Flux  States  of  the  t  -  J  Model, 

F.  Nori,  E.  Abrahams  and  G.T.  Zimanyi, 

Phys.  Rev.  B  (Rapid  Communications)  41,  7277  (1990). 

13.  Acoustic  Interference  in  Random  Superlattices, 

S.  Tamura  and  F.  Nori, 

Phys.  Rev.  B  (Rapid  Communications)  41,  7941  (1990). 

14.  Trace  Maps  for  Aperiodic  Chains, 

M.  Kolar  and  F.  Nori 

Phys.  Rev.  B  (Rapid  Communications)  42,  1062  (1990). 

15.  Spectral-Splitting  and  Wave  Function  Scaling  in  Quasicrystalline  and  Hierarchical 
Structures, 

Q.  Niu  and  F.  Nori, 

Phys.  Rev.  B  42,  10329  (1990). 
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16.  Generalized  Thue-Morse  Chains  and  their  Properties, 

M.  Kolar,  M.K.  Ali  and  F.  Nori, 

Phys.  Rev.  B  43,  1034  (1991). 

17.  Systematic  Study  of  Generalized  Flux  Phases, 

F.  Nori,  B.  Doucot,  and  R.  Rammal, 

Phys.  Rev.  B  44,  7637  (1991). 

18.  Theoretical  Analysis  of  the  Thermal  Conductivity  of  Y Ba2Cu307s  Single  Crystals, 

S.D.  Peacor,  R.A.  Richardson,  F.  Nori,  and  C.  Uher, 

Phys.  Rev.  B  44,  9508  (1991). 

19.  Comparison  of  Frustration  and  Doping  Effects  in  Generalized  Flux  Phases, 

F.  Nori  and  G.T.  Zimanyi, 

Europhys.  Lett.  16,  397  (1991). 

20.  Self-Organized  Critical  Behavior  in  Pinned  Flux  Lattices, 

O.  Pla  and  F.  Nori, 

Phys.  Rev.  Lett.  67,  919  (1991). 

21.  Thermal  Conductivity  of  Y Ba2Cu^07-s  in  a  Magnetic  Field:  Can  k{H)  Probe  the 
Vortex  State?, 

R.A.  Richardson,  S.D.  Peacor,  F.  Nori,  and  C.  Uher, 

Phys.  Rev.  Lett.  67,  3856  (1991). 

22.  Does  Frustration  Describe  Doping  in  Models  for  High-Temperature  Superconduc¬ 
tors?, 

F.  Nori,  S.  Bacci,  and  E.  Gagliano, 

Phys.  Rev.  Lett.  68,  240  (1992). 

23.  Imaging  of  Avalanches  in  Granular  Materials, 

M.  Bretz,  J.  Cunningham,  P.  Kurczynski,  and  F.  Nori. 

Phys.  Rev.  Lett.  69,  2431  (1992). 

24.  Y BaiCuzOis  Films:  Calculation  of  the  Thermal  Conductivity  and  Phonon  Mean- 
Free  Path,  S.D.  Peacor,  R.A.  Richardson,  C.  Uher,  and  F.  Nori, 

J.  Appl.  Phys.  72,  4788  (1992). 

25.  Water  Droplet  Avalanches,  B.  Plourde,  F.  Nori,  and  M.  Bretz, 

Phys.  Rev.  Lett.  71,  2741  (1993). 

26.  Mean  Field  Theory  of  Sandpile  Avalanches:  from  the  Intermittent  to  the  Continu¬ 
ous  Flow  Regime, 

V.G.  Benza,  F.  Nori,  and  O.  Pla, 

Phys.  Rev.  E  48,  4095  (1993). 

27.  Phonon  Transmission  Rate,  Fluctuations,  and  Localization  in  Random  Semiconduc¬ 
tor  Superlattices:  Green’s  Function  Approach, 

N.  Nishiguchi,  S.  Tamura,  and  F.  Nori, 

Phys.  Rev.  B  48,  2515  (1993). 

28.  Phonon  Universal  Transmission  Fluctuations  and  Localization  in  Semiconductor  Su¬ 
perlattices  with  a  Controlled  Degree  of  Order, 

N.  Nishiguchi,  S.  Tamura,  and  F.  Nori, 

Phys.  Rev.  B  48,  14426  (1993). 

29.  Effective  Carrier  Mean-Free  Path  in  Confined  Geometries, 

R.  Richardson  and  F.  Nori, 

Appl.  Phys.  Lett.  63,  2076  (1993). 

30.  Transport  and  Boundary  Scattering  in  Confined  Geometries:  Analytical  Results, 

R.  Richardson  and  F.  Nori, 

Phys.  Rev.  B  48,  15209  (1993). 
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31.  Analytical  Approaches  for  the  Electronic  Structure  of  C6o, 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Lett.  183A,  214  (1993). 

32.  The  Real-Space  Renormalization  Group  and  Generating  Function  for  Penrose  Lat¬ 
tices, 

J.Q.  You  and  F.  Nori, 

J.  Physics:  Condensed  Matter  5,  9431  (1993). 

33.  Exact  Renormalization-Group  Approach  to  the  Generating  Function  of  a  Vicsek 
Fractal,  J.Q.  You,  C.-H.  Lam,  F.  Nori,  and  L.  Sander 

Phys.  Rev.  E  (Rapid  Communications)  48,  R4183  (1993). 

34.  Electronic  Structure  of  C^o  and  Cjo  molecules:  Generating  Functional  Approach, 

J.Q.  You,  F.  Nori,  and  Y.-L.  Lin, 

Solid  State  Comm.  91,  117  (1994). 

35.  Electronic  Structure  of  Single-  and  Multiple-Shell  Carbon  Fullerenes, 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Rev.  B  49,  5020  (1994). 

36.  Analytical  Solution  for  the  Fermi-Sea  Energy  of  two-dimensional  Electrons  in  a 
Magnetic  Field:  Lattice  Path  Integral  Approach  and  Quantum  Interference, 

F.  Nori  and  Y.-L.  Lin, 

Phys.  Rev.  B  49,  4131  (1994). 

37.  Quantum  Interference  on  the  Kagome  Lattice, 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Rev.  B ,  50,  15953  (1994). 

38.  Raman  Spectra  in  two-dimensional  Spin-1/2  Heisenberg  Antiferromagnets, 

S.  Haas,  E.  Dagotto,  J.  Riera,  R.  Merlin,  and  F.  Nori, 

Journal  of  Applied  Physics  75,  6340  (1994). 

39.  Confirmation  of  the  Modified  Bean  Model  from  Simulations  of  Superconducting 
Vortices, 

R.  Richardson,  0.  Pla,  and  F.  Nori, 

Phys.  Rev.  Lett.  72,  1268  (1994). 

40.  Marginal  Stability  and  Chaos  in  a  Stick-Slip  Electronic  Circuit  Modeling  Coupled 
Faults 

S.  Field.  N.  Venturi,  and  F.  Nori, 

Phys.  Rev.  Lett.  74,  74  (1995). 

41.  Superconducting  Vortex  Avalanches, 

S.  Field.  J.  Witt,  F.  Nori,  and  X.  Lin, 

Phys.  Rev.  Lett.  74,  1206  (1995). 

42.  Droplet  Avalanches;  Comment.  F.  Nori,  B.  Plourde,  and  M.  Bretz, 

Phys.  Rev.  Lett.  74,  3498  (1995). 

43.  Magnetic  Raman  Scattering  in  Two-Dimensional  Spin-1/2  Heisenberg  Antiferromag¬ 
nets:  Spectral  Shape  Anomaly  and  Magnetostrictive  Effects, 

F.  Nori,  R.  Merlin,  S.  Haas,  A.  Sandvik,  and  E.  Dagotto, 

Phys.  Rev.  Lett.  75,  553  (1995). 

44.  Microscopic  Derivation  of  Magnetic  Flux  Density  Profiles,  Magnetization  Hystere¬ 
sis  Loops,  and  Critical  Currents  in  Strongly  Pinned  Superconductors, 

C.  Reichhardt,  J.  Groth,  C.J.  Olson,  S.  Field,  and  F.  Nori. 

Phys.  Rev.  B  52,  10441  (1995). 

45.  Vortex  Plastic  Flow,  Local  Flux  Density,  Magnetization  Hysteresis  Loops,  and 
Critical  Currents  Deep  in  the  Bose  Glass  and  Mott-Insulator  Regimes, 

C.  Reichhardt,  C.J.  Olson,  J.  Groth,  S.  Field,  and  F.  Nori, 

Phys.  Rev.  B  (Rapid  Communications)  53,  R8898  (1996). 
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46.  Spatio-Temporal  Dynamics  and  Plastic  Flow  of  Vortices  in  Superconductors  with 
Periodic  Arrays  of  Pinning  Sites, 

C.  Reichhardt,  J.  Groth,  C.J.  Olson,  S.  Field,  and  F.  Nori, 

Phys.  Rev.  B  54,  16108  (1996);  Enhanced-clarity  grey-scale  figures  were  published  in  56,  14196 
(1997). 

47.  Vortex  Plastic  Motion  in  Twinned  Superconductors, 

J.  Groth,  C.  Reichhardt,  C.J.  Olson,  S.  Field,  and  F.  Nori, 

Phys.  Rev.  Lett.  77,  3625  (1996). 

48.  Intermittently  Flowing  Rivers  of  Quantized  Magnetic  Flux, 

F.  Nori, 

Science  276,  1373  (1996). 

49.  Exact  Solutions  for  the  Electronic  Structure  of  C6o:  Recursion  and  Path-Integral 
Approaches, 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Rev.  £?,  53,  1641  (1996). 

50.  Quantum  Interference  from  Sums  over  Closed  Paths  for  Electrons  on  a  Three- 
Dimensional  Lattice  in  a  Magnetic  Field:  Total  Energy,  Magnetic  Moment,  and 
Orbital  Susceptibility, 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Rev.  B  53,  13374  (1996). 

51.  Analytical  Results  on  Quantum  Interference  and  Magnetoconductance  for  Strongly 
Localized  Electrons  in  a  Magnetic  Field:  Exact  Summation  of  Forward-Scattering 

PATHS 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Rev.  B  53,  15543  (1996). 

52.  Strongly  Localized  Electrons  in  a  Magnetic  Field:  Quantum  Interference  and  Ex¬ 
act  Summation  of  Forward-Scattering  Paths  in  Two  and  Three  Dimensions, 

Y.-L.  Lin  and  F.  Nori, 

Phys.  Rev.  Lett.  76,  4580  (1996). 

53.  Squeezed  Phonon  States:  Modulating  Quantum  Fluctuations  of  Atomic  Displace¬ 
ments, 

X.  Hu  and  F.  Nori, 

Phys.  Rev.  Lett.  76,  2294  (1996). 

54.  Quantum  Phonon  Optics:  Coherent  and  Squeezed  Atomic  Displacements, 

X.  Hu  and  F.  Nori, 

Phys.  Rev.  B  53,  2419  (1996). 

55.  Phonon  Squeezed  States  Generated  by  Second  Order  Raman  Scattering, 

X.  Hu  and  F.  Nori, 

Phys.  Rev.  Lett.  79,  4605  (1997). 

56.  Plastic  Flow,  Voltage  Noise,  and  Vortex  Avalanches  in  Superconductors, 

C.J.  Olson,  C.  Reichhardt,  J.  Groth,  S.  Field,  and  F.  Nori, 

Physica  C  290,  89  (1997). 

57.  Superconducting  Vortex  Avalanches,  Voltage  Bursts,  and  Vortex  Plastic  Flow:  Ef¬ 
fect  of  the  Microscopic  Pinning  Landscape  on  the  Macroscopic  Properties, 

C.J.  Olson,  C.  Reichhardt,  and  F.  Nori, 

Phys.  Rev.  B  56,  6175  (1997). 

58.  Dynamical  Phases  of  Vortices  in  Superconductors  with  Periodic  Pinning, 

C.  Reichhardt,  C.J.  Olson,  and  F.  Nori, 

Phys.  Rev.  Lett.  78,  2648  (1997). 

59.  Chaotic  Dynamics  of  Falling  Disks, 

S.  Field,  M.  Klaus,  M.G.  Moore,  and  F.  Nori, 

Nature  387,  252  (July  17,  1997)  . 
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60.  Booming  Sand, 

F.  Nori,  P.  Sholtz,  and  M.  Bretz, 

Scientific  American  277,  No.  3,  84  (September  1997). 

61.  Sound-Producing  Sand  Avalanches, 

P.  Sholtz,  M.  Bretz,  and  F.  Nori, 

Contemporary  Physics  38,  No.  5,  329  (1997). 

62.  Commensurate  Vortex  States  in  Superconductors  with  Periodic  Pinning  Arrays, 

C.  Reichhardt,  C.J.  Olson,  and  F.  Nori, 

Phys.  Rev.  B  57,  7937  (1998). 

63.  Nonequilibrium  Dynamical  Phases  and  Plastic  Flow  of  Driven  Vortex  Lattices  in 
Superconductors  with  Periodic  Arrays  of  Pinning  Sites, 

C.  Reichhardt,  C.J.  Olson,  and  F.  Nori, 

Phys.  Rev.  B  58,  6534—6564  (1998). 

64.  Fractal  Networks,  Braiding  Channels,  and  Voltage  Noise  in  Intermittently  Flowing 
Rivers  of  Quantized  Magnetic  Flux, 

C.J.  Olson,  C.  Reichhardt,  and  F.  Nori, 

Phys.  Rev.  Lett.  80,  2197  (1998). 

65.  Nonequilibrium  Dynamic  Phase  Diagram  for  Vortex  Lattices, 

C.J.  Olson,  C.  Reichhardt,  and  F.  Nori, 

Phys.  Rev.  Lett.  81,  3757  (1998). 

66.  Phase  Locking,  Devil’s  Staircases,  and  Arnold’s  Tongues  in  Driven  Vortex  Lattices 
with  Periodic  Pinning, 

C.  Reichhardt  and  F.  Nori, 

Phys.  Rev.  Lett.,  82,  414  (1999). 

67.  Topological  Invariants  in  Microscopic  Transport  on  Rough  Landscapes:  Morphol¬ 
ogy  and  Horton  Analysis  of  River-like  Networks  of  Vortices, 

A.  Mehta,  C.  Reichhardt,  C.J.  Olson,  and  F.  Nori, 

Phys.  Rev.  Lett.,  82,  3641  (1999). 

68.  Superconductor  Fluxon  Pump  and  Lenses, 

J.W.  Wambaugh,  C.  Reichhardt,  C.J.  Olson,  F.  Marchesoni,  and  F.  Nori, 

Phys.  Rev.  Lett.,  83,  5106  (1999). 

69.  Phonon  Squeezed  States:  Quantum  Noise  Reduction  in  Solids, 

X.  Hu  and  F.  Nori, 

Physica  B,  263,  16  (1999). 

70.  Dynamic  vortex  phases  and  pinning  in  superconductors  with  twin  boundaries, 

C.  Reichhardt,  C.J.  Olson,  F.  Nori, 

Phys.  Rev.  B ,  61,  3665  (2000). 

71.  Dynamic  Phase  Diagram  and  Orientational  Dependence  for  Vortices  in  Supercon¬ 
ductors  with  Periodic  Arrays  of  Pinning  Sites 

F.  Nori  and  C.  Reichhardt, 

Physica  C  332,  40  (2000). 

72.  Critical  dynamics  of  burst  instabilities  in  the  Portevin-Le  Chatelier  effect 

G.  D’Anna  and  F.  Nori, 

Phys.  Rev.  Lett.,  85,  4096  (2000). 

73.  Moving  Wigner  Glasses  and  Smectics:  Dynamics  of  Disordered  Wigner  Crystals 

C.  Reichhardt,  C.J.  Olson,  N.  Grombech-Jensen,  and  F.  Nori, 

Phys.  Rev.  Lett.,  86,  4354  (2001). 

74.  Collective  Interaction-Driven  Ratchet  for  Transporting  Flux  Quanta 

C.J.  Olson,  C.  Reichhardt,  B.  Janko,  F.  Nori, 

Phys.  Rev.  Lett.,  87,  177002  (2001). 
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75.  Effects  of  Columnar  and  Point  Defects  on  Magnetic  Hysteresis  Curves  Produced 
by  3-dimensional  Vortices  in  Layered  Superconductors 

C.J.  Olson  and  F.  Nori, 

Physica  C,  363,  67  (2001). 

76.  Vortex  structure  and  dynamics  in  kagome  and  triangular  pinning  potentials 

M.F.  Laguna,  C.A.  Balseiro,  D.  Dominguez,  F.  Nori, 

Phys.  Rev.  B,  64,  104505  (2001). 

77.  Quantum  Interference  in  Superconducting  Wire  Networks  and  Josephson  Junction 
Arrays:  Analytical  Approach  based  on  Multiple-Loop  Aharonov-Bohm  Feynman  Path- 
Integrals 

Yeong-Lieh  Lin  and  Franco  Nori, 

Phys.  Rev.  B,  65,  214504  (2002). 

78.  Experimentally-realizable  devices  for  controlling  the  motion  of  magnetic  flux 

QUANTA  IN  ANISOTROPIC  SUPERCONDUCTORS 

S.  Savelev  and  F.  Nori, 

Nature  Materials ,  1,  179  (2002). 

Listed  in  the  cover  of  the  November  issue,  and  also  featured  in  a  nice  two-pages  “News  and  Views”, 
“Controlling  the  motion  of  quanta”  Nature  Materials  1,  143  (2002). 

79.  Scalable  Quantum  Computing  with  Josephson  junction  Qubits 

J.Q.  You,  J.S.  Tsai,  and  F.  Nori, 

Phys.  Rev.  Lett.,  89,  179  (2002). 

80.  Controllable  manipulation  of  macroscopic  quantum  states  in  coupled  charge  qubits, 

J.Q.  You,  J.S.  Tsai,  and  F.  Nori, 

Phys.  Rev.  B  68,  024510  (2003). 

81.  Quantum  information  processing  with  superconducting  qubits  in  a  microwave  field, 

J.Q.  You  and  F.  Nori, 

Phys.  Rev.  B,  68,  64509  (2003). 

82.  Shear  and  Loading  in  Channels:  Oscillatory  shearing  and  Leapfrogging  Edge  Cur¬ 
rents  of  Superconducting  Vortices, 

J.  Wambaugh,  F.  Marchesoni,  and  F.  Nori, 

Phys.  Rev.  B6 7,  144515  (2003). 

83.  Force-free  current-induced  “inverse”  melting  of  the  vortex-lattice  in  superconduc¬ 
tors, 

S.  Savel’ev,  C.  Catutto,  and  F.  Nori, 

Phys.  Rev.  B ,  Rapid  Communications,  67,  180509  (2003). 

84.  Controllable  stepmotors  and  rectifiers  of  magnetic  flux  quanta  using  periodic  ar¬ 
rays  OF  ASYMMETRIC  PINNING  DEFECTS, 

B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori, 

Phys.  Rev.  B  65,  14514  (2003). 

85.  Anomalous  interstitial  dynamics,  Stokes’  drift,  and  current  inversion  in  AC-driven 

VORTEX  LATTICES  IN  SUPERCONDUCTORS  WITH  ARRAYS  OF  ASYMMETRIC  DOUBLE-WELL  TRAPS, 

F.  Marchesoni,  B.Y.  Zhu,  and  F.  Nori, 

Physica  A ,  325,  78  (2003). 

86.  Controlling  transport  in  mixtures  of  interacting  particles  using  Brownian  motors, 

S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori, 

Phys.  Rev.  Lett.  91,  10601  (2003). 

87.  Observing  Brownian  motion  in  vibro-fluidized  granular  matter, 

G.  D’Anna,  P.  Mayor,  A.  Barrat,  V.  Loreto,  and  F.  Nori, 

Nature ,  424,  909-912  (August  21,  2003). 

This  article  (featured  all  over  via  press,  newswires,  radio,  and  TV)  is  the  Cover  Story  of  the  21 
August,  2003,  issue  of  Nature.  Also  featured  in  that  issue  in  the  table  of  contents  and  via  a  companion 
“News  and  Views”.  A  month  later,  featured  again  in  Nature  (October.  2003). 
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88.  Reversible  Rectifier  that  Controls  the  Motion  of  Magnetic  Flux  Quanta  in  Super¬ 
conductors, 

J.E.  Villegas,  S.  Savel’ev,  F.  Nori,  E.M.  Gonzalez,  J.V.  Anguita,  R.  Garcia,  and  J.L.  Vicent, 

Science  302  1188  (2003).  Also  featured  in  an  “Enhanced  Perspectives”  Science  302  1159  (2003)), 
the  only  one  for  that  issue,  and  one  of  about  three  for  all  of  Physics  during  2003.  Also  featured  in 
the  “This  week  in  Science”  page  of  that  issue  of  Science. 

89.  An  efficient  single-step  scheme  for  manipulating  quantum  information  of  two  trapped 

IONS  BEYOND  THE  LAMB-DlCKE  LIMIT, 

L.F.  Wei  and  F.  Nori,  Phys.  Lett.  A,  320,  131-139  (2003). 

90.  Coherently  manipulating  two-qubit  quantum  information  using  a  pair  of  simultane¬ 
ous  LASER  PULSES, 

L.F.  Wei  and  F.  Nori,  Europhysics  Letters ,  65,  1-6  (2004). 

91.  Controlling  the  Motion  of  Magnetic  Flux  Quanta, 

B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori,  Phys.  Rev.  Lett.,  in  press  (2004). 

92.  Manipulating  small  particles  in  mixtures  far  from  equilibrium, 

S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  Phys.  Rev.  Lett.,  in  press  (2004). 

Submitted  manuscripts  (preprints  available  upon  request): 

93.  Interacting  Particles  on  a  Rocked  Ratchet:  Rectification  by  Condensation, 

S.  Savelev,  F.  Marchesoni,  and  F.  Nori,  submitted. 

94.  Transport  via  nonlinear  signal  mixing  in  a  ratchet  device, 

S.  Savel’ev,  F.  Marchesoni,  P.  Hanggi,  and  F.  Nori,  submitted  (2004). 

95.  Correlation-induced  coherence-preserving  macroscopic  quantum  states, 

J.Q.  You,  X.  Hu,  and  F.  Nori,  submitted. 

96.  Fast  two-bit  operations  in  inductively  coupled  flux  qubits, 

J.Q.  You,  Y.  Nakamura,  and  F.  Nori,  submitted. 

97.  Coherently  manipulating  two-qubit  quantum  information  by  a  single-step  operation, 

L.F.  Wei  and  F.  Nori,  submitted. 

98.  Engineering  quantum  pure  states  of  a  trapped  cold  ion  beyond  the  Lamb-Dicke  limit, 

L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  submitted. 

99.  Quantum  phase  estimation  algorithms  with  delays:  How  to  avoid  dynamical  phase 

ERRORS, 

L.F.  Wei  and  F.  Nori,  submitted. 

100.  Phase-matching  approach  to  eliminate  the  dynamical  phase  error  in  Shor’s  factoring 

ALGORITHM  , 

L.F.  Wei,  X.  Li,  X.  Hu,  and  F.  Nori,  submitted. 

101.  Coupling  Josephson  Qubits  via  a  Current-biased  Information  Bus, 

L.F.  Wei,  Y.X.  Liu,  and  F.  Nori,  submitted. 

102.  Qubit  tomography  for  solid-state  systems, 

Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  submitted. 

103.  Quantum  tomography  for  superconducting  qubits, 

Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  submitted. 

104.  Generation  of  non-classical  photon  states  using  a  superconducting  qubit  in  a  quan¬ 
tum  ELECTRODYNAMIC  MICROCAVITY, 

Y.X.  Liu,  L.F.  Wei,  and  F.  Nori,  submitted. 
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105.  Entanglement  of  two  coupled  charge  qubits, 
Y.A.  Pashkin,  et  al.,  submitted. 


Articles  Reprinted  in  Books  (Reprint  Collections) 

Strain  Accumulation  in  Quasicrystalline  Solids,  originally  published  in  Phys.  Rev.  Lett. 
66,  2774  (1988),  has  been  reprinted  in  the  book  Simulation  Approach  to  Solids ,  M.  Ronchetti  and 
J.  Jacucci,  eds.  (Kluwer  Academic  Publishers,  1991) 


Publications  in  Books:  Refereed  Conference  Proceedings 

106.  Strain  Accumulation  in  Two-Dimensional  Quasicrystals, 

M.  Ronchetti,  F.  Nori  and  V.  Elser, 

Quasicrystalline  Materials ,  Ch.  Janot  and  J.M.  Dubois  (eds.),  p.  299, 

(World  Scientific  Publishing  Co.,  Singapore,  1988). 

107.  Angular  Momentum  Irreducible  Representation  and  Destructive  Quantum  Interfer¬ 
ence  for  Penrose  Lattice  Hamiltonians, 

F.  Nori  and  Q.  Niu, 

Quasicrystals  and  Incommensurate  Structures  in  Condensed  Matter  E.  Gomez  et  al ,  eds.,  p.  434 
(World  Scientific  Publishing  Co.,  Singapore,  1990). 

108.  Exact  Expression  in  terms  of  Elementary  Functions  for  a  Quasicrystalline  Diffrac¬ 
tion  Pattern,  S.-J.  Chang  and  F.  Nori, 

Quasicrystals  and  Incommensurate  Structures  in  Condensed  Matter  E.  Gomez  et  al ,  eds.,  p.  79 
(World  Scientific  Publishing  Co.,  Singapore,  1990). 

109.  Peak  Broadening  in  Quasicrystalline  Solids,  F.  Nori,  M.  Ronchetti  and  V.  Elser, 
Quasicrystals  and  Incommensurate  Structures  in  Condensed  Matter  E.  Gomez  et  al ,  eds.,  p.  420 
(World  Scientific  Publishing  Co.,  Singapore,  1990). 

110.  Band-splitting  and  Wave  Function  Scaling  in  Quasicrystalline  Structures, 

Q.  Niu  and  F.  Nori, 

Quasicrystals  and  Incommensurate  Structures  in  Condensed  Matter  E.  Gomez  et  al ,  eds.,  p.  426 
(World  Scientific  Publishing  Co.,  Singapore,  1990). 

111.  Diamagnetism  in  Quasicrystalline  Superconducting  Networks,  Q.  Niu  and  F.  Nori,  Qua¬ 
sicrystals  M.  V.  Jaric  and  S.  Lundqvist,  eds.,  p.  425  (World  Scientific  Publishing  Co.,  Singapore, 
1990). 

112.  Long-Range  Order  in  One-Dimensional  Quasiperiodic  Magnetic  Chains, 

I.  Satija,  M.  Doria,  and  F.  Nori,  Magnetic  Properties  of  Low  Dimensional  Systems:  New  Develop¬ 
ments.  L.M.  Falicov  et  al,  eds.,  (Springer- Verlag,  New  York,  1990). 

113.  Dynamics  and  Macroscopic  Rigidity  in  Glassy  Thin  Films,  F.  Nori, 

Nonlinear  Structures  in  Physical  Systems ,  L.  Lam  and  H.C.  Morris,  eds.,  p.  247 
(Springer- Verlag,  New  York,  1990). 
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114.  Hole  Dynamics  in  a  Quantum  Antiferromagnet:  Slave-Boson  Generalized  Flux  States, 

F.  Nori  and  G.T.  Zimany, 

Nonlinear  Structures  in  Physical  Systems,  L.  Lam  and  H.C.  Morris,  eds.,  p.  261 
(Springer- Verlag,  New  York,  1990). 

115.  Frustrated  Spin  ( J- J’)  Systems  do  not  Model  the  Magnetic  Properties  of  High- 
Temperature  Superconductors, 

S.  Bacci,  E.  Gagliano,  and  F.  Nori, 

High- Temperature  Superconductors  and  Strongly  Correlated  Electron  Systems  II 

G.  Baskaran  et  al  eds.,  p.  325  (World  Scientific  Publishing  Co.,  Singapore,  1991). 

116.  Hard-Core  Slave-Boson  Generalized  Flux  States  of  the  t-J  model, 

F.  Nori,  G.T.  Zimanyi,  and  E.  Abrahams, 

High-  Temperature  Superconductors  and  Strongly  Correlated  Electron  Systems  II 

G.  Baskaran  et  al  eds.,  p.  119  (World  Scientific  Publishing  Co.,  Singapore,  1991). 

117.  Quantum  Interference  in  Superconducting  Wire  Networks  and  Josephson  junction 
Arrays  in  Magnetic  Fields,  F.  Nori  and  Q.  Niu, 

Physical  Phenomena  at  High  Magnetic  Fields 
E.  Manousakis  et  al  eds.,  p.  334  (Addison- Wesley,  1991). 

118.  Filling  Landau  Levels:  Fermi  Sea  Ground-State  Energy,  Competing  Interactions  and 
Marginal  Dispersions  in  Generalized  Flux  Phases, 

B.  Doucot,  F.  Nori,  and  R.  Rammal, 

High- Temperature  Superconductors  and  Strongly  Correlated  Electron  Systems  III 
G.  Baskaran  et  al  eds.,  p.  115  (World  Scientific  Publishing  Co.,  Singapore,  1992). 

119.  Electronic  Density  of  States  for  Penrose  Tilings  and  Vicsek  Fractal, 

J.Q.  You,  F.  Nori,  and  C.-H.  Lam, 

Materials  Science  Forum ,  150-151,  435  (1994). 

120.  Simulation  of  vortex  dynamics  in  nanostructured  pinning  arrays, 

M.F.  Laguna,  C.A.  Balseiro,  D.  Dominguez,  and  F.  Nori, 

Phys.  Status  Solidi  B  230  (2):  499-503  (2002). 

121.  Cooper-pair-box  qubits  in  a  quantum  electrodynamic  cavity, 

J.Q.  You,  J.S.  Tsai,  and  F.  Nori. 

Physica  E  18,  33  (2003). 

122.  Experimentally  realizable  scalable  quantum  computing  using  superconducting  qubits, 
J.Q.  You,  J.S.  Tsai,  and  F.  Nori, 

Physica  E  18,  35  (2003). 

123.  Fluctuations  in  the  Josephson-Pancake  combined  vortex  lattice, 

S.  Savel’ev,  J.  Mirkovic,  and  F.  Nori, 

Physica  C  388,  653  (2003). 

124.  Controlling  the  collective  motion  of  interacting  particles:  Analytical  study  via 

THE  NONLINEAR  FOKKER-PLANCK  EQUATION, 

S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori. 

Physica  C  388,  661  (2003). 

125.  Easily-controllable  collective  stepmotor  of  magnetic  flux  quanta, 

B.Y.  Zhu,  F.  Marchesoni,  V.V.  Moshchalkov,  and  F.  Nori, 

Physica  C  388,  665  (2003). 

126.  Vortex  lattice  melting  in  very  anisotropic  superconductors  influenced  by  the  force- 
free  CURRENT, 

S.  Savel’ev,  F.  Nori,  J.  Mirkovic,  and  K.  Kadowaki. 

Physica  C  388,  685  (2003). 

127.  Biologically-inspired  devices  for  easily  controlling  the  motion  of  magnetic  flux 

QUANTA, 

B.Y.  Zhu,  F.  Marchesoni,  and  F.  Nori, 

Physica  E  18,  318  (2003). 
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128.  Vortex  dynamics  in  superconductors  with  a  triangular  arrays  of  triangular  blind 

ANTIDOTS, 

B.Y.  Zhu,  L.  Van  Look,  V.V.  Moshchalkov,  F.  Marchesoni,  and  F.  Nori, 

Physica  E  18,  322  (2003). 

129.  Manipulating  quantum  information  of  two  trapped  ions  by  a  single-step  operation, 
L.F.  Wei  and  F.  Nori,  Submitted. 

130.  Quantum  Computing  with  Many  Superconducting  Qubits, 

J.Q.  You,  J.S.  Tsai,  and  F.  Nori, 

New  Directions  in  Mesoscopic  Physics,  351-360  (2003). 

131.  Entanglement  of  two  coupled  charge  qubits, 

Y.A.  Pashkin,  et  al.,  Int.  J.  Quantum  Information ,  1,  1  (2003). 
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Science  Outreach. 


The  press  is  communicating  some  of  our  results  (as  well  as  their  importance  and  significance)  to  the 
general  public.  This  is  a  role  that  the  American  Physical  Society,  American  Institute  for  Physics, 
American  Association  for  the  Advancement  of  Science,  the  National  Science  Foundation,  etc.  are 
strongly  urging  scientists  to  fill. 


Outreach  efforts  to  the  general  public  have  been  repeatedly  described  by  policymakers  as  crucial  to 
the  survival  of  support  for  science. 


Recent  work  (about  ten  year’s  period:  circa  1992 — 2003)  by  our  group  has  been  fea¬ 
tured  in: 


•  Science  News  142,  231  (Oct.  92) 

•  Science  News  144,  261  (Oct.  93) 

•  Physics  World  6,  42  (Dec.  93) 

•  Science  264,  200  (April  94) 

•  New  Scientist,  p.  36  (12  March  1994) 

•  Science  News  147,  198  (April  95) 

•  American  Physical  Society  News  4,  8  (June  95) 

•  American  Institute  of  Physics:  Physics  News  261  (March  6,  96) 

•  Science  271,  1373  (March  8,  96) 

•  American  Physical  Society  News  5,  9  (June  96) 

•  Physics  Today  (“Search  and  Discovery”  section)  50,  No.  6,  19  (June  97) 

•  Science  News  152,  No.  3,  37  (July  97) 

•  Science  On-Line:  ScienceNow  (July  17,  1997) 

•  American  Institute  of  Physics:  Physics  News  331  (July  24,  97) 

•  Scientific  American  (August,  1997) 

•  1998:  translations  into  Japanese,  Chinese,  Spanish,  German,  French,  Polish,  Arabic,  etc.  of 
our  Scientific  American  article. 

•  American  Institute  of  Physics:  Science  Report  Radio  (Physics  News  broadcasted  by  Radio 
Stations)  (1998).  (Note:  For  over  25  years,  Science  Report  Radio  has  been  played  regularly  on  181  stations 
nationwide.  It  is  the  nation’s  longest  running  radio  science  feature.  Each  program  reaches  approximately  four 
million  listeners.  At  least  one  radio  station  in  19  of  the  top  20  markets  broadcasts  the  show.  In  1997,  Science 
Report  also  became  available  via  the  Public  Radio  Satellite  System). 

•  American  Physical  Society:  Division  of  Materials  Physics’  Webpage  (1996- present). 

•  New  Scientist,  No.  2140,  p.  16  (June  27,  1998). 
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•  Science  News ,  No.  155  (October  31,  1998).  Coverstory,  and  the  only  featured  long  article  of 
the  issue. 

•  New  Scientist ,  Vol.  161,  No.  2179,  P.  40  (27  March  1999).  Also  listed  in  the  cover. 

•  Physics  World ,  12,  No.  4,  p.  24  (April  1999);  coverstory. 

•  1999  American  Physical  Society:  Centennial  Exhibit  celebrating  the  100  years  of  the  APS. 
Very  large  posters  ana  also  videos  on  our  theory  work  on  vortex  dynamics  were  featured  right  next  to  the 
“history  of  superconductivity”  exhibit.  Only  another  group,  Argonne  National  Laboratory,  was  featured 
(experiments  on  vortex  dynamics). 

•  Featured  in  the  book  How  Nature  Works ,  by  Per  Bak  (Springer- Verlag,  1996).  A  full  page 
with  color  photos  and  text,  plus  additional  mentions  elsewhere  in  the  book. 

•  Newspapers  in  the  US  (e.g.,  Dallas  Morning  News ,  Oct.  20,  1997,  Discovery  Section,  Cover 
Story);  also  in  newspapers  in  Michigan  and  Colorado. 


•  Newspapers  abroad  (e.g.,  Swiss  Die  Weltwoche ,  Oct.  2  1997,  Science  Section,  Full  page  article; 
and  also  in  Germany). 

•  Science  Magazines  abroad.  For  instance,  the  December  1997  issue  of  the  European  science 
magazine  Focus  (with  a  circulation  of  over  300,000  copies  per  issue)  devoted  five  pages  (p. 
32-36),  including  an  interview,  and  also  in  the  cover;  the  weekly  Panorama  (page  165;  May 
14,  1994)  also  featured  our  work. 

•  German  Television  Program  on  Science  Programmbereich  Kultur  und  Wissenschaft,  MDR, 
Leipzig,  Nov.  10,  1997. 

•  1998:  Featured  in  the  book  Impossibility:  The  Limits  of  Science  and  the  Science  of  Limits , 
(Oxford  University  Press,  Oxford,  1998). 

•  1998:  Several  of  our  results  are  very  prominently  featured  and  described  in  some  detail  in 
Chapter  2  of  the  book:  Self- organized  Criticality :  Emergent  Complex  Behavior  in  Physical 
and  Biological  Systems ,  by  H.  Jensen  (Cambridge,  1998).  This  book  is  used  in  several  specialized 
graduate  courses  and  is  considered  one  of  the  best  introductions  to  the  area  of  emergent  complex  behavior  in 
physical  systems,  viewing  self-organization  as  a  critical  phenomenon  (i.e.,  applying  ideas  of  critical  phenomena 
to  jammed  systems  like  granular  assemblies,  vortices  in  superconductors,  dislocations  in  materials,  charge 
density  waves,  fault  dynamics,  etc.). 

•  1999:  Michigan  Daily  (2-12-1999).  Ann  Arbor  News  (2000).  Both  on  sand  avalanches. 

•  1999:  10-minutes  Television  program  broadcasted  by  The  Learning  Channel  (part  of  the 
Discovery  Channel  Network).  It  was  first  broadcasted  on  February  15,  16,  and  17  of  1999, 
and  replayed  many  times  later.  The  Discovery  Channel  is  broadcasted  in  18  languages  over  eight 
networks  by  13  satellites  worldwide,  reaching  over  39  million  homes  internationally  in  144  countries  and  71 
million  households  in  the  United  States. 

•  2000:  The  Discovery  Channel:  Television  program  first  broadcasted  in  the  summer  of  2000, 
and  rebroadcasted  many  times  since  then.  In  early  October  of  1999,  the  TV  filming  crew  (from 
Europe)  and  myself  spent  several  days  in  Sand  Mountain,  Nevada.  There,  I  explained  the  mechanism  of 
acoustic  emissions  of  sand  avalanches.  In  the  previous  TV  program,  in  1999,  a  different  TV  director  Hew  from 
Los  Angeles  and  filmed  here  on  campus,  filming  some  lab  demonstrations  and  an  interview.  I  helped  with 
the  initial  versions  of  the  script  and  as  an  advisor  to  both  programs.  The  1999  program  was  centered  in  our 
research.  The  2000  program  was  more  general  and  briefly  mentioned  it  (in  this  one  our  input  was  mostly  as 
an  advisor  to  the  program,  and  as  an  on-site  guide  in  Nevada  while  measurements  were  taken  with  a  group 
from  the  University  oi  Nevada). 
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•  2002:  Our  publication  on  novel  quantum  nano-circuitry:  “Scalable  Quantum  Computing  with 
Josephson  junction  Qubits”,  J.Q.  You,  J.S.  Tsai,  and  F.  Nori,  in  Physical  Review  Letters,  89, 
179  (November  2002)  (available  on  line  from  http://link.aps.org/abstract/PRL/v89/el97902) 
has  been  featured  in  several  places,  including: 

-  The  December  11  to  18,  2002,  issue  of  the  Technology  Review  News ,  Page  1.  Available  at 
http://www.trnmag.com/.  It  features  our  results,  and  also  four  other  stories  for  that  week.  The  article, 
titled  “Design  links  quantum  bits”,  is  relatively  long  (for  a  news  piece). 

-  November  22,  2002:  United  Business  Media’s  Electrical  Engineering  Times ,  described  as  “The  Industry 
Source  for  Engineers  and  Technical  Managers  Worldwide”,  has  an  article  describing  our  results  (titled: 
“Superconducting  junctions  eyed  for  quantum  computing”  and  available  at 
http://www.eetimes.com/story/OEG20021122S0013). 

-  Electronics  Weekly ,  November  06,  2002,  News;  Pg.  5,  on  our  results  on  “Quantum  qubits”. 

-  October  23,  2002.  “Paper  Discusses  Circuitry  for  Quantum  Computing”,  in  Supercomputing  online. 
Available  at  http://www. supercomputingonline.com/article. php?sid=2756 

-  Our  work  motivated  the  long  article  “Thoughtful  about  uploading”,  Bill  Tammeus,  Kansas  City  Star, 
November  2,  2002. 

-  October  2002:  Featured  in  Innovations  Report ,  Forum  fur  Wissenschaft ,  Industrie  und  Wirtschaft ,  a 
technical  news  site  in  Germany. 

-  October  23,  2002,  featured  in  AScribe  -  The  Public  Interest  Newswire.  October  24,  2002,  featured  in 
NewsWise,  that  covers  new  science  and  technology  developments. 

—  The  December  2002  issue  of  Science  and  Technology  Trends  (number  21,  Dec.  2002)  has  a  one-page 
article  featuring  our  November  2002  PRL  results.  This  is  a  publication  of  the  “Science  and  Technology 
Foresight  Center”  of  the  National  Institute  of  Science  and  Technology  Policy  (NISTEP).  The  latter  is 
part  of  the  Ministry  of  Education,  Culture,  Science  and  Technology.  Japan.  It  is  available  on-line  in 
English  at  http://www-personal.engin.umich.edu/~nori/scalable/ 


Newspaper  articles  overseas  include  the  following  ones: 

-  Japan  Industry  News  of  the  “Japan  Industrial  Journal”,  page  2,  Thursday,  October  24,  2002. 

-  Daily  Industrial  Newspaper  (the  Nikkan  Kogyo  Shinbun),  page  4,  Thursday,  October  24,  2002. 

-  Nikkei  (this  important  newspaper  is  the  Japanese  version  of  the  “Wall  Street  Journal”),  Friday,  October 
25,  2002. 

-  Science  News  (in  Japan),  November  8,  2002. 


•  2002:  Our  publication  “Experimentally-realizable  devices  for  controlling  the  motion  of  mag¬ 
netic  flux  quanta  in  anisotropic  superconductors” ,  S.  Savelev  and  F.  Nori,  published  in  Nature 
Materials,  1,  179  (November  2002),  has  been: 

—  Listed  on  the  cover  of  the  November  issue  of  Nature  Materials. 

-  also  featured  in  a  pedagogical  two-pages  “News  and  Views”,  Nature  Materials  1,  143  (2002),  titled: 
“Controlling  the  Motion  of  Quanta” . 

-  Nikkei  (this  newspaper  is  the  Japanese  version  of  the  “Wall  Street  Journal”),  Monday,  January  6,  2003. 
An  article  on  Page  23  describing  these  results. 

-  November  6,  2002.  “Stories  of  modern  science,  from  UPI”,  By  Ellen  Beck.  (UPI  =  United  Press 
International). 

-  November  13,  2002.  Electronics  Weekly ,  Pg.  6.  “US  and  Japanese  scientists  control  magnetic  flux 
quanta” . 

—  The  UM  press  release  in  http://www.umich.edu/%7Enewsinfo/Releases/2002/Nov02/rll0402c.html  was 
covered  by  news  agencies  and  newswire  services,  including:  (*)  Innovations  Report ,  Forum  fur  Wis¬ 
senschaft,  Industrie  und  Wirtschaft ,  a  technical  news  site  in  Germany);  (*)  AScribe ,  The  Public  Interest 
Newswire;  (*)  News  Wise,  that  covers  new  science  and  technology  developments. 
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•  2002:  Our  1999  work  on  “Biologically-inspired  solid-state  devices  for  the  control  of  the  motion 
of  quanta”  is  nicely  highlighted  in  the  Molecular  Motors  first  feature  article  of  the  November, 
2002,  Physics  Today,  page  38. 


•  2003:  Our  work  Observing  Brownian  motion  in  vibro-fluidized  granular  mat¬ 
ter,  by  G.  D’Anna,  et  al.  Nature ,  424,  909-912  (August  21,  2003),  available  on-line  at 

http://www.nature.com/nature/links/030821/030821-l.html  has  been  featured  in  (the  list  be¬ 
low  is  very  incomplete): 

-  Cover  Story  of  Nature  (August  21st  2003  issue  of  Nature).  The  text  accompanying  the  cover  photo  was: 
“Against  the  Grain.  Brownian  motion  in  a  non-equilibrium  system”. 

-  A  companion  “News  and  Views”  in  that  issue  of  Nature. 

-  it  Science  Letter,  September  15,  2003.  http://www.NewsRX.net. 

-  TV  programs.  Three  examples  (of  about  five  minutes  each)  were  broadcasted  in  Europe  (one  on  the 
German  “Fokus”  (by  MTW:  Menschen  Technik  Wissenschaft),  a  different  program  in  Italian,  and  a 
quite  different  one  in  French).  Also  in  radio  programs  (e.g.,  Radio  Swiss  International). 

-  Featured  (in  all  languages  of  the  European  Union)  in  the  High-Tech  News  of  “Euronews”. 

-  Long  Newspaper  articles  include  II  Secolo  XIX ,  Agosto  27,  2003,  page  31,  (in  Italian)  in  the  section  on 
“Research  and  Science”.  Also,  Sole  24  Ore ,  Settembre  11,  2003,  the  most  important  Italian  newspaper 
on  finances  and  the  economy. 

-  Featured  in  the  long  article:  “Nel  Mondo  dei  Granelli  di  Sabbia”,  Scienza  e  Conoscenza ,  9-12-2003. 

-  News  coverage  in  French  include:  L‘Hebdo,  Le  Temps,  24  Heures. 

-  News  coverage  in  German  include:  Tages-Anzeiger,  Neue  Ziircher  Zeitung,  St  Galler  Tagblatt  Gesam- 
tausgabe,  Basler  Zeitung. 

-  Interviewed  by  Nikkei,  the  most  important  Japanese  newspaper  on  finances  and  the  economy. 

-  the  University  of  Michigan  press  release  in 
http://www.umich.edu/news/index.html7Releases/2003/Aug03/r082003 
http://ipumich.temppublish.com/cgi-bin/print.cgi7Releases/2003/Aug03/r082003 
was  covered  by  news  agencies  and  newswire  services,  including: 

*  The  Resource  for  Science  Information  (BrightSurf.com).  One  of  the  few  “Today’s  Science  News” 
for  August,  25,  2003. 

*  Innovations  Report  (Forum  fur  Wissenschaft,  Industrie  und  Wirtschaft,  Germany).  August,  25, 
2003. 

*  Global  Technology  Market  Place  (GlobalTechnoScan.com).  Weekly  Magazine  on  New  Technology. 
Issue  27th  Aug  to  2nd  Sept.  2003. 

*  EurekAlert!  Public  News.  A  Service  of  the  American  Association  for  the  Advancement  of  Science, 
with  support  from  the  US  Department  of  Energy  and  the  US  National  Institutes  of  Health.  Eu- 
rekalert.org  is  described  as  the  premier  web  site  for  science  news  since  1996.  Public  release  date: 
22-Aug-2003. 

*  Science  News.  8/22/2003.  http://sciguy.com/News/Article. asp?ArticleID=5410 

*  Headline  News.  NewsHub.com.  22-Aug-2003. 

*  Knowledge  Science,  http://www.kenkyu40.net/index.php 

*  World  Wide  News  Headliner. 


•  2003:  Our  work  on  vortex  dynamics  in  superconductors  will  be  featured  in  part  of  a  television 
program,  prepared  by  the  Danish  Broadcast  Corporation,  about  the  study  of  superconducting 
materials. 


16 


•  2003:  Our  recent  publication  “Controlling  Transport  in  Mixtures  of  Interacting  Particles 
using  Brownian  Motors”,  by  S.  Savel’ev,  F.  Marchesoni,  and  F.  Nori,  Phys.  Rev.  Lett.  91, 
10601  (2003),  available  on-line  at  http://link.aps.org/abstract/PRL/v91/e010601,  has  been 
featured: 

-  for  several  weeks  as  the  top-listed  research  news  in  the  front  page  of  the  University  of  Michigan  web  site 
(www.umich.edu).  This  web  site  gets  a  lot  of  traffic  everyday.  The  actual  press  release  is  in 

htt  p :  /  /  w  ww  .umich.edu/  news  /  Releases  / 2003 /  J  un03  /  r06 1 903 .  ht  ml . 

A  very  nontechnical  and  brief  graphical  summary  is  in 

htt  p :  /  /  w  ww .  umich.edu  /  news /Releases/ 2003 /May03/ img/ ratchets,  j  pg 

-  Newswise/Science  News  also  appeared  in  Small  Times  magazine  (presenting  technological  advances  in 
nano-science),  http://www.smalltimes.com 

-  Le  Scienze ,  the  Italian  version  of  Scientific  American,  among  other  science  news  outlets. 

-  “Conveyor  Belt  on  a  nanometer  scale”,  Machine  Design ,  No.  19.  Vol.  75,  Pg.  35;  October  9,  2003. 


•  2003:  Our  recent  publication  “Reversible  Rectifier  that  Controls  the  Motion  of  Magnetic 
Flux  Quanta  in  Superconductors”,  by  J.E.  Villegas,  S.  Savel’ev,  F.  Nori,  E.M.  Gonzalez,  J.V. 
Anguita,  R.  Garcia,  and  J.L.  Vicent,  Science  302  1188  (2003)  has  been  featured  in  several 
venues  including: 

-  an  “Enhanced  Perspectives”  in  Science  302  1159  (2003).  It  is  available  on-line  at 

http://www.sciencemag.org/cgi/content/full/302/5648/1159  .  This  is  the  only  “Enhanced  Perspectives” 
of  that  issue  of  Science ,  with  dozens  of  links  with  further  information  on  the  subject,  and  one  of  three 
“Enhanced  Perspectives”  covering  all  of  physics  for  2003. 

-  prominently  featured  in  the  page  “This  week  in  Science”  of  that  issue  of  Science  (Nov.  14,  2003). 

-  High-Tc  Update  (November  2003). 

-  Newspapers  in  Europe  (e.g.,  El  Pais,  Madrid),  Japan,  and  the  USA. 
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